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G. K. DwivEDI (%)

On the Absolute Riesz Summability

Factors of Infinite Series. (*%)

1. — Let 0<ptg< g < ooo < o< .. =00, and let > a, be a given infinite
series. Then ¥ a, is said to be summable |R, ., 1], if (121, [61)

1 n
(1.1) ZA_l z;umam;<oo,

n Mn M=l

where A(Lfua) = (1]ttn) — (1[ptats) -

It is known ([1], [5]) that summability |R, e, 1|is equivalent to sum-
mability |C, 0], which itself is equivalent to absolute convergence.

The extension of this definition of absolute Rimsz summability to the
index %, where k>1, is given by

1\t &
(1.2) EA(_"> ] Zl‘maﬂl!k<°°

n n m=1

which is same as the definition [7] when «=1 and A= p,, and > a, is said
to be summable |R, p,, 1.

Tt is obvious that summability |R, u,, 1| and summability |R, ., 1], ave
the same.

In this paper we shall be concerned with the type u,= exp n’.

(*) Indirizzo: Department of Mathematics, Banaras Hindu University, Varanasi 5,
India.
(**) Ricevuto: 2-IX-1969.
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2. — In 1965, TrRIPATHI [4] established the following

Theorem T. Let {2,,} be a convex sequence such that zfirl An<< oo, If

1 n
(2.1) , o ’.ZIIT,-I= 0Q),
where
10,
(2.2) Th=- Yia,

as n — oo, then the series > 1,a,/n* is summable |R, exp n% 1].

The object of this paper is to extend this to |R, exp »n%, 1|, summability.
We shall prove the following

Theorem. Let {A,} be a conver sequence such that >Sntd, < co. If

(2.3) 21T, [r= 0n),
ye==]
where
1 5.
(2.4) T,=- >iag,
t=1

as n —> oo, then the series 3 A,a,/n* is summable IR, expn®, 1], for 0<a<l.

3. — The lemmas needed for the proof of our Theorem are collected below:

Lemma 1 ([3], lemmas 3 and 4). If {1.} is a convex sequence such
that > n~*1,is convergent, then 1, is non-negative and decreasing, # A1, = o(1)
and 4, logn = 0(1), as n — co.

Lemma 2. TUnder the same conditions as in Lemma 1,
n A =0(1) and (A,)*logn = O(1) as n — co.
Proof. Since {i,} is a convex sequence, therefore {(A.)%} is also a con-
vex sequence and :

(A)*

n

(3.1) > < oo,

consequently the proof immediately follows from Lemma 1.
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Lemma 3 ([4], lemma 2). If {4} is a convex sequence such that ¥ #14,
is convergent and

(3.2) X, == Ayfntt®

then, as n — oo,

(3.3) ntA%, = O(1),
(3.4) imA%,,,: O(1)
me=1
and
(3.5) En:m‘l.d?%,nz 0Q@1).
m=1

4 - Proof of the Theorem. From (1.1) it is clear that for estah-
lishing the Theorem we have to show that

1V &
(4:.1) z 4 (;) : l Zl,um Zan T Oy l F< 0o,
where
(4.2) Un = €Xp n*
and
(4.3) An == AafutTE

Without any loss of generality we can suppose that a,=0.
Now applying ABEL’s transformation, we have

ml,“m Ko M B, =:§i4 (o Zm) é} P, + pn xni:zl Pa;
— no1
=m§1m Tottn Am +m§1m T Ymets Ahn ~F o o T s
so that
(4.4) S fon gt = Sak Sot @, say.

m=1
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Hence applying HOLDER’s inequality with indices % and k', where 1/k 4~
=+ 1/k'=1, we have:

iA{}Qw—ZA{%zmmmawk

n=2 m=1

ﬁ A{ }, ["zlm (A ) (pen)* | T |¥] - [Z m Ay |2

n=2 m=1

k n—1

— v { nl [z’m/ A/m (,um) [-Tmi ]

me=1

= 0(1) zm (A )| T oS A{i}k

m=1 n=m+1 Hon

v

0(1) 3 m (4%,)| T, | = 0(1 EA mA/m)ZIT [ +-0Q) p(4%,) Z |7 |*

m=1

= 0(1) z m* (A%,)+ O(1) z m(dyn) + 01)v*(dy,) ,

m==1 M=l

so that

{}lzv— a5 » > 00

?M=

(4.5)

Also similarly

gv { } I 22 l ¥ —n§2 A{;l_} mg m 11771 Xm+1 A,um I
,,gg A{ } {:2 me'l’l(A,um l-T’m]L:I [ z mXﬂH‘l]k—'l
=ow 3 A{ﬂi} T3 s dpen)*| T ]

=m+1

1)zmx"1+1(d,um ]-T ll“ Z A{ n}



[5] ON THE ABSOLUTE RIESZ SUMMABILITY ... 149

= 0(1) zm Y| Ton |

me==1

»—1

= 0(1) gl (1" m) EITI + 0)v* 1y ZIT,-!"

¥~1 ¥—1
= 0(1) Zlm”‘ an+ O(1) glm“*l.dxm—k 0(4,)

o3 o S ).
therefore

(+.6) 34t mie= 0w
Again

k4 A 14k Q 14 IBL T ;
—_— J— —_ a v ' 4
3 {M}I O A

n=g

s = o) 3 P

n=32

| T [®

= 0(1) izn"‘“ P | o

=0’y {)} "!T|+0<1{ }ZTI

' (M) {Z,)F
g e n + 0(1),,1;—1 ?

therefore

(4.7) Zd{ﬂn} [2]F=0(1).

n=2

Combining the estimates in (4.4), (4.5), (4.6) and (4.7), we find that (4.1)
holds.

This completes the proof of the Theorem.

I would like to express my thanks to Dr. L. M. TrrraTHI for his kind help
and encouragement in the preparation of this paper.
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