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R. N. PANDEY (%

On [R, log m-log n, 2] Summability

of Double Fourier Series. (*%)

1. -Let f(w, y) be L in the square [—um, w; —a, 7] and be periodic in each
variable with period 2z. The partial sum of double FOURIER series associated
with f(x, y) is given, as usual, by

e[ Sin (s + 31} sin (v + 30}
S = f J 70 ) ) semez %
¢ 0

- niz ff %;v) sin (gu) sin (w)dudo + o(1),
o0

where
P, v) = f(@ + w, y + ) + f(@+ 4, y —0) + fz —u, y + ) +

+ fle —u, y —v) —4s].

Definition. The double series 3 > A4, is said to be summable by strong
logarithmic means of positive order % or summable [R, log m, log n, k], prov-

(*) Indirizzo: Deparfment of Mathematics, Govt. Science College, Gwalior-M.P.,
India.
(**) Ricevuto: 10-III-1970.
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ided there exists some constant s such that

m n

2 2 18, —s|*/(w) = o(log m logn) ,
p=1 v=1
where

m
mn z A
1

HM:

Here in this report we shall be concerned with k= 2. We shall prove the
following theorem.

Theorem A. If f(x,y)eL?® and if for some fized T and § we have:

w1 [}t o2, ») dudo = oflog st log 1),
(1.2) fd’“ ] f{¢(%, v)}2/vdv| = o(log t1),

(1.3) j"dv[ _f {p(u, v)}2fudu| = o(log s~1),

then

i ﬁ. 8, — 8|2(u») = o(log m log n) .

pu=1 v=1

It can be easily seen that

[ Z zl — s1%/(uwv) = o(log m log n)] =
pu=1 =1
= Z z [$u — 8%/ (wv) = o(logm logn)], ¥V positive k< 2

p=1 y=1

For if < 2 we have

m n

z; zllsyv—"sl //“V) = zz IS”V_—SIL/ ILLI""/" ’1/1_”2) (Iu,” ‘9)
(z z IS’“’_slz/lm’) /2 Ej g 1//-‘7’))1—7#2

p=1 =1
o(log*2m log*2n) (logi~#2m logl-*/2n)

= o(log m logn) .
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2. — In 1913, HARDY and LITTLEWOOD proved the following theorem on
strong summbility (e, 2) or summability [c, 2]

Theorem B. If f(#) is of integrable square in a neighbourhood of =
and if

Df {p(uw)}2du = o(¢) ,
then

|s, —s| =o(n).

[AVE

This theorem was generalised in every direction by various workers includ-
ing the authores of the Theorem B themselves. HsU [1] generalised the process
of [e, k] summability to the case of double FOURIER series, SHARMA [2] further
extended the result of HsU by replacing the ordinary partial sum by CiisArRo
mean of positive order. Here in our present report Theorem A is an extension
of a theorem by SINGH [3] on [R, log n, 2] summability to the case of a double
FourIiEr series. SINGH [3] proves the following theorem.

Theorem €. If fel® and if, for some fixed J, we have

fa {p(w)}2/rdu = o(logi™) ,
then
ﬁ {s, —s}*/v = o(logn) .

ye=1
For the proof of Theorem A we shall require the following lemmas.

Lemma 1 (a). If (1.1) is true, then

|p(u, v)|dudo = o(stV1og s~ log i)

j

St o

Proof. It can be easily shown that

(1.1) = fa f {p(u, v)}2dudv = o(st log s~ log t77) .
00
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Now using SCEWARTZ inequality, we get

s i s ¥

ft @, v)dudo < ([ [{pu, v)}*dudo)yz( [ [ dudo)v?

Sy S

= o(stVlog st logt1) .

= Jztdu] j't p(u, v) dv] = o(tVIog 1) .

Proof of the Lemma 1(b) is same as that of Lemma 1(a).

Lemma 2. If

I<sgr<m, I<u<T<<m, S U,

then
o<i<d<m, O<vgd<m, t%0,

% sin (vf) sin (vv t4 o
3 (vt) sin (vv) < K log + ,
»=1 L4 [t-—’l)}

where K depends on & only, ete. .

Proof.

cos ¥(t — v} — cosv(t + v)

n

sin (vt) sin (»v)
»

M2
2ol =

pe==1

4w t4v
cos (0/2) —cos (n + £)6 a0 .

1 zo. 1
=_f (yglsm(v(}))d() =;f Sin (0/2)

2
[t—1]

|[t—v]

Since |cos (6/2) —cos (n + 4)0| <2 and since for 0<0<20 < 2x, sin (6/2) > K0
and that K >0 depends on 6 only, the result follows readily.

Proof of Theorem A. Making usual standard simplifications by tak-
ing f(», y) to be an even-even function, and assuming at =0, y =0, s =0,
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we can write

_  fw,v)
Spy = f f S w/2) s (o/2) sin (g + F)wsin (v + $Hvdudy

1 Cr sin (pu) sin (v)
== f ff(u, ) P dudv + o(1)
o 0

T & ] T 281
VRS IR IR AR

1
3.1) Sw= (I + I + Is + L) + o(1), say
where
(3.2) I, = o(1),

by RIEMANN-LEBESGUE theorem

mifn T 1lln 1fm &

(ff+ff+ff+ff)

1/m o 0l/a 1fm 1in

= I1,1 + Iz,z + 11,3 ‘l‘ I1,4 ’ say

where
ifm 1i/n
I, = f f—}- [ v) sin (uu) sin () dudo ,
uy
SOS alw) = 03 3 1fym) H f (1, w){ (- vo) fuv} dae ] )
u=1 v=1 p=1 v=1
= O(EM i,uv)-o(l/(mme) log m logn) ,
u=1 v=1
(3.3) i i Ii, [(w) = o(log m log n) by (1.1)
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and
S 3rawi—o(S Soutf Vit nldudn?)
p=1 p=1 ©=1 pe=xy i/m o
=0 % > vlu[ljn®logn]),
p=1 v=1
y (1.2).
(3.4) > > Ii. /(1) = o(log mlogn)
p=1 v=1
Similarly
(3.5) > 3 I /(uy) = o(logmlogn) .
p=1 y=3
Consider the integral I,,, we have
3 3 ()= Z 21/(,uv J" f {f(u, v)](wv)} sin (pw) sin (»v)dudv -
p=1 y=1

P F s, 00} sin (us) sin (1) ds

im 1fn

= { w0 )} dudo m, Wen { 3, sin (u) sin (uo) w2}

i/m 1/n

{ i sin (») sin (v2)»—} ds dt

v=1

m n T ]
5 Sniumex [ T {fwowadd [ 1 fio, o) -
=] y=1 i/m 1/n
3.6) { “
- log 8+u log il dsdi

f—ul STe—v]

by Lemma (2).
Since the function integrated outin (3.6) is symmetricin s&u and t&wv, the
contribution of domain of integration for which s<C %, t<C v, should be equal
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to the contribution of portion for which s >u, ¢ >w», hence (3.6) is equal to

zﬂj ff( ’U)d dv fff(s i) s 4w log t+ v dsdi
l s — | [t — o]

ifm 1fn

s B 1
(5.7) ff (u'v)d do fffu;‘vn) E+1 log 7+ dedy
— 1] i —1|
1/m 1ijn

PR e i, ) s, on
o 1 -+ o+l u, v) f(ug, vy
__LLJ f&]logig_”logln_”dsdnff————-—»«-—~—-—uv du dv .

1 1 1fm 1/n

The interior integral does not exceed

/& &[n . " LI e
( f f {f(u, v)} dudv) 2 ( f f {f(ué, 7)77)}> ,

. ww . U
1/m ifn 1/m 1fn

T ]
2
(3.8) {_f_@% dudv = o(log m logn) .
1fm 1/n

Combining (3.7) and (3.8) we see that (3.7) is = o(log m logn) hence

(8.9) > 3 I.J(w) = o(logm log ) .

u=1 v=1

In view of (3.3), (3.4), (3.5) and (3.9) and MINKOWSKI’S inequality we find that

(8.10) > 3 I/(uw) = o(log m logn) .
p=1 y=1

Now we proceed to consider integral I, of (3.1)

I2—— [f f f { . )sm (pw) sin (vv) dudo
;z=1 v=1 wy

(3.11) Iy =1+ I,,, Say.
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We have for I,, (see SHARMA [3])

moor o, ”‘ 1 fl, 'v) f(u t)
Io ==
1121 vgi .,,1/(,“'”) [f

,u 1,“

where

L — f(u fu) fj(u t) t+w dt .
lt -]
1jn 1/n
Arguing as in case of I, , we easily see that
nd
L:o[lognf log +?I dn],
1
(3.13) L = o(logn) .
Combining (3.12) and (3.13) we have
(8.14) > > I, [(uv) =o(logm logn) .
p=1 v=1
Also
7 1n
I,= f fﬂZ’vv) sin (pu) sin (vo) du do
T [}
or

v

:Zl I3 s /() = 0(% g_v (—— 10gn>>

1 M

m
2
u=1

(3.15) = o(logm logn) .

g i+ v
v|

=

y

(8]
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From (3.14) and (3.15) we find that

Mz

(3.16)

i

> I3[(uv) = o(log m log n) .
ye=1

p=1

Proceeding as in case of I, we can write

(3.17) § 7: IZ/(uv) = o(log m log n) .
u=1 yp=1

Applying Minxowsxk1’s inequality for (3.1) and making use of (3.2), (3.10),
(3.16) and (3.17), we prove that

> > I*(uw) = o(logm logn) .
u=1 y=1

This completes the proof of the Theorem A.

My sincere gratitude is due to Dr B. D. S1NGH, professor and Head of School
of Studies in mathematics, Vikram University, Ujjain, for his kind help in the
preparation of this report.
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