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Integrals Involving Bessel Polynomials. (**)

Introduction.

Little is known about integrals involving BESSEL polynomials which arise
a8 a solution of the classical wave equation in spherical coordinates. These
polynomials are defined by Krarr and FriNk [1] by

1) Yu(®y @y b) = yFo(—m, & + n—1; —a[b) .

All is known are series expansions of these polynomials. These expansions
were given by several writers (BRAFMAN [2], RAcAB [3], AL-SArAm [4], [5]
and AGARWAL [6]). The purpose of this paper is to present some integrals
involving these polynomials. These integrals will be stated in section (2) while
their proofs will be given in (3). Integrals showing the orthogonal properties
of these polynomials will be stated in (4).

1. - Formulae required in the proofs.
GaAuss’s theorem ([7], p. 28), namely:
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where Rey >0, Re(y—o—pf)>0.

(*) Indirizzo: Mathematics Department, Faculty of Engineering, Tripoli, Libia.
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[8] (p. 249), namely:
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Frequent use will be made of the factorial notation

I+ )
I(ex)

(o3 ) = = oo +1){oe + 2) ... (¢ + 7 —1) (n=0,1,2,..),

with (2;0) =1. The relation
4 (@5 —n) = (— 1)*/(1 —%; n)

will also be utilised.
[8] (p. 397, ex. 63), namely:
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where Re(m 4+-n)>0 and K,(A) is the modified BESSEL function of the sec-
ond kind.
[8] (p. 397, ex. 61), namely:

(6) [ty 3o-s 1= 3o { r(z) fr (s +n;m)},

where Re(m 4+ n)> 0 and Re (m) < 3/2 and J,(A) is the BEsseL function of
the first kind.

[10], namely:

d Ty —mTa+y+n—1)

(7) f e YT YL (Y, 0, 1) Yl b, 1) dE = e +y—-1) ’

o

where Re(y—mn)>0, Re(a+y-+n—1)>0.
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2. - Integrals involving Bessel polynomials,

The formulae to be proved are:

1
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where Re (2 —o —2n)>0, Re (2—f—2n)>0, Re(x—f)>0;
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where Re (k—mn)>0 and p<q+1;
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where Re (y—2n)>0 and p<q+1;
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where Re (v -+ p) > 2n; Re(y) < 3.
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where Re (y + p)>0; Re(y)<<i;
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where Re(y —n—2m)>0.

3. - Proofs of the formulae.

To prove (8), expand y, by means of (1); change the order of integration and
summation, then the left hand side becomes:

r! b
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The result now follows from (4). Thus (13) is proved.
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To prove (9), expand the generalized hypergeometric function, change
the order of integration and summation; then the left hand side of (9) becomes

@

2 (o3 1) e (0p3 1) . e
r=o 7{e137) .o (g5 7) & f o Ly 4, D)
)

Here evaluate the last integral by means of (7) and so obtain the right, hand
side of (9).

In the same way (10) can be obtained by applying (4).

To prove (11), expand y, by means of (1), change the order of integration
and summation, the left hand side of (11) becomes:
(0) f/‘d"?’—lJM(l) di.

o
Here apply (6) and (4) to obtain the right hand side of (11). Thus (11) is
proved.

A (—nyriat+n —1;7)
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To prove (12): apply the formula (BAtLmy [9]), namely:

‘x;ﬁsa_[—ﬁ, “+ﬁ+1; 42
(15) o Fyloy B5 @) Lol B; — ) = Iy 2 2 3

o+ g
to obtain
a 1 a 4x2
(16) yau(®; a; b) yu(— 2, a, b):ml(“”’““”_l’é_ﬁ’ 2’ bz).
a—1

Change the order of integration and summation, then the left hand side
of (12) becomes:
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)(4b2)ffx7‘2"1Jy(w)dw.

0

Now evaluate the last integral by means of (6); apply (4) and so obtain the
right hand side of (12). Thus (12) is proved.

To prove (13): apply (16) again and change the order of integration and
summation, then the left hand side becomes

a (mwsie+n—1;57) (g ——%;7‘) (—g 7') N [
> (b—) f et preriy, (1, a, ) df
r=0 .
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Now evaluate the last integral by means of (7) and so obtain the right hand
side of (13). This completes the proofs of (13).
In the same way (14) can be obtained by applying (7) and (4).

4. — For brievity I mention the following new formula for the orthogon-
ality of the BESSEL polynomials:

1 0 if m#An
17 xreemrya (1, @, ) Yu(l, a, ) do =
an o'f ) Oy ) y &y @ —a—mn) if m=mn,

where the weight function is #*¢¢=2, Re (y —n)> 0.
It may be noted that the last result is not known in the literature.
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Abstract.

In this paper many definite integrals involving the Bessel polynomials y,(x, a, b)
—
are evaluated, where y,(x, a, b) = T, (—— n,a-Fn—1; e



