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SHAKI BALA (%)

Generalized Logarithmic Mean Function

of Derivatives of Entire Functions
Defined by Dirichlet Series. (**)

1. — Let B be the set of mappings f: ¢ — € (C is the complex field) such
that the image under f of an element seC is

f(s) = 3 a, exp(s 4,)

ney
with
logn

(1.1) lim sup =D < + oo,

n-->+ & n

and o'; = -} oo (of, is the abscissa of convergence of the DIRICHLET series
defining f); &V is the set of natural numbers 0,1, 2, ...; (1,: neN) is a strictly
increasing unbounded sequence of nonnegative reals; s = ¢ -+ it, where o, € R
(I is the field of reals); and {a,: neN) is a sequence in C. Since the Di-
RICHLET series defining f converges for each complex s, f is an entire function.
Also, since D < + oo, we have ([1], p. 168), ¢’ = -+ oo (¢/ is the abscissa
of absolute convergence of the DIRICHLET series defining f), and that f is bounded
on each vertical line ¢ = g,.

In an earlier paper [2] we have defined the generalized logarithmic mean
function of an entire function f€ P and have investigated into some of its
properties. In this paper we define analogously the generalized logarithmic
mean function of the ™ derivative £ of an entire function f € B and study
some of its properties.

(*) Indirizzo: Mathematics Department, University of Jammu, Jammu, India.
(**) Ricevuto: 28-X-1970.
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Definition. For any fe B, <o), and de Ry (R4 is the set of positive
reals), we define the generalized logarithmic mean function G, of the n™ de-
rivative fi" of f as

¢ T

. !

2 (n)y — _— y | f(n) wn i X ; df T.

(1.2) Gy(o, ) TE}}; ST exp(éa)fj log |f®)(x + it) | exp(dx)dadt, VneN
o -7

Our study of a few properties of &, has taken the shape of the following
theorems:

Theorem 1. If G, is the generalized logarithmic mean function of the n™
derivative £ of an entire fuction feE, then G, is an increasing function and
log G, is a conver function of o.

The proof of this Theorem is similar to that of theorem 1 of [2].

Theorem 2. If G, is the generalized logarithmic mean function of the nt?

derivative fn of an entire function fe B, and the lower order A of f is greater
than 1, then

(1.3) G (o, fY > Goa(o, [ 0) > . > Ga, ), VY 6>0,>0,

where G,= Q.
In order to prove this Theorem we need the following two lemmas:

Lemma 1. If G, is the generalized logarithmic mean function of the der-
vative fV of an entire function feH, then

G(o, f) log G(o, f)
T 7

g

(1.4) Gi(o, M) > Vost. 0<o<af.
Proof. We have, from (1.2),

g T
1
{ ) — 1 ———— o ( ) 7 ‘ ) . ol
G4(o, ) = lim T exp(60) f flo,, |2 - it) | exp(dx)dwds
0 -7

T=>-+ 0o

= lim ——— log
T—>+00 2T e P(50‘ ff

. f@tif) | — |f(=(l — &)+it)|
> lim ST o péa ffloghm exp(dx) dz di

T——>+oo £—>0 EX

lim flw + it) — f{z(l — &) -+ t)

>0 XL

exp(dx) dw dt

6 —7
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g T
1 e @ W] — (@1 =) + )| .
= 1-13@ ST onn(30] f fil_)llol log o exp(dx) dedi
[flw - it)| —log |(f(w(1 — &) + ét)] X )
T—lffl ST o ‘p(éa j f 1.;1.131 — exp(dx) dadi
o —7
. log |(@ + it)| —log |{(#(1 — &) 4 it)]
- 11_13: TE?L 27 exp(éa) ff e exp () de dt
= llln G(Gi f) - G<G(1 - 6)1 f) .
&0 &0
Let
log G(o, f)
D(a, f) = _"7.‘_‘““’1 »

then, since log G is an increasing convex function of ¢ ([2], theorem 1) it fol-
lows that ¢ is an increasing function of ¢. Therefore

G0, () > lim exp (0 (o)) —exp ((0 —£0) p(0)) _
1 ’ = =8
£—>0 g0

G(o, f) log G(o, f)

(o2

= exp(op(0)) p(o) =

Lemma 2. If G, is the generalized logarithmic mean function of the deriv-
ative f of an entive function f€E, and if ¢ and A are, respectively, the Ritt
order and the lower order of f, then

sup Gy(o, /) e

(1.5) R int G A

This follows from (1.4) and the following result in [2]:

' ‘ suplog Go, f) ¢
(1.6) b e =% 1

o>+

Proof of Theorem 2. If f¥ isthe k™ derivative of f, then, writing (1.5)
for £, we get

y (%)
lim inf_ MO,
o>+ Gy (o, f (k“l))
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Hence, for any ¢> 0, we have
Gi(o, fB) > (A — &) Gialo, [¥), ¥V o>00(e),
or, since ¢ is arbitrary and A>1,
(1.7) Glo, f) > Giy(o, f*1) .

Writing (1.7) for k=1, 2, ..., n, we get »n inequalities and combining these n
inequalities we get (1.3).

Theorem 3. If G, is the generalized logarithmic mean function of the nth
derivative f of an entire function f€ B, and the lower order A of f is greater
than 1, then

Vo >06,>0.

o3

log G{o, n
.8) G.(o, %) > 6o, 1) ("g ( f’) ,

Proof. If f®is the k™ derivative of f, then we get, from (1.4),

Grlo, f(k)) log G0, f(k“l))
(1.9) oo ) - '

Giving % the values 1,2, ..., # in (1.9) and multiplying the n inequalities thus
obtained we get

G0, ) _logGo,f) logGy(s, V)  log Gum(o, V)
Go,f) = o c c

- (log G(o, f))" ’
a2

in view of (1.3). Hence the Theorem.

Corollary. If G, is the generalized logarithmic mean function of the 2t
derivative f= of an entive function fe B, and the lower order A of f s greater
than 1, then

. sup [(Gy(o, [\ o
(1.10) lim (W) >,

G-t o INE

This follows from (1.8) and (1.6).
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9. — In this section we shall study results pertaining to the logauthlmc
mean function L, and the generalized logarithmic mean function @, of the pth
derivative f™ of an entire function feX. The function L, is defined as fol-
lows:

P>}

T
1
2.1) L,(o, f)y=lim 5T f log |f®(c + it)|dt, Vo< o},
oA

Theorem 4. If L, and G, are, respectively, the logarithmic and the gene-
ralized logarithmic mean functions of the w' derivative fm of an entire funclion
fe B, then, for any S€Ry, and 0,, 6:ER such that 0 < 0, < 0y<<0},

exp(éao) Gn(gz’ f(n)) - exp(éo'l) Gn(gl’ f("))

) < 2 O
2.2)  Lnloy, f) <0 omp(60.) — oxp(Bay) < Loy, 1)

Proof. We have, from (1.2),

c T
1
)y — 1i — o [ 7 g
G.(o, f*) = lim 5T exp(de) f flob [fNx + it)| exp(dx) dadt
0 -7

I—>4 00

g

= explwg)fl;,,(w, 1) exp(6x) de
0
Therefore
(2.3) G, oy, @) = expl(éul) fjllin(w, ) exp(dx) do
and 0
(2.4) @ (03, f) = p—r szn(:v, 1™ exp(dz) do
b

From (2.3) and (2.4) we get

exp(do,) Gr(0e, f) — exp(doy) Gr(oy, ™)

= f Lo(, 1) exp(62) do < Lu(0s, f*)) = (exp(das) — exp(do)) ,

1
6
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and
(2.6) GXP((SO":) Gn(g‘u f(”)) - exp(égl) G.,?(G',, 7’(12)) >

> Ly(oy, 1) (exp(ﬁo'g) - eXP(éal)) .

ol bt

Combining (2.5) and (2.6), we get (2.2).

Theorem 5. If L, and G, are, respectively, the logarithmic and the gener-
alized logarithmic mean functions of the n™ derivative f" of an entirve function
fel and M, is the supremum function of |f)|, then, for any & e Ry,

lim s Gulo, 1) < lim su Culo, 1)
= 1P ———e SUP ——— "l
(2.7) o © dog My(o, 7)< 10 SUP T )

Proof. We have, from (1.2),

(7)) — [P, (n}
Gulo, f) = Tl_lili 5T ekp(aa ffMglf (@ 4 it)| exp(dx) dads

0o -7
< 5 Zulo, [7)(1 — exp(— b))

therefore
Golo, f) 1

L < < -
(2.8) N Lo ) <5

Since, from (2.1), we get

L, (o, f") < log M ,(a, f7) ,
it follows that

G0, ) G o, f)
(2.9) (o, ™) = Tog My, 1) ’

whence, in view of (2.8),

lim su Galo, f) < lim su Gulo, /)
o st Tog I(c, f) = I SUD 7y <

The author wishes to express her thanks to Dr. J. 8. Gupra for his help
and guidance in this paper.
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