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R. S. VArRMA (%)

Absolute Nérlund Summability

of a Factored Fourier Series. (*¥%)

11. - Definitions [5]

Let Ya, be a given infinite series and {s.} is the sequence of its partial sums.
The sequence to sequence transformation

(1.1.1) tn = (1/P) 2 Doy, » P,=3p,#0,
=0

y=0

where P, is a sequence of constants, real or complex, defines the (N, p,) mean
of the sequence {s,}. If is of bounded variation, i.e.

(1.1.2) St —tan| < o0,

ne=l

then we say that >a,, or {s,}, is summable |N, p,]|.
In the special case in which

= S (x> 0)

o —1

__(n—{—oc—l) In 4+ «)

the NORLUND mean reduces to the familiar (C, ) mean, and when

1
n41

(1.1.4) Dy =

the (N, p,) mean reduces to the harmonic mean.

(*) Indirizzo: Department of Matbematics, University of Saugar, Saugar (M,P.),
India.
(**) Ricevuto: 23-I-1970.
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1.2, — Let f(t) be a periodic function with period 2n and integrable (L) over
(~—um, ), without loss of generality, we may assume that the constant term
in the FOURIER series of f(f) is zero, so that

w

f(t) ~ > (@, cos nt + b, sinnt) = i A1)

n=1
and
k4

[fydi=o0,

-3t

we use the following notations throughout:

@(t) Hiw+1) + fla—1)},

Dy(t) = () ,

! -1
D) = 7@ f (t —u)*Lp(u)du (> 0),
@(8) = I'(c —1)1>D(?) (>0),
2 o 1 0
qj:x(t) = d_t arl-l(t) (- <a<g ) s

d
palt) = (o)},

gy t) = (2[7) 3 Puop A b~ sinkt,
k=1

1 ¢ d
J(n,u) = mf (t — w)™ {d_t g(n, t)} dit O<a<1, u>0),

u

Vn, u) = fv"‘ {d% J(n, v)} dv,

¢

P, =3, v = [1/i],
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Qn = z 4y = z )H'v_“;

Ve yes
Au" = (l/pn) z pn..k )'L ,
r=1
mn = [n/2], where [z] = (the integral part of x),
A, = Do — A -

2.1. — BOosSANQUET [2] established:

Theorem A. [2] If ¢, (%) is of bounded variation in (0, ), then the Fou-
RIER series of f(f) is summable |C, f| at the point ¢ =&, where f>a>0.
Extending the above theorem, PrRASAD and BmATT [7] proved:

Theorem B [7]. If {1} is a convex sequence such that z/’tn Jn < oo, and
for 0 <a<l,

[ %] dgu(u) | = O() O<i<n),

0

then the series > A, 4,(t)/log (n+ 1), at ¢t = is summable [C,«|.
BrATT [1] further extended BOSANQUET’s result for |H, 1| summability.

Theorem C[1]. If {1} be a convex sequence such that ZZ,,/W,< co,
If ¢, (t)eB.V.in (0, %), then the factored FOURIER series S Aty n=log (n+1) A,
is summable | H, 1].

Recently NANDKISHORE [6] has extended this further for absolute NOR-
LUND summability.

The aim of this paper is to prove:

Theorem. If
(2.1.1) jt w|dg,(u)| = O(t) o<i<gmy,

0

then the factored Fourier series > A,)n*4, is |N,p,| summable, at t=m,
provided {A,} is a comvex sequence such that 3 A.fn< oo, and {p,} s & monot-
onic non-increasing sequence of non-negative numbers, such that

(i) the sequence {(n -+ 1)p,[p.} is of bounded variation, and

(i) the sequence {Q,n~*} is monotonic.
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Our Theorem generalises the theorem of NaANDKIsmorE. This also extends
Theorema B for absolute NORLUND summability.

3.1. — We require the following Lemmas for proof of our Theorem.

Lemma 1. If {4} be a convex sequence such that > A,/n<oco. If Da,
is bounded, then o necessary and sufficient condition for |N,p,| summability

@

of the series > A.w*a" is that the series

n=1

i 1 i Par ol oy
mey (U + 1Py | #51 k=

Proof. Following BHATT [1] we have,

by — tpy = m z.;o Pe(n — E) @y @yt

1 n=1 1 1
T & B B, et

Hence to prove the Lemma it is sufficient to show that

1
(3.1.1) zm | M,|< oo,

where

Mn:: (1/P Z ’P "-P'n—{ /23 qk

k=1

=P 3 + 3 HP =P

=Mn1+Mn2, say .

By ABELs transformation, we have

M m—lA k .P P, —~Pyn 1
n1 = (1/1)")1.:;1 (Pn— Pn—k)ﬂglay qﬂ P z qﬂ ('Pn)

p=1

hence

(3.1.2) M,, = 0(1),
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since,
-Pn _"-Pn—'m = 0(1)
and
k k
20,q,=2a,2u=001).
=1 u=1
Similarly,
(3.1.3) M,,=0(1).

Lemma 2 [3]. () If B>a>—1, and D, (1) is of bounded variation in
(0, 7)), (i) D, 1(+ 0) =0, then Dy(t) ewists for almost all tin (0, 7n) and satisfies
the relation

i

Bal) = 7 f (1 — w2t ADunt) .

0

Lemma 3 [4]. If {p.} is non-negative, non-increasing sequence, then for
O<a<bgoo, 0L, and for any n

| prkeXp (i(n — )t)| < CPv.

k=g

Lemma 4. Let {p.} be monotonic non-increasing sequence of real non-
negative numbers and {i,} be a convex sequence such that > A,n 1< oo, then

O(Py ptn)

(8.1.4) lg(n, 1) | = { OPnQ:) + O(AnPpPrm—),

9‘ n t) i 0(’)7/Pn,un)
(3.1.5) 3 9m 8= O(M Py Qz) + O(M A Py Pom=) .
Proof. We have
2 n . 2 hid
|g(n, 9 =|~ 2 P ek sinkt| <O| = 3 pue &
=y T goe=1
= Q(P, M,).

17
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Also

lg(n, 1) < |2/7[ z + E ]pn_kzk Eesinkt| =g, + ¢o, say .

Eeam 4

m—1 k m
lg:] =2/ [ X APos D, Ay o SID it -+ P > Ay e sin ut ]
k=1 s=1 p=1

<00, [;"gmpn_kl + pn] = 00 Q)

and clearly
g, = O(Zm -P‘mpr -P—a) .

This completes the proof of (8.1.4). Similarly we can obfain (3.1.5).
Lemma 5. Under the conditions of Lemma 4

)| = On* P, uy) for all u,
|7, O(n* P Q[1ju]) + O(AnPnp[1jul) for u>n1

Proof. We shall prove the second inequality; the first can be similarly
obtained.

utn—l Fi1
—j' +f_1 =d,+J,, say .
Now for u>1/n
utn=1

‘ 1I 1-,(1 %) f t— ) {OMPnQ,) + OWA, Py Pom—)} di

= 0 {n*puQLt/u]} + O {AnPn Pupa}

and using the second mean-value theorem,

£2

d
A T L

ufn—t

=C ’I’L"‘{ Ig(’l’b, u)]}: O(W“ng[l/u]) + O(lum P[x/u]) .
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3.2, = Proof of the Theorem.

We congsider the case 0 <« < 1. We first observe that @,(¢) is of bounded
variation in (0, %), and @ (+ 0)=0. For, if 0<i<wm, we have by (2.1.1.),

writing @*(t) = f %|dg,(u) |,

f [dpa{w) | =f Hulw dpy(u)| = [1/u P*(u)]? —I—f @*(u)i—t

— 0(1) 4 O(log 7ft) .

It follows that
P, (t) = O(log (2nft))

and hence @,(+4 0) = 0. Hence also, for 0 < i<,

Do +1) 140w =  d{uwrgaw)]
< tfn w* |dp ()] + « f w1 | g, (1) |du

< f‘u“]dqoa(u)]—{—oc f w1 @ (1) |du
t 2

= O0(1) + O(t* log 2xz[t) = O(1) .
since

ki

nd, = 2/nf o(t) (% (sin ne) de .

[

We now have, by Lemma 2, with O in place of 8 and « in place of ¢ -1, and
proceeding as BOSANQUET [2] or more particularly as BHATT [1], we have

T

d
Pnr A Ic““Z/nfcp(t) — (sin ki) d¢
2 di

(1]

=0 < f %g(n, t) dtf (¢ — u)™ d@a(u)>

3

0, =
k

I
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=0 { (t—u)™= —g—t g(n, 1) dt}
{ Do(u) I (ny w)I5 + f Dy J(n, u)du}

= { L{at) J(n, ) -+ f WU d J(n, U) du}

= 0 {Du(m) I (n, 2)} + 0 {[%(u) fv“ % J(n, v) dv]:—l—

+ fd¢a ) fv“ TJ {7y ¥ 'D}

= 0{Du(m)J(n, 7) — @u(z) V(n, 7) + j' V(n, u) dp.(u) du}
= 00 Pp) + OPnlin) — @uln) Vin, %) + f V(n, u) dp,(u) du} .

If in particular we suppose that @(f) =1, for all {, in which case g@,(f) =
for all ¢ and o, =0 for every n, we get

Vin, @) = 00" pn) + O(Pndn) .
Thus

On = 0N*Py) + O(Pnin) + f Vn, w)de.{u) .

We can now prove

On*u*P, u,) for all «,
(3.2.1) | V(n, w) | = {0®0*Pn) + O(Pnin) + On*u*p,Q[1]u]) +
+ O(%* A P Ppy) for 4 >n"L

For that, we have

u

Vin, w) =1/'A + oc)]'v"‘ %J(n, v)ydv = O(M*uU*p, ) ,

[]

from the first inequality of Lemma 5.
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Again, for u>n"?

w®J (n, w)]® 1

Vin, w) — Vin, ) = [I’(l T . T T

Thus,
. weJ(m, u) ] d .
V(’)’b, ’lll) = V(n, 73) — [m- . -+ m v IJ(%, 7)) dv
= 0(n*Pn) + OPy An) +0(n*u® pQ[1ju]) + O(u* 2, P, Pupy) + |11,
where

' 1 . d
IIIZ‘F@f’U l{mj(t—’l)) a—tg(n,t)dt}dv

T 1 T
d d
=C'fa—ig(n,t)dtf(l—v) v 1dp =0(]d—ig(n,t)dt)
u vft %

= O(pm@[1/%]) + O(AnPpPppym™) by Lemma 4,

= O[n*u* P Q[1/u]] + O[u*Pp A Praju] -

Consequently, for 0< a< 1,

/]

e o, ° 1 3

== AT * m Pm m b (-3

$al o [,Zl el {om Pu) + Oy )+Uvm ) depa()
0

hence
G223 2 _om43 an(% wd (u)[
= S+ D) Py B F D Py P WEPLL -
0
Now
:Eln E3
Gl 1
(323) "gl m—:l [ J + J‘] V(%, u) d(p,,(u) = K, + Kz s say.
o i/n



262 R. 8. VARMA [10]

i/n

& 1
< 3, i, | 00 P
s

n

1

<y - — L )
,2’1 n+1)P,, (;.21 +k=§+1) Do A
= St S p= S A S LS
ey (nF+ 1) P,y Pl E=md1 S A T A m
hence
(3.2.4) |7 = 0(1)
and
| el < 3 @i;f“;;[‘[ﬂ)n“pmuﬂ)ﬁ—O(‘ﬂP )mﬂ
+ O(’n“u“‘lpm()[llu]) + O(u’a—l Zm Pm P[l/u]) ['Zl/ d(pa(ﬂ/)]
hence
(3.2.5) | K, | = I, + Ky + Ky + Koy, 5ay.
3.2.6 {Kz,l =0(1)
(3.2.6) K., — 0(1) .

And since «*@Q[1/u] is monotonic, we have

= 1
1Kz,3!<n§1m [ fo(% w 1me[l/u]) | % Aga(u) |
1/n

VR

g n:f;’}_’l {na_lflud% l+n"‘Q[1/%]JuId% 1} (A/n<é<n)

)+

oa

<2

y=1 V" neyp (n’ + 1) y=s

:o[iﬁ _l&_%+0 (g
hence

(3.2.7) | K| = 0(1)
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since w* Py, is non-increasing, we have

&

ENED) mowmzm)f |wdga(u)] = 0( b %") A< £ <),
i/n
(3.28) |y = 0(1) .

Collecting (3.2.4), (3.2.68), (3.2.7), and (3.2.8) the Proof of the Theorem ig
complete.

I am thankful to Dr P. L. SEARMA for his kind interest and guidance in
the preparation of this paper.
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