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General F-Connection and H-Projectively

Related Connections in Almost Product Space. (*¥)

In this paper we have studied general F-connection and connections which
are H-projectively related to each other in an almost product space.

1. - Introduction.

Let us consider an n-dimensional manifold M, of differentiability class 07+,
Let there be defined in M, a vector valued linear funection F' such that

(1.1) PX)y=X,
where X is a vector field. If it satisfies
(1.2) T—X=0
and there is given a positive definite Riemannian metric tensor g, such that
(1.3) 9 X, ¥) = g(X, Y),
the M, is called an almost product space.
(*) Indirizzo: Department of Mathematics, Banaras Hindu University, Varanasi-5,

India.
(**) Ricevuto: 10-II1-1970.



222 B. B. SINHA and G. DAS [2]
A connection D is said to be an F-connection if

(1.4) (Dy FY(X)=0.

The torsion tensor 8 and s of two connections D and F are related by

(1.5) S(X,Y)—s(X, Y)=D; Y — D, X — B, Y + B, X.

An F-connection D is called half-symmetric if the torsion tensor S satisfies

(1.6a) 8X,Y)+8X,Y)=—8X,7)- 8%, Y),

(1.6b) 8X, V) +8X,7)=—8X,¥)-8X, 7).

The F-connection D is called semi-symmetrie if

(1.7) 28X, Y)=T(X)X — T(X)Y — T(¥)X + T(X)Y,
where
(1.8) TX) = (018)(X) .

NiyeNmUIS tensor N of the connection F in the almost product space
M, is given by

(H%Nmm=mﬁ+mm—mﬁ—@m
=FB.Y—E;X+B,Y — B, X—~BY +E:X—E:Y +EX.

It can be verified that

(1.10a) NX,Y)=NZX,Y)=—NZX,Y)=—NZX, T)

and consequently

(1.10Db) NX,Y)=NX,Y)=—NZX,7)=—NZX, Y).
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2. = F-connection.

Theorem 2.1. Let E be an arbitrary connection, then the connection D
defined by

DY = (B, Y + E.Y) + B(BY 4 B, Y) +
(2.1a) _ I
+y(B:Y + BRY) + 0(B;Y + E;Y),

is the most general F-connection of this type.

Proof. Let us put

(2.2

{MY:MQH¢@Y+ngw%?+
)

+08,Y +¢B:Y +oB.Y +0E.Y.

Barring this equation throughout, we get

{%Y=M%Y+ﬁ%?+y%Y+6@7+
(2.3) - B
+ 0B, Y + ¢B,Y + 0B;Y + oB;Y .

Also barring Y in (2.2), using (1.2) and (1.4), we get

DY = ali,Y + BE;Y -+ yE:Y 4+ 0E:Y + 0B, Y + B, Y +
(2.4) - -
+ QEE_Y -{—- O'EEY -+ OEXY 4+ (])E_YY -+ QE}Y + O‘E}Y .
Comparing (2.3) and (2.4), we get
p=o, p=0, y=0, d=p
which on substitution in (2.2) give (2.1a).

Corollary 2.1. The equation (2.1a) is equivalent to

{ -DXY = a(B;Y + E;Y) + B(E:Y + Ex?) +
(2.1b) o .
+y(BTY + BoY) + (BT + BT,
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{ DY = (B;Y + ELY) + p(BLY + B:Y) +

+ (B Y 4 -EXY) -+ 6(Ex? + E:Y),

D-Y

I

w(BzY + B;Y) + B(B.Y + B:Y) +

+ y(BxY + B Y) + 8(B:Y + B.Y),

a(fyY + Ex?) -+ 5(E417 4 B XY) +

+y(B;Y + E;Y) + 0(B:Y + B;Y),

ny = ‘Z(Ex? + B:Y) + fELY + EX?) +

DY
(2.1e) {

(2.1£) _ B
+y(B:Y 4+ B:Y) + 6(B;Y + E.Y),
[ De¥=odlsY + B:Y) + BT + DY) +
(2.1g) _ _ B
[ +y(EY + B Y) + 0B, Y + B;Y),
{ DY = o(B:Y + E:Y) + B(B;Y + B;Y) +
(2.1h) _ L B
+y(EY + B Y) 4+ (B Y + B Y).

Proof. Barring different vectors in (2.1a), we obtain (2.1b) to (2.1h)
with the help of (1.1) and (1.2).

Theorem 2.2. Let S be the torsion tensor of .D. Let

(2.5) (X, Y]=E;Y —E X,
then

S(X,Y)+ 88X, Y) =

2.6a) | = (@— (X, YI+X, 7)) +o(IX, 71+ X, Y)+B +»)((X, 71+

+X, V14X, Y]+1X, Y1) +6(1X, Y1+[X, YI+[X, Y1+[X, Y]),



(6]

(2.6b)

(2.6¢)

(2.64)

Proof.
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S(X7 ¥) + 8(&, 7) =

! = (¢ —1)([X, Y]+[X, T]) +o([X, Y]+[X, Y])+B+)(X, Y1+

|+ X, Y]+, YI+H[X, Y]) 4+6([X, PI+[X, YI1+[X, YI+[X, Y]),

8, Y)+8(X, V)=

(0 — 1)([X, Y1+[X, Y1) +a([X, Y]+ X, Y]) + B+ (X, Y1+

+1X, Y1+[X, Y]+, Y1)+ §(1X, 714X, YI+[X, Y]+[X, 7)),

SX,Y)+8X,Y)=

[ [, YT-H[X, Y]+HIX, YD) +6(1X, PI+ (X, Y1+[X, Y]+[X, 7)) .

Interchanging X, Y in (2.1a) and (2.1d), subtracting the resulting

equations from the sum of (2.1a) and (2.1d), we obtain (2.6a) with the help

of (1.3). (2.6b), (2.6c) and (2.6d) can be proved by barring different vectors
in (2.6a) and using (1.2).

Corollary 2.2. The equation (2.6) can be written as

(2.7a)

15

8(X, Y)+8X,7)=

= (@ —1)(NEX, T)+ X, Y1+ [X, T1) + «([X, 7]+ [X, ¥]) +
+B+y) + 2K, Y] +2[X,T]—NX,T)) +

+0(N(X, Y) +2[X, Y]+ 2(X, X)),

8(X,Y)+ 8(X, ¥) =

= (¢ —1)(N(X, 7) + [X, V] + [X, Y]) + (X, Y] + [X, T]) +
+ B +»(©QX, Y1+ 2[X, Y] — N(X, T)) +

+ 8(N(X, T) + 21X, ¥] + 2(X, 7]),
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S, Y)+ 8%, 7)=
= (@ —1)([X, Y]+ [X, Y] — N(X, 1)) 4 o([X, Y] + [X, ¥]) +
2.7 — —
@19 (B +p)(2(K, Y]+ 20X, T] + N(X, 7)) +
+6(2[X, Y]+ 2[X, ¥]— N(X, 1)),
S(X, T)+8X,Y)=
) = (¢ —1)([X, Y1+ [X, Y] — N(X, ) + «([X, Y]+ [X, ¥]) +
h +B+MEIX, Y] +2[X, Y]+ NX, 7)) +
+ 6(2 [X, Y]+2 [X’ ?] - N(Xy Y)) .

\

Proof. Using (1.10) in (2.6), we obtain (2.7).

Corollary 2.3. Let us put

(2.8a) NX, Y)=2[X, Y]+ 2[X, Y] = —2[X, Y] - 2[X, ¥]

or

(2.8b)  N(X, T)=2[X, Y1+ 2(X, ¥1=—2[X, Y] —2[X, ¥1,

then the above equations (2.7) assume the forms

(2.92) S(X,Y)+8X,Y)=L1N(X, T),
(2.9b) 8X,7)+8X,Y)=L{NZX, T),
(2.9¢) 8(X, Y)+8(X, ¥)=—{N(X, T)
and

(2.9d) 8(X,Y)+8X,Y)=—1NX, 7T)
whence

Corollary 2.4.

(2.10a) S(X,Y)+8X,Y)+8X,7)+8X,Y)=0,

(2.10D) 8X,7)+8X,Y)+8X, ¥)+8X,7)=0.
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Proof. Substituting from (2.8) in (2.7), we obtain (2.9). Eliminating N

between (2.9), we obtain (2.10), which shows that the F-connection D is half-
symmetric.

3. - H-projectively related connections.

Let L be the unit tanget vector field to a given curve € in an almost product
manifold M,. If the curve satisfies the differential equation

(3.1) D, L =al + bL

where a, b are functions defined along the curve €, we call C a holomorphic-
ally plane curve. If the two F-connections D and ¥ have all holomorphic-
ally plane curves in common, we say that they are H-projectively related
to each other.

Theorem 3.1. Let D and B be two semi-symmetric F-connections. These
are H-projectively related to ecach other if and only if

(3.2) DY = B,Y + P(M)X +QX)Y + P(V)X + R(X)Y
for certain vector fields P, @ and R.
Proof. Suppose (3.2) is satisfied. Then we have
D, L = E,L + {P(L) + QL}} L + {P(L) + RL)} L,
which shows that D and F have all holomorphically plane curves in common.
Conversly, suppose D and F have all holomorphically plane curves in com-
mon. Let us put
(3.3) AX,Y)=D;Y — B.Y,

then we must have

(3.4) A(L, L) = oL + BL .

Since D and E are F-connections, we have, by barring ¥ and 4 in (3.3) and
making use of (1.4),

(3.5) AX,Y)=D,Y —E.Y =D; Y —E; Y.
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Consequently from (3.3) and (3.5), we have

(3.6) AX,Y)—AX,Y)=0.
(3.4) suggest that the most general form of A(X, ¥) is given by

{ 24(X, ¥) = {U(Y) + WYX + {UX) + WX} Y +
(3.7) o o
+{V(Y) + G} X +{V(X) + GX)}Y + 2P(X, X)),

where
(3.8) PX,Y)=84%, ¥Y)—s(X, ),
8 and s being the torsion tensors of D and E respectively.

Let us put

def

(3.9) M(X) =TX)—t(X)
then
(3.10) wP(X,Y)= M(Y)X — MX)Y — M)X + MX)Y .

Substituting from (3.10) in (3.7) we obtain
[ - 2
A@xm={mm+wuv+ﬁMW%X+

(3.11a) | +{wm+W@wéM@%Y+

+{Wm+mﬁ—§Mﬁ%X+{wm+m®+§M@ﬁ?.

Consequently

2M&E={mﬁ+WWH§MWﬁX+

(3.11b) —+ {U(X) + wW(X) —gM(X)} Y +

+{wﬁ+GW%§MW%X+{W&+&E+§M@%?-
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Subtracting (3.11b) from (3.11a) and using (3.6), we get

{U(Y) + W(T) — &(¥) — V(T) +§;M(Y>}X+
+ {V(Y) + G(T)— U(T)— W(X) ——;;M(f)} X=o0.

Since this equation holds for arbitrary X, we have

(3.120) 2 M(¥) = V(T) + 6(Y) — U(T) — W(T)
and
(3.12D) () = V(Y) + @(T) — U(T)— W),

Substituting from (3.12) in (3.11a), we obtain

r

24(X, ¥) = {U(Y) + W(T) + V(T) + G} 5 +
V() + 6(T) + UT) + WO} 5 +
(3.13) < .
+ {(BUX) +3W(EK) ~T(X) — (X} 5 +
+ V() + 36(K) — UX) — WX} &
Putting
(3.14a) P(Y)=HU(Y)+ W)+ V(¥) + 6(T)}
(3.14D) QX) = FBUX) +3W(E) - V(X) — 6(X)}
and
(3.14c) R(X) = }{3V(X) + 3&(X) — UX) — W(X)}

in (3.13), we obtain (3.2) with the help of (3.3).
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Corollary 3.1. Two symmetric F-connections D and B are H-projec-
tively related to each other if and only if

(3.15) DY = E,Y + P()X + P(X)Y + P(NHX + PX)Y .
Proof. When the connections are symmetric,
M(Y)=0.
Consequently from (3.12a)
V(Y) + &(Y) = U(Y) + W(Y).
Hence (3.14) become
P(Y) = {U(Y) +W(Y)} = QT)
and
R(Y)= P(Y).

Substituting from these equations in (3.2), we obtain (3.15).
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