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Nonexpansive Mappings

and Fixed Point Theorems in Banach Spaces. (%

Introduction.

The basic problem of the theory of non-expansive mappings in
BANACH spaces is quite similar to those of the gemeral theory of non-
linear mappings in linear topological spaces and center around the existence
of fixed points, convergence of successive approximations, existence of proper
extensions and so forth. Like many other theories of this kind, the theory of
non-expansive mappings gives a good example of the paramount role played
in the existence problems of analysis and topology by the compactness prop-
erties of sets and mappings. In the present paper few results related to nonex-
pansive mappings have been proved.

1.1. — A mapping T: E —E of a BANACH space K into itself satisfying
the following condition is said to be s-contraction,

1) | Tz — Tyl < s|Tz — Ty| + slz—yl
for all 2,y F and 0 <s <}

91. — Lemma. Hvery s-contraction is one-to-one and continuous.

Proof. T is one-to-one, for if # and y arve two points in & such that T(x) =
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= T'(y), then by (1) we have

|72 — Ty| < s Tw — Ty| + sfo—y]
or
(1 —8)| T2 — Ty| <s|o—y|
or
0< sllw—yl, since 0 <s << %.
This implies
o=yl =0 or a=y.

To complete the proof of above Lemma, we need to show that 7 is continuous
at each point e B. Let & > 0. Then

loe—aoll <ery (T2~ T < s|To— Tay| + sjo—a|
ie.
A —98) Tz — Tay| < s|@— m,
ie.
])T:v—_’l’woljgl—_i_—s”w—wo”<s, where e:l—%gsl.

Thus, 7' is continuous.

2.2. — Theorem. Every s-contraction of @« Banach space B into itself
has a unique fized point.

Proof. Let o, be an arbitrary point in B and consider the sequence {x,}.
Let 2, = T(w,), o, = T(@) = T, y e . Now

”wnﬂ — &p ” = “T(wn) - T(mn—l) ” < SHT(xn) - T(wn—-l) ” + Snxn — &py “
or
(1 — S) ”T(wn) _ T<wn—1) ” < 'S'”wn — Tpy ”

or

s

[#wts — wal =] T(w,) — T(@ass) | < T 1% — 2|

-— 8
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and
”mn — ®p_1 ” = n T[mn——l) - T(mn——‘z) ” < 8 {!T(xn—-l) - T(wn—z) H "]L 8”60,,__1 = Lyg }!
or
”T(wn—l) - T(xn-—z) H < T{“‘é ”mn—l — Xp—z ” .
Hence

s )2
” a”‘n—}—l—“ wnﬂ < (1 __ S) Hmn—l - wn—2 ” .

Therefore by continuing this process we have

8 n 8 n
|@ngr — 2a] < (1_ s) ooy — @ | = (:) M, where M = |, — ] .

Using this inequality we will show that the sequence {w,} is a CAUCHY
sequence.

%040 — ®nll < [@nsp — Bagps |+ [Brpa — Bagrsl

+ oo [ — @

n4p—1 n+p—2 n
<M (ljs) +M(1js)+ +...+M(1is)
8 n 8 s 2 8 p—1
<]l[(l—s) [1+1—s+(1——s)+(1——s) ]

<IVI( s )" 1—s )
1—s 1— 28

A s % ]—s .
Sinee 0 <<s<<1/2, M(l s) T -0 as n oo, and hence {w,} is &

CAUCHY sequence.
Since ¥ is complete. Hence {z,} converges to some point z, € B. Let @, =
= Tlimw,. Then by virtue of continuity of T, T, = lim T'x, = im @4, = %.

7n—r 00 n—> 0 N>

Thus the existence of fixed point is proved.

Uniqueness. Assume that « and y are two fixed points of 7, i.e. T(2)= @
and T(y) =4v, ®y. Then since 7' is s-contraction we have

|z —yl = |To — Ty| < s| Tz — Ty| + sfe —y|
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or
A —s)|Tz—Ty|| < sle—y] .
ie.
A —s)le—y| < slz—yl.

If x+#y, we get (L —s)<s. But 0<s<§, hence a contradiction. Thus
@ Y.

2.3. — Theorem. Let T be an operator mapping a Banach space T
into itself. Suppose T* is s-contraction for some positive integer k. Then T has a
unique fized point in B.

Proof. Let 7=/, Thus f is a s-contraction of F into itself, and by
Theorem 2.2 has a unique fixed point. If x, is the fixed point of f, the relation
(@) = m, gives

T(f@o) = T(w), but THi=T(f) = j(T).
Therefore, T(f(x)) = /().
Hence f(z,) is a fixed point of 7, the uniqueness of this point shows that

T(x,) = @,. In other words, z, is also a fixed point of 7.

8.1. — An operator T'is said to be contraction on a domain D if 7' is defined
on D and there is a constant «, 0 << « << % such that

1T () — T || <o | T{wn) — @1 || + |(Ts) — 5], for any @, 2,€D.
The infimum of all possible constants « that is

| T2y — T,
Su:
o Ty — ][+ | Trp — ]

is called the contraction norm of I' on D and is denoted by |7
we will drop D and we denote |7'], simply by |T].

»+ In sequel

3.2. — Remark. In this case T is not necessarily continuous. For example,
let X =1[0,1], T(x) = a/4 for 5[0, §], T(x) = /5 for z €[4, 1] and the dis-
tance d is the ordinary distance on the line. Now taking o = 4/9 the above
condition is satisfied and 7' is discontinuous [2].
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3.3. — Theorem. ZLet T be an operator with domain K and range in
a Banach space E. Suppose that there ewists an ay, € K such that T is contrac-
tion on the closed sphere S.(a): Jla — ao|| <7 about the point a which is contained
in K, where
lloto — Taq|
71— 20)(1— )t

Then T has a unique fiwed point in S,(a).

Proof. We show by induction that the sequence {a,} lies in S,(a). If
it is clear that a, and a; = T'(a,) are in S,(a). Suppose that a;, k>1, and
@y € Br(@). Then, for all k, 2<k < n,

ety — tgen | = [ THa0) — T*F(@o) | < o] THao) — T7*(@o) | + e T (a0) — TH(ao)|

or

(1 — &) [ T¥(0) — T (o) || < o (@) — T"*(ao) |-
Hence |

| T5(a0) — T+(ao) | < 77— 1 T(a0) — T3 (ao)] -
Now
1 T%(a0) — T (a0) | < or| T a0) — T Han) | + o] T5(ae) — T H(a0) |

or

| Ta0) — TH=2(a0) | < 7= | T aw) — T*(aa)| -
Therefore

o o

l—«

)2” gy — T g =( )2”“"*2 — el

s~ <
lar — @rrs ] \(1_ %

Continuing this process we have
n
o — aral < 3, llon— tas
k=2

o k-1 n E—1 1 — e
(£25) harai= 3, (725) Tl tnl < g oo Tl

llao — Tay)]

" 1= 2= o
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or
(1 —20)(1 — o))" 17 > Jag— T'(a)] -
Hence
1— o7
lar— | < ml P(1—2x)(1—a) = (1—a") r<r as oa<<l.

Thus an+1e;§',,(a). The Theorm now follows from theorem 1 [2]. Since a, is
contained in S,(a) which is complete being a closed subject of a BANACH space
and T is contraction on S,(a).

The above Theorem is a local version of Theorem 1 [2].

38.4.— Theorem. Let T be an operator satisfying the condition
1T(@) — T <M |T(@) — T + M|z —y]|, »,9eS(z),

where @, is some fiwed element in the Banach space B, 1 >0. Then the equa-
tion

e—ATe =7,
where |A| << 1M has a wnigque solution x* in S.(x,) for each f for which
If + A Toy— | <(X— M|2]) r— M||A|r To — Tx,| .

The sequence x, = f + A Tx,_; converges to x* starting from the initial approm-
imation .

Proof. Let Kx=f-+4 A Tx. Under the given condition of the Theorem,
if xeS,(x,), then

[Kao— 2} = [f + A T — ]
= |f + 2 T — 2 T, + A Tay— a3
< |4 Tw— 2 Tao) + If + A Ty — ]
< | A M| T — Tao| + |4 Mz —au] + |f + 2 Too— ]

< (A M| T — Taol) + |A|Mr + (1— |A| M)y — M|A||To — Ta|| =7 .
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Thus K maps S,(x,) into itself. Furthermore K is a contraction on S,(z,),
since for any x;, 2, € S{x).

| Ko, — Ky = |f -+ A Ty — f — A T, = |2 Tty — A T,

< | AT, — T,
< IMJI{”T%_T%” + H'vl-‘wzn}

and M|2| <1, henee K is a contraction. Thus the Theorem follows from the
Theorem 2.2.

4.1. — We define a resolvent operator of 1 as follows

2 1
RyT = > tK*T Al .
ngl 1A I

We proved [5] the following
Theorem. Let T be an operator satisfying the condition
|To — Ty| < o —y | € S(z)
where x, is some fized element in the Banach space By, v > 0. Then the equation
c—ATe =1,
where |A] <1 has a wnique solution x* in S,(zy) for each | for which
If -+ 4 Two— ol < (1 — [A]).

The sequence @, = f -+ A T@,—, converges to z* starting from the initial ap-
proximation x,.

4.9. — Theorem. Under the assumption of above theorem with @, = x and

Ko = , the resolvent operator satisfies the following properties

HR/". Ty — Rsz”

oy < I T

1) (14]2])1<

2) R, is a continuous function of the parameter A for which 4] < 1.

Proof. By definition of R,, BT = K(R,T) -+ T. Thus for any T, and

13
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T, such that

ITl<(@—Ja])r and |Tuf<(1—|2])7,

we have
IR, Tv— R T, = |AK R, T, + Ty — A K R, T, — T,
or
1B, Ty — B, T < |2 K By Ty — K By T | + | Th— T
<IN To— By To|l + | 1o — T
or
(L= 12D B T — By Lo < | Ty — T
or
(1) ~————”R*“§11: 1;,‘2”112” <(@—|a]).

On the other hand
1T — T <|By T — By 1o | + [AKRT,—AK R, T,
<|By Ty — By T + |A] | R, Ty — R, T, |

<(1+ |2])|1B, T: — BT, .

Hence
-1 ”RZ Tl“' R}. Tz”
@ OH12)™ < g
Combining (1) and (2) we have
RyTy— R, T,
12y BB o,

which completes the proof of 1).

To prove 2), let 1 and x be two numbers such that |[A] <1, lw] < 1.
Then R, and R, are defined for 7 with |7T[ =1—max {[4|, |u[}

Then (B, —E,)T =[ER,T—EKR]+ (A—pwK R, f. Hence

(3) IR —B) TI< |2 |B, T — R, T| + |A—n| | K B,T| .
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Clearly B, o = o and from (1) we have

. VB D)= B T — K Byal <
Combining (3) and (4) we have
| T
[ B T < (1— jel)@—14D A —ul

and hence R, is a continuous funetion of the parameter A

(1]

(21

[3l

[4]

(8]

(6]
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