Riv. Mat. Univ. Parma (3) 2 (1973), 109-113

S. D. BAagrazx (%)

A Contour Integral Involving Modified Bessel Function

and Fox’s H - Function. (*¥)

1. - Introduection.

In this paper we have evaluated a contour integral involving modified
BESSEL function and Fox’s H-function. On specializing the parameters, the
integral yields many results, some of which are recently given by MEIJER [8],
Mac ROBERT [6] and BaJgpar[l].

The H-function introduced by Fox ([4], p. 408), will be represented and
defined as follows:

(015 f1)s w5 (bgs fo)
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j=mal i=ntl

where an empty product is interpreted as 1, 0<m<gq, 0<n<p; ¢'s and f's
are all positive; L is a suitable contour of BARNES type such that the poles
of I'(b;—f;8), j=1, ..., m lie on the right hand side of the contour and those
of I'(1 —a;¢;8), j=1, ..., % lie on the left hand side of the contour.

(*) Indirizzo: Department of Mathematics, Ahmadu Bello University, Zaria,
Nigeria.
(**) Ricevuto: 8-V-1968.
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In what follows for sake of brevity (a,, ¢,) denotes (a, €;), ..., (a,, &,).

2. - The integral.

The integral to be evaluated is

i
1 (a,, e,)
-7 _ m,n s P2 “p —
2m,f o~ exp (0t — afw) L, (afz) H™? [zw v fq)] dw
(2.1) P, 2-—vavtl+v-—1 @ (1,__}_ 'flj)r(?'"’ 4 l)r
=TT go - (— 2at)” Hrn, =
(ay, ), (A+ v+ 7 b)
= | 2B
Rl ]

where

20— 21i<0, 2ea—2e6+2li—~2h=k>0,
i=1 =1

d=1 j=n+l i=1 j=m+l

larg 2| < $km Re(A+92)>0.

Proof. To establish (2.1), expressing the H-function as a MELLIN-BARNES
type integral (1.1) and interchanging the order of integrations, which is justi-
fied due to the absolute convergence of the integrals involved in the process,

we have

i=1

k4

f__[l’(l—b,-+f,~s) I'(a;— ¢e;s)

je=m+1 j=n+1

] ﬁ I, —f;s) fI Il —a; + ¢;8) 7 1
f =1 — 5 f x~ s exp (wi—ofx) I, (fz) de ds .

271
z

EBvaluating the inner-integral with the help of the modified form of the
formula ([3], p. 281, (18)), viz.

et it
1
5 =% exp (@t — eefz))L, (ofw)de =

27l & (b4, (2 1), )
= o A ATa s T, Re(id) >0,
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On applying (1.1), the formula (2.1) is obtained.

3. - Particular cases.

In (2.1), putting » = — % and using the formula

B
Iy @)= j;; exp (o) ,

it reduces to the form

c4i

5 j x¥%:~*exp (wf) H;’}rg[zwh
1 1

(@9 )
do =
(bes fa)] v

_ m . (a' ,G), (A—‘lish)
— ti 3/2 H,,.ﬁl.q [Zt h ps Yp ,

(bys 1)

where

] q
z €; — ij<0 3
j=1

j=1

Zﬂe,-—iej-}—if,-—ifj:—:k>0,

i jmmbl =1 jemtl
larg 2| > Lkn, Rel>F%.

The integral (3.1) is a generalization of many inverse LAPLACE transforms
([3], p.227-301).

In (3.1), assuming k as a positive integer, putting ¢;=f;=1 (=1, ..., p;
1=1, ..., q) using the formula
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i [ (ay, 1) _ ima
H,,,q[z o 1)] = G [z

and simplifying with the help of (1.1), ({2], p. 4, (11)) and ([2], p. 207, (1)),
we get

ctico

—— f x%-% exp (wt) Grn [zwh

Z”} do =
(3.2) c—ie

q

A, A — %)} ,

AL
— fA— b - men -
= A8/2 pr (27[)71/2 /2 Gp+h.q [z (t) bq

where 2(m - n)>p + ¢, |argz|<(m+ n—ip—Lq)mw, Rei> 1, and thesym-
bol A(h, A — 1) represents the set of parameters

A—% A4} A+ h—32
A h :

In (3.2), putting A= o —u, we get a known result ([1], (2.2)).

In (3.2), putting h=1, t=—1, A=3$—», m=1, b= 0, n=p, replacing
@ by — @, ¢ by ¢+ 1, b by by (k=2,3, ..., ¢+1), using ([7], p. 372, (20)),
viz.

I(1 + b, — a;)
azs] . H L 9 [1 + by @y, e, 140y —ay, 3 (—1)P2
= P sPa-11, by—b,, o 1 b — b s
T1 Ia;—by) b s T b by

j=m+1

and deforming the contour suitably it reduces to a result obtained by MEeITER
((81, p- 350, (98)).

In (3.1) assuming % as a positive integer, sefting m=¢=1p, n=1, p=
=q¢+1, ,=f=1 (f=1,...,p; t=1, ..., ¢), a,=1, replacing a,,, by a;
(j==1, ..., q), using the formula

- (L 1), (b, D] _ a\ |
Hitirs [ZI (@ 1) ] =7 [(b) z] ’

and simplifying with the help of (1.1), ([2], p. 4, (11)) and ([5], p. 374, (36)),
it reduces to the form
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ot

1/2=1 %, A —
2m;fm exp (mt)E[ﬂ .zw]dw—
(3.3) 4 Rt L] ¢

2-a/2 =1 (9 )hla-1i2 % 1)* (ﬁ)h
= 32 | (275) 2 ¥ [3 7A(h’z'—"‘2‘) ¢

q

where p>q¢+1, Reo, >0, (r=1, ..., p—1), Re(f,—o,) >0 (s=1, ..., @),
larg z| <z, Rel>i.

In (3.3), taking t=1, 3 — A=p and deforming the contour suitably, we
obtain a known result given by Mac RoBErT ([6], p.191, (8)).

I am thankful to Principal Dr. S. M. DAs GUPTA, for the facilities he prov-
ided to me.
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Abstract

In this paper a contour integral involving modified Bessel function and Fowx’s
H-function has been evaluated. The integral is of general character and numerous par-
ticular cases of the integral are scattered throughout the literature.
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