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Fixed Point Theorems in Generalized Metric Space. (**)

The concept of generalized complete metric space, first introduced by
W. A. J. LUXEMBURG [b], has been of continuing interest in recent years. Two
contfraction mapping theorems were given by LUXEMBURG on such a space
and then applied to the theory of ordinary differential equations. These theo-
rems have since been generalized to a family of contractions by such mathema-
ticians as MoNNA [7], EDELSTEIN [4], and Mareoris [6]. Further generali-
zations will be given in the present paper.

Definition. Let X be a non empty set. If there is defined a distance
function on X X X such that d: X X X— [0, oo], satisfying the following con-
ditions:

D) dx,y)=20 if and only if z =y,
D,)  d=y) = dy, »),
D) d(w, y)<d(w, 2) + d(z, ¥)

(Dy) Imd(w,,z,) =0 = lm(wz,) =0,

N, m—> 0 n >

where v, ¢ X (n=1,2,3,..) and z is unique;
then X, with the metric d, i.e. (X, d), is called a generalized complete metric
space.

(*) Indirizzo: Memorial University of Newfoundland, St. John’s, Newfoundland,
Canada.
(**) Ricevuto: 12-II-1970.
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Examples of such a space would be the extended real line with the usual
metric and the extended complex plane with the usual metric.

Theorem 1. Let f» (p is any positive integer) be a mapping of the genera-
lized complete metric space X info itself satisfying the following conditions:

(a) There exists a constant ¢ (0 < q<<1) such that d(frx, fPy)< q d(z,y)
for all z,y € X with d(z, ) < oo.

(b) For every sequence of successive approvimations w, = f° ®, ,
(n=1,2,..), where x, is an arbitrary element of X, there ewists an index N(w,)
such that d(zy, xy,,) < co for all r =1,2,.

(e) If  and y are two fized points of 17, i.e. fP(x) = x, and fo(y) =y, then
d(w, y) < oo.
Then f has a unique fized point x = lim x,.

n—> @

Proof. Let #,eX and form the sequence z, = frz, ;(n=1,2,..). By
(b) there exists and index N(x,) such that

Ay, N+r)< o (r=1,2,..).

Hence by (b) we have d(2,, #,4+,) << oo for n>N and r =1,2,.... Then (a)
implies that d(w,,,, ®y.,)<qd(@,, f*z,) and generally

ATy Tptr) <" d(@y, fr2,) for a>N.
V4
Since by (D,) we have d(z,, T,+,) Z A(@pt;y Bpri—), We obtain by the above
inequality .
Uty Toir) < {1 — V(L — @} @y, ro,) (N5 =1,2,..).

Hence z, is a d-CAucHY sequence. From (D,) it follows then that there exists
an element x € X such that lim d(x,, ) = 0. For this element 2z we conclude

n—>w

by (D) that
d(w7 fpw fp:v’ n) + (d(wn; 90)<§l d(m7 wn—l) + d(a}'n, w)) for %}N .

Hence d(z, fr2)= 0 and, by (D,), fPe= 2. So 2 is a fixed point of fr. Assume
now that fry=y with #s£y. Then, by (D,), d(z, ¥) < co and by (a) we get

0<d(z, y) = d(fre, fry)<q d(z, ¥) .
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This implies that d(x, y) = 0 and hence z = y. Therefore z is a unique fixed
point of f7, and hence a unique fixed point of f.

Remark. In case p =1, we get a well-known theorem of LuXEMBURG [5].

Now we generalize a theorem of LuXxeMBURG [5] for a family of contraction
mappings in the following way:

Theorem 2. Suppose f,(i=1,2,..) is a sequence of self mappings of
a generalized complete metric space X satisfying the following conditions:

(1) There exists a constant k& (0 <k << 1) such that d(f;z,f,v) < kd(z,y)
for all z,y e X with d(z,y) < co.

(2) f:1:=1;f i.e. any two mappings commute.

(8) For every sequence x,=f,x, ; (n =1, 2,..), where x, is an arbitrary
element of X, there ewists an index N(xo) such that d(z,, ©,,,) < co for all r =
=1,2,.., and s =1,2, ... .

4) If x,y are any two fized points of the mapping f., then d(z,y)<< oo
(i=1,2,..).

Then the sequence f;, has a common unique fized point.

Proof. Conditions (1), (3) and (4) ensure that each mapping f; (1 = 1, 2, ...)
will have a unique fixed point. Assume now f;(z,) = =;, and f;(@;)=w; (@, # ;).
Since the family f, commutes, we have

fz(fa(wz)) = f:‘(fi(wi)) = fi{x;) .

Hence f;(x;) is a fixed point of f,. Bubt f; has a unique fixed point ;. The-
refore, f;(z;)= x, and z; is a fixed point of f;. But f; has a unique fixed point =;.
Hence 2; = ;. Thus @, — ®, = ... = &, = ... = &, is a common unique fixed
point for all f, (¢ =1,2,...).

We now prove a fixed point theorem of the alternative which is a generali-
zation of a theorem of D1Az and MarGoLis [8]. The BANAcH contraction theo-
rem and a theorem due to CHU and Diaz [2] will be easy corrollaries to our
theorem.

Theorem 3. ILet X be a generalized complete metric space and K: X — X
any mapping with o right inverse, i.e. HK-1=1, the identity wmapping. Let
f: X— X be any mapping. Suppose g = K—*fK is a contraction in the sense
that is satisfies the following condition:

(a) There exists a constant k with 0 <k << 1 such that whenever d(z, y) << oo,
then d(gz, gy) < k d(=, y).
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Let x,e X, then the following allernative holds: either

(A) for every imteger v = 0,1, 2, ... one has d{grz,, g+ a,) = oo,

or
(B) f has a fized point in X.

Proof. Consider the sequence of numbers
A(@y g20)y A(G%ay §*T)s «wey UG %oy G T0)y .o -

There are two mutually exclusive possibilities, either for every integer r =
=0,1,2, .., dgra,, gHa,) == oo, which is precisely alternative (A); or (B’)
for some integer » = 0,1, 2, ..., d(g"m,, g™+ 2,) < co.

It now remains to show that (B’) implies (B). Suppose (B’) holds. Let
N = N(x,) denote a particular integer of the set of integers » =0,1,2, ...
such that d(gra,, g+1a,) < co. Then by (a) since gd(g¥x,, g7 a,) < oo, ib
follows that

g™y, g7 a0) = d(g g7 @0, 9 97 o) <k A(g7 @0y g @) < 00
By induction it can be shown that
AT @y, gV rmy) < T A(g¥ oy g¥ T @) < 00 for all 1 =10,1, 2, ...

In other words, for any integer n > N,

A(g" @, g7 a0 <B" Y AT @0, g7 ) < 00

Using the triangle inequality it follows that, for n > N,

=

A" @, g7 0) < 3, AgTH T a0y g7 @0)

i=1

<3 T dg "y, ¢ ) <ENL— ) /(L — ) dlg"m, g7 )

)

~

I
N

where 1 =1,2, ...

Since 0 << k<1, the sequence of successive approximations x,, 24, ...,
g" @y, ... 18 8 d-CAUCHY sequence, and since X is a generalized complete metric
space, is d-convergent, i.e. lim d(g*%,, ) = 0 for some xe X. We now show

n—>

that @ is a fixed point of g. Whenever # > N it follows from (a) and the trian-
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gular inequality that
0<d(@, go) <d(w, g" @) -+ dlg" @y, gz) <d(®@, g @) + k d(g" a0, 2) .

Taking the limit as # — oo it follows that d(z, gw) = 0. Thus g(®) =z and
2 is a fixed point of g. Hence K~ H(z) = » and KE-fK(z) = Ke. This implies
that f(Kz) = Kx. So Kz is a fixed point of f.

Remarks.

1) In case KK is replaced by a contraction map f, then we get a
known result due to Diaz and Mareoris [3].

2) In case X is a complete metric space, then alternative (A) is excluded
and hence K—*fK has a fixed point in X which is obviously unique. This
theorem has been given by CrHU and Diaz [1].

3) In case X is a complete metric space and K—'fK is replaced by a
contraction map f then we get a well-known theorem of BANACH, which states
that a contraction map on a complete metric space has a unique fixed point.
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