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A Theorem on the Means of an Entire Funection. (**)

1. - Introduction.

Let f(z) be an entire function of order p and lower order A. Let us define
the following means of f(z):

1 i . 1/
Ls(r) = {‘)_'zf |f(r exp (i0)) | d@} ’ 0< < o0,
[
and
1 T
M, (1) = st f Is(x)x* dw , —1<<h<<oo.

0

It is known that [1], [3]:

I I (qc) 1/log T e
lim | 28V —

My purpose in this note is to prove a result which gives a refinement of the
above result when f(z) is of non-zero finite order.

(*) Indirizzo: Department of Mathematics, Hans Raj College, Delhi University,
Delhi, India.
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Commission, India. — Ricevuto: 15-X-1971.
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2. — Theorem. Let f(z) be of order o (0 <p< oco) and & proximate
order (1) o(r). Let v and t be the prowimate type and the lower proximate type
of f(2) with respect to p(r) defined as:

= log M(r
(2.1) - im t,’.Qm( = ; 0<t <7< o),
where M(r) = max |f(z)|. Then
|5]=r
= Iy
(1) o7 < lim < €97,

r—300 777‘(5,h(7.) reln

i i Is(r)
(i) lim — < ot.

o Mg (r)

Proof. It is seen from the definitions of I,(r) and M, (1), for »>7,, that

(2.2) log mes x(r) = log ms s (re) + f ﬂ:j—) da,
where

Is(=)
(2.3) v(@) = {;—f% — (b + 1)}» ,

increases as @ increases, since « 7"l (z) is a convex function of P, (@) »
(see [1] lemma 3).
Also, from (2.1) and the fact that

log M(r) ~ log my,(r),
as 1 — oo, (see [4], theorem 2), we have

—— logms ,(7)
Jim ————~ —
pe(r)

r—>c0

(*) For various conditions and properties of o(r) (see [2], p. 32).
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Let

= (1)
(2_4) Iim el

r—>00

Then, from (2.2) and (2.4), we get
log msu(r) << log misu(re) + (y + ) J 9= dw
To

~ )_/_::).—..‘9_7@(1-)(1 + 0(1)) ,

for > ry = ny(e), ¢ > 0. This implies

= (7}
(2.5) lim o5 > et

r—>

Further, for # > 1
:11‘
y(r) logn << J Egﬁ) da << log ms,u(n 7),

which gives

Tm " () n?

Y
e L logn

Putting % = €'/, which is the best value of % here, in the above inequality
one gets

= ¥

(2.6) lim

r—>c0

polm) < eQT ‘

Hence (i) of the theorem follows from (2.5) and (2.6) through (2.3). Similary,
(ii) of the theorem is proved.



82

1]

(2]

(31

(41

T.

B.

P. K. JAIN (4]

References.

V. LAKSHMINARASIMHAN, A note on means of entire functions, Proc. Amer.
Math. Soc. 16 (1965), 1277-1279.

Ja. LEevin, Distribution of Zeros of Entire Functions, American Mathematical
Society, Providence, 1964.

1. RamumaN, On means of entire functions, Quart. J. Math. Oxford (2) 7
(1956), 192-195.

. 1. RAHMAN, On means of entire functions, (1I) Proc. Amer, Math. Soc. 9 (1958),

748-750.



