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ARUN KUMAR AGARWAL (%)

On the Order and Type of Entire Dirichlet Series. (*%)

1. — Let f(s) be an entire function defined by an everywhere absolutely
convergent DIRICHLET series

1.1) > n €XP(8 An) 5

n=1

where 4,>0, 1,< A4 —> oo with 5, s=0¢ -+ i and

. logn
(1.2) Iim sup = 0.
We shall use the notations
M(o) =1uwb. [flo+it)]|,  plo=max(|a,|exp(ois))
—m<t <o n=0

and

7(0) = max{n| u(o) = |a.| exp(c 1.}

n=0

S. N. Srivastava ([1], [2]) bas defined the mean value of |f(s)| for Re(s)=o0
as

i o [ o+ 0@

-7

(1.3) I,(0) = Ij(, f) = lim —
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2
o) f I(z) exp (ko) -de,
[}

(1.4) My 1(0) = My (0, f) = exp

where & is any positive number. Also, he ([1], p. 133) has shown that logl,(o)
is an increasing convex function of o. This result enables us to express
log I,(0) in the following form:

(1.5) log I(0) = log I(04) + [ Tia) da,

where L(x) is an indefinitely increasing function, continuous in adjacent
intervals.
It is known that for an entire function of linear order p (0 << g < o)

sup log M(o) T
orw inf exp(eo) v’

(1.6)

where 7 and » are the type and lower type of f(s) respectively. Finally, it is
possible to find a function o(s) ([8], p. 99) such that

(1) e(o) is continuous for o> ¢, and lim sup g(o) = ¢;
g~ O

(ii) o(o) is differentiable almost everywhere except at the end-points of
adjacent intervals, where it possesses left-hand and right-hand
derivatives;

(i) limsup{exp (—op(0)) log M(0)}=1;

g—> @

(iv) Lmsup {oo'(0)} = 0.

n—r O

In this paper we have investigated a few relations with the help of (1.5).
Also, we deduced a linear proximate order under certain conditions and the
results obtained are given in the form of theorems.

2. — Theorem 1. If f(s) be an entire function of order ¢ (0 < p < oo},
type Tt and lower type v, then

lim sup log I,(0) T
(2.1) oo inf exp(go) v’
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Proof. From (1.3), we have
2.2) ulo) <I(o) < M(o) .
Also since

log u(0) ~ log M(c),
so with (2.2), we have

2.3) log I,(c) ~ log M (o) .

The result follows from (1.6) and (2.3).
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Theorem 2. If f(s) be an entire function of order p (0 << p << co), type T

and lower type v, then

sup log m, ;(0) T
(2.4) P log M) _

Proof. From (1.4), we have

my(0) = 2 exp(— ko) [ I,(@) exp(ia) do < (2/k) M(o)(1 — exp (— ko)) .

Taking limits, we get
(2.5) lim

Also, for >0 we have

+
(2.6) my(0-+h)=2 exp (— k(o+h) f () exp(ka) d

0

since I,(¢) is an increasing function of ¢. Further using (2.2), we get

my (0 + k) > (2[k)(1— exp (— k k) u(o)

Taking limits, we get

(2.7)

o>w inf exp(oo)  »°

sup logm, (o) . sup log M(o)
c»o 1nf exp(go) o> inf exp (go)

sup logmis(0) .~ sup logpu(o)
o>w inf exp(go) ~ 5w inf exp(oo)’

& > (2/k)(1—exp(—k 1)) I(o),
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Now the result follows easily from (2.5) and (2.7), since for functions of finite
order

lim sup log M (o) L sup logu(e) =
o w inf exp (06) .o inf exp(oo) v

3. — Let
sup V(z)_ﬁ _

(3-1) UIE?Q inf exp(oe) B~

Theorem 3. If f(s) be an entire function of order o, then
f<or<or<e.
Proof. From (1.5), for any h>0,

log Li(o + () = s+ ([ + ] ) V@) dr.

3

Let 0 < f# <C oo, then for any &> 0 we have from (3.1)

V(o)
exp (g o)

>pf—¢ for 0 > g, .
Hence

etlogli(c+(kfe)) B—e b V(o)
exple (o+(h/e)) e e exple o)

+ O(exp (— 00)) .
Taking limits, we have

ver > L+ ho .

For h =0, this gives

Further, from (3.1) we have, for any ¢ >0,

V(o)
exp(e o)

a+te for > o, .
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Hence

g

log I,(c) = I V(o) de + 4, < 25

.
Gy

“exp(eo) + 4 .

Taking limits, we get pr<e«. This completes the proof of the Theorem 3.

Theorem 4. Let f(s) be an entire function of order o (0 << ¢ < co), then
B < (efe) exp(fla) < 07 < o
and
B<ov<pB(1l+logp)) <«
Proof. We have, for any h>0,

+(R/

log I (o + (hfg)) = f V(a; yda 4 B, ,
hence
exp{h— o (0 + (R/0))} log I (0 + (h/0)) >
> (B —¢)fo + (h]o) exp(— 00). V(o) + O(exp (— po)) .

Taking limits, we get

(8.2) et > (f+ ah)o
and
(3.3) ety > f(1+ h)fo.

The maximum of right hand side of (3.2) occurs at h=1—(B/x), substituting
this value of & in (3.2), we get

(3.4) ot > aexp(fla) >ef,

since, for £>0,
clE>e.

16
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Again
exp(— o) -log I (o + (h/g)) < («+ &)fo +

+ (b]o) exp(— @) V(o + (k]o)) + Ofexp(— ¢0)) .

Taking limits, we get

(3.5) ' et <a(l+ het)o
and
(3.6) ey < (o4 fher)fo.

The minimum of right hand side of (3.6) occurs at = log (o/f), substituting
this value of % in (3.6), we get

(3.7) v < (14 log (/) < .

Also putting h==0 in (3.3) and (3.5), respectively, we get

(3.8) vo>f
and
(3.9) T0< .

Combining (3.4) and (3.9), we get
B < (afe) exp(Bla) < 70 < o3
and combining (3.7) and (3.8), we get
B<vo<B(l+ log(a/p) <o.

4. — Lemma. Let f(s) be an entire function of order o and lower order A,
then

o Li(0) . Ii(0)
Ty A0 1 e
(1) o o oghe) <+ <= B0 7 0T o)

where I;(a) i¢ the first derivative of I1,(c).
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Proof. Let

i SUP Ii(0) !
o—w inf I (o) logl;(o) - B’

then, for any ¢> 0, we have

I,(0)

— — for ¢ .
Lo loghe ~ P ¢ ro>o

Integrating and taking limits, we get

e I;(0)
liminf ——+—— <
o> I,(o) logl,(o)
Further, for any >0,
7
1(9) <f-+e for ¢ >0, .

I,(0) logI,(o)

Integrating and taking limits, we get

+

. Ij(0)
2 S e loghy(e)  ©
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Theorem 5. Let f(s) be an entire of order o and lower order A and sat-

isfying (4.1), then the function
0(0) = (loglog Iy(0)) /o
is a proximate order of f(s).
Proof. Consider the function

o(o) = (loglog I,(0))[o,

then lim g(o) = g, since f(s) is of regular growth and of order g. Further since

g —>c

([11, p. 133) log I,(0) is an increasing convex function of ¢, from this it follows
that log I;(o) is differentiable almost everywhere withan increasing derivative;
the set of points where the right hand derivative is greater than the left hand
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derivative is of measure zero. Consequently, o(o) is differentiable almost every-
where. Thus

o ] _no
¢'(0) = — (1/o%) loglog (o) + (1/o) ;- ~Srrs s
so that
P log logl, (o) 1,(0)
00'(0) = {"‘ o 1,(0) logll(@} o)

which tends to zero as o tends to infinity, since

I;(o)
I,(0) logI,(o)

and g(o) have the same limit as ¢ — co. Also, from the definition of o(o),
exp (— o p(0)) -logl (o) = 1
and since log I,(0) ~log M (o) for functions of finite order, we obtain

lim (exp [— 0 ¢(0)]-1og M (0)) = lim (exp [— o o(0)]-logl(0)) = 1 .

G—>x® G~

Thus, we have seen that all the conditions for g(s) to be a proximate order
are satisfied and hence the Theorem 5 is proved.
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