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ABRAR AMAD K HAN (%)

On the Summability |G, «|. of a Power Series. (*¥)

1. — Let }:a,. be a given infinite series with s, as its »-th partial sum.
We denote by {0%} and {2} the n-th (C, «) means of the sequence {s,} and {n a,}

respectively. A series > a, is said to be summable |C, «| if D |oi—0as ; |<oo (%)
1
and summable |G, «|, («>—1, k>1) if

-]

(1.1) > oh —op |F < oo (3.
1

By virtue of a well known identity &= n (o —op_,), the condition (1.1)
can also be written as

(1.2) S8 ]Em < oo

2. — Concerning summability |C, «| of a power series, CHOW proved the
following theorem. '

Theorem A. If the radius of convergence of the power series

(2.1) flz) = § 0p 2" = E @, " exp(nif)

ne=0
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is unity and if

Ay == O(Iny) (7/>_1)7

then the series (2.1) is summable |G, o], for every o>y 1, at every regular
point of f(z) on the unit circle (3).

Later on, in another paper he proved a number of results generalizing
Theorem A. Among others, he proved the following theorems (4).

Theorem B. If 3 |a,|m*< oo (x> 0), and if 0<y <1 and f(z)=
= O(|exp(if,) —2|"?) in the neighbourhood of the point exp(if,), then the
series > a,exp(inf,) is summable |C, «|.

Theorem C. If ¥ |a,|/n"< oo (a>0), and |f'(2)|<%(0) in an are (y, B),
where %(6) is integrable in LEBESGUE’s sense in (y, f), and if the function

8
00 = ;= | 1l G <6<p)

0,

is integrable in LEBESGUE’s sense in (y, ), then the series > a, exp(ind,) is
summable |C, o}.

3. — The object of this paper is to generalize the Theorems B and ¢ men-
tioned above, by considering the summability |C, «|, (k>1). Our theorems
are as follows:

Theorem 1. If 3 |ay[*n****<co (k>1,a>0, 0<y<1) and F(2)=
= O( |exp(il,) —=2|™”) in the neighbourhood of the point exp(il,), then the series
> a,exp(inb,) is summable |C, «ly.

Theorem 2. If 3 |a,|*m***F< oo (kx>1, a>0) and |f'(2)]<X(), in
an arc (y, B) where X(0) is integrable in Lebesgue’s sense in (y, 8) and if

f@k(ﬁ) df < oo (k>1),

¥

(3) Caow [1].
(4) Cmow [2].
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where

00 == | wply G <b<h),

o

then the series > a,exp(ind,) is summable |G, al;.
4. — For the proof of the above theorems we require the following
Lemma (®)). Let 0 be a point within an are (y, ) on the unit circle.
If ¢>0 and

2 ,nk—-l—koclan [k < oo (k>1),

the necessary and sufficient condition that the series Y a,exp(nif) should
be summable |C, |, is that

> mmike | ff’(z) {(exp i) —2)=* + ¢, + ¢z} 7 d2 |t < o0,
Y

where |2|=7r=1—(1/n) and ¢, and ¢, are functions of § but independent of =.

5. — Proof of Theorem 1. We assume that 0,=0 and «4y>1 as
this does not affect the generality. Let y=—§, = J, where § is a small
positive number. Then by above Lemma it is sufficient to prove that

© J
; po1ke ’—8[ F@{l—2)y>+ ¢+ ezt dzF < oo
Now, for |2|=1#=1-—(1/n),

i ol f]"(z) {eo + ez} e dz |t <

1

n=1

w ]
< 0 3 pi-ke {_{5 [1—7exp(ig) |~ {|c| + |es|r}r—nttde}r (9)

© ] )
<C 3w { [ |1l—rexp(ip)|~” dg}* < 0 > n '+ < co (>0, k>1).
d f=]

n=1 —_—

(5) Sinem [6].
(6) Where C is a constant not necessarily the same at each occurrence.
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Also

Zorl"k"‘[ ff J1—z2)* e rdz <

© ]
< 03wk { [ [1—r exp(ip) |~ dgp}*
1 -6

< z Pk prra—1k — ( z PY-1~k = oo (,}, < 1).
1 1

This completes the proof of Theorem 1.

6. — Proof of Theorem 2. Suppose §,=0, so that y<0<<f. As in
the proof of Theorem 1, we have

Zn—l""“ | ff(z (co+ ¢ 2) e dz|r< OEn*l ‘“{fX(B)df)}’*< oo,
and

@

8 @ ’
Sarre | [ [l —2)* 2 dz i< C Zn-l-k“{ j e de}k <
N1 b4

Q=+ o3

n2 62)0:/2
0

B 8
= 70 P AONIAL
<O2m IU (1+n262)“’2d6} =02, U (1+n202)""2 +f a+ }
Y

e " e 1 k
n==1 n (14 n? 02)""2 g n 1+ ,nz 92)5/2

=dJ,+ J,, say.

8
X(0) . 6 (0) 8 n? 6% &(6)
(1 + n2g2)x2 dg = [(1 + nzgs)alz] + « f (1 + n2g2)ainer a0
0 0

B
- n? 0% O(6)
< One+ Gf (1 4 n2g2)l=/2+1 9
0
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Therefore
e .
S 126> B(0) '
h=02y {n + f (1 + n? o)l dﬁ}
T e
ik n )
<ofmme+ oS [l
[
1 p 262 () % 8 65 @+(6) 8 o
© n . I
03| [t o) <030 | f a0} | [ao)
’ 0

B B
53 2k @L "I.,~—102k
<Czn2’°—1f 6-——-—‘-6—’——d6=0f¢1~(9)z—————d9
1]

oo’ (1 + n2 02)(2"‘lzx+1)k Z (1 + n? 62)(2_1"“”)"
0

=oofq5k(o)( S+ 3 )a

n<6~ n>§-1

? £ n2k—102k
Cf @’”(6) ( fnﬁ”‘”lf)”") de + Of @k(g)( z ’IW) d@

PE n>0"
0

<c [ o) S fas+o f GHB) 3 noer-g-ordd

ns n>6—
4 B
<0 [ DB)d0+ C [ PHB)df < oo.
] o

Hence J, = 0(1). Similarly J,=0(1).
This completes the proof of Theorem 2.

I wish to thank Dr. S. M. MazHAR for his help in the preparation of this
paper.
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