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On the Geometric Means

of Products of Integral Functions. (*¥)

1. — Let fi(2), ..., fu(2) be m integral functions of orders g, ..., o» respec-
tively and let

2

1
(1.1) G(7y fioo fm) = €Xp {% f log | fu(r€®) ... fu(re®®)| dO },
° 2m
(1.2) Gr, i’ ... fi) = exp {‘)l—n f log |f"(re®) ... fa (re®) | dG},
0
d+1 F . .
(1.3) Go(7y fu o Fu) = XD {27473,;1 f flog[fl(wezﬂ) o fn(@e) | m"dwd@}
0 0
and
(1.4) gs(ry FP .. f)= exp {%}i f flog[ﬁ"’(wc“’) vee Fod(3 €49 | m"dwd@}
’ [
where 7(2), ..., f”(z) are the n-th derivatives of fi(2),..., fn(2) respectively

and 0 < é << - oo.

In this paper we have considered geometric means of products of m integral
functions and have obtained some of their properties. The results are given
in the form of theorems and their corollaries.

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
Lucknow, India.

(**) This work is supported by the Senior Research Fellowship of the Council of
Scientific and Industrial Research, New Delhi, India. — Ricevuto: 16-II-1970.
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2. — Theorem 1. ZFor the class of integral fumctions for which

1im 12 95 i fm)

o0 logr

= - oo,

we have
lim %P L go(r, 11 - f) _ logLs ’
ro>w inf logr logls
where
o P [logGlr, i . fu) |08 _ Ly
re>rc0 inf loggé fm)I Zd !

l, x =1loglogw and l,z = loglogloga.
In order to prove this Theorem, we prove the following two lemmas:

Lemma 1. log@(n, fi...fu) is a convex function of logr, £,(0) 540 for
s=1,2,...,m

Proof. TUsing JENSEN’s formula in (1.1), we have

10g G{r, fy .- f) = 108 | £(0) .. 1u(0) | + j {0l 1)+ oo 0l Ful} o

= log G(ry, f, ... —{—j{’n(w, fu) + - + n(z, fm}—
This gives

dlog G(’I‘, fl oo fm) s .
BRIty 0l )

The right hand side is a non-decreasing function of r, since n(r, f) is a non-
decreasing function of » and tends to infinity as r— co.

Lemma 2. #*log@(r, f,... fn)}* is a convew function of

" log gs(r, fr ... fm) -
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Proof. We have from (1.1) and (1.3)

d
R 2
d[ya+1{10g G(T, fl sen f'm)}z] . dq- [T +1{10g G(’l‘, Il aer fm)} ]

d[7'6+1 log 96(7", fl fm)] o

d T
[0+ 1) [ 10g (@ f . f)o” da]
T 0

2 G, fy o f)
O+ DG, fr o f)’

= 10gG(7', ;fl .oe fm) +

which increases with # for large values of r, since, by Lemma 1,
log G(7, fi ... fn) is & convex function of log 7.

Proof of Theorem 1. We have

log G(s, fy = f) &
loggs(®, 1. fm) =

b

log {r*+11og gs(ry fr -o- fm)} = (6 + 1) j

since numerator on the right hand side is the differential coefficient of the
denominator.
This gives

r

Log {rLog gl - Ful} < O1) + @+ 1) [ Lo+ ofoex &,

To

for any e> 0 and > 7, = 7,(e).
Now we obtain

(Ls - e)'o8r

log {ro+2 108 ga(r, i - To)} < O() + O+ 1) 17— -

Taking logarithm on both the sides and proceeding to limits, we get

. 13 95(7‘, flfm)
11{13) smup Tog7

< logZLs,

since

limlz gﬁ(’r’ fl e fm) — +

oo .,
> logr
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[4]
Further, using Lemma 2, we have
log {(2r)°+* log gs(27, fy ... fu)} >

ar

> (6 +1) / (log G, f1 ... 1)) dz

log gs(@, fy «.. ) log G(@, fy o.. fr) @

r

(lOg G(T’ fl o ]cm))2 10g2
= (6 + 1) lOgga(?‘, fl *se fm) 10g G(ZT, fl eee fm)

1og G0, f, ... fn)
— g)logy "2 TV 271 Im)
> (6 —l— 1) (L5 8) £ Iog G(Q’)’, fl .- fm) 10g2 ’

for a sequence of values of  tending to infinity. Consequently,

. 1 96(7’f1 "'fm)
Iim B JOLV 2L im)
lrﬁiup logr

> log La .
In a similar manner we prove that

lim ing 900 f1 - fn)

an 10g1‘ == log la .
This proves Theorem 1.
Theorem 2. If
. ly G, fr oo fu)
h?i sﬂ:tp TTlogr = A
and
1, 'y fi oo fn
lim syp 2222 /m 9 fu v fn) _ B,
r>o logr
then

(2.1) 4 = B =max (g1, ..., Om) -
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Proof. Let M(r,f), ..., M(r, f») denote respectively the maximum mod-
uli of fy(2), ..., fm(@) for |z|=r, then (1.1) in view of lemma on p. 311 of [1]
gives

10g G(Ti fl fm)\/\«.

< log {% / [f1(r€e®) ... fa(rei) }dé)} < log {M(r, ) .. M(r,fn)} .

]

2.2)

Again, let f(2) be regular in |2|<R and let z=r¢", 0<r < B, then POISSON-
JensEN formula gives

27

1 [ (B =) log|f(Re™)|
log”(z)l—ﬁf R2 — 2Ry cos(0 — @) +12 —‘EIOg

i0
— “u ret

R (re“’— a,)

’

0

where a, are the zeros of f(z) inside the circle |2| <R. Since each term in >
is positive, for f(z) = fi(2) ... fu(2), this yields

10g |f1(2) +-« Fml 27[ (RZ—Tz)loglfl(Rew) fm(Re"‘P)]d

— 2Ry cos(f — @) + 7*

Choosing # in such a manner that
log {M(r, f1) [falre™) ... |fulre®) [} or

log {|Ai(re®) | M(r, ) ... [fulre®)[}  or ... or

B4r
10g {[£:(r6™) | . [fmoalr )| M, fu} < T 10g (R, fr oo f),

respectively, as g; Or g, OF ... OT @, = MAX(Q1; -.+s Om)-
Taking R to be 2, this gives

log G2, fy .o fn) > % log {M(r, f) | falre®)| ... |fmlre®)|} or
log{lfl(re"o)]M(r, fz) LX) lfﬁn(rew)’} or ... Oor

(2.8) log @21, fu - fn) > log {|fi(re )] ... |fuoalre®) | M (r, f)} -
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Taking logarithms on both the sides of (2.2) and (2.3), proceeding to limits
and combining the results thus obtained, we get

A = max (g, ..., On) .

Further, since log G(r, f, ... f) is an increasing function of , we have

r

§+1
log gs(rs fu +v- f) = —537 f log G(@, fy ... fn) a* dw < log G(r, fo «.. f)

0

which leads to B< 4. Also,

2r
641
log gs(27, f1 .. ) = e f log G(w, fy ... fn) 2 da

0

2r

/ log G(w, fy ... ) #°da

T

d-+1
> [
= (27-)6-1‘1

O+1 . ]
> 5 10g Gr, fy e fi)

which leads to B>A4. Hence 4 = B =max (g, ..., On).

3. — Let fi(2), ..., fu(2) be integral functions of orders 0, (0< g, << o0
k=1, ..., m). Further, let us set

L S ) ekl ) a

(3.1) 11_,&, inf 7e g’
.oosup G fifn) @
(3.2) hm o e b

and

. sup gy fy o fu)
(3.3) , lm S =

© oy inf re
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where o = max (01, ...; @m). W€ Prove here the following results:

Theorem 3. We have

(i) cob<gpa-+ef,
(ii) a+pb<ega,
e+d+1
(iif) 9 o+t d<2°+1b+c
and
o-+641
(iv) a+d<2 ¢

Proof. We know that

relle

n(r ete, fi)+ ... +n(reve, fn) > Qf{n(w, )+ ..+ nle, fm)} d—:

r

Additing ¢ log G(r, f1 ... f) on both the sides, we obtain

010g G(r, fr - fn) -+ (e’ fi) + ... + n(re'’s, fa)
(3.4)
>ologG(re'l fi...fn)

In a similar manner, we obtain
(3.5) o log G, fr ... f) + nlr, fr) + ... + nlr, fu) <o log Gre® fooofm) -

Dividing (3.4) and (3.5) by 7% proceeding to limits and using (3.1) and (3.2),
the results (i) and (i) follow. Further, we have

RUCES

i+ 1
log G2YC+Vy fi .. fr) > —7—;27 f log G(x, 11 .. f,,, Yot da

r

where 0 < 6 < oo.
Adding loggs(r, f1--- f») on both the sides, this gives

(3.8) 10g ga(r, fi - fn) -+ 10g G247, i oo [) > 2 Tog go(@" ¥V 7, fr oo f) -
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Similarly, we obtain

(3.7 log gs(ry froo. fu) + 1og G(r, fr ... fn) < 2 log gs(2Y°* s, f, ... fu) -

Dividing (3.6) and (3.7) by ¢, taking limits and using (3.2) and (3.3), the
results (iii) and (iv) follow.

Theorem 4. If f,(2), ..., fu(2) are m integral functions other than polyn-
omials and if f,(0) 50 for s=1,2, ..., m, then

limint 089" fifn) B (9+1)

rsoo 7 ~ ele+d+1)
and
: loggs(r, fy ... fm) o (04 1)
lim s <
Py v elets+ 1)’
where ¢ = Max (g1, ..., Om)-

Proof. Using JENsEN’S formula in (1.1), we have

(38) ].Og G!(/,-’ fl e fm) = 10g G(TU fl b4 f’m) + f{n(w7 fl) + cee + n(m’ fm)} 95 .

From (3.1), we have for any ¢>0 and #> 7, = o(€)

w(r, f1) 4+ ... + 0, fa) > (B—&)re.

Therefore, from (3.8)

©9) 10800 oo ) > 108 6 fr o) + BT, (1),

Further, we have from (1.1) and (1.3)

(3.10) 108 go(r, f, ... ) = o(1) + ‘%_13 f log G(, f, ... f.,) 2 da .

o
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Substituting for log G(®, fi ... f») from (3.9) in (3.10), we obtain

(B — e)(6 + 1) 92H0FL — poHot1
gle+ 6+1) g1

log gs(7y fo «er fm) > O(1) + ’ (P> +1).

Dividing this throughout by ? and proceeding to limits, the result follows.
On the other hand, we have from (3.1) for any &> 0 and »> 7, = 1;y(¢) ,

w(ry fr) + ..l fu) < (o0 + &)1
Substituting this in (3.8), we get

3.11) 108 G, fy ... fu) < 10g G{r1, fm>+(oc+s>“'f, (ry>r+1).

Now, substituting this in (3.10), we obtain

(o -+ e)(d + 1) oo+ ,-g+a+1
gle+9d+1) 0+1 ’

log gs(7, fr--- ) < O(1) + (ro>m -+ 1).

Dividing this by ¢ and proceeding to limits, the result follows.

Corollary. We have

1 log G(r, f1 or fm
(4 r—>® 72 7> 02 7 e
These easily follow from (3.9) and (3.11) respectively.
4. — Theorem 5. If fi(2),..., fu(?) are m integral funmctions of finite

0rders Q1 ..., Om respectively and if

(4.1) lhim log G(r, fy «ev fr) —1

r—>w TQ

R @ = Max (01 +--) Om)

ewists, then

(4.2) | lig T Al )

e300 72

ol,

where f,(0)#0 (s=1,2,...,m).
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Proof. We have from (4.1)

P (l—e)<log@r, fi...f)<r® (Il +¢),

for 7> 7, ==1y(e) and &> 0.
Also, for 0 <n<1

aA-+mpr

[t 80+t 1) 2

r
(i4+mr 7

=< f - f ){n@, AR ACA)

0

=1og FL+ 77, fi ... fu) —1log G(r, f1 ... fun)

<O+ L+ ner—(—ere=1on+..)r°+ &2+ on + ...,

but,
(+mr a (1+r]):i
(0@, 1) oo (s Fal} S > 00y F) A o A 0l f)) f &
> {n("': fi) + oo+ afr, fm)} ﬂ_o?‘; ’
giving

2, f1) + oo 02, fr) < L+9)en+ ...) + e 2407+ )+ 7)
70 7 7 )

Since & and # are arbitrary, this gives

(4.3) lim sup n(r, i) + oo + 20, f0) <

r—seo 7e ot
Further, it can easily be shown that

i fu) d et nln fu) 1A —m)en— ) e (2 - ent (1 — )
7 n 7

’
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which leads to

o fi) e (s f)
(4.4) lim inf —>-~ - f >ol.

r-r @

This completes the proof of (4.2) .

Theorem 6. Let fi(2), ..., [n(2) be m indegral functions, other than polyn-
omials, of orders g1, ...; On respectively and let n(r, fi); .- n(r, f.) denote the zeros
of 11(8), --v, fml(?) respectively in lz|<r and f.(0) =0 (s=1,2, ..., m). Further, if

(4.5) lim int a(r, f1) A s = 07, frn) ~1

RN rlogr

b

then

. ologge(r, foeefm) O+ 1
(4.6) h?llgf rlogr 542’
and if

: 0z, f) 4 oo 0T fn)
(4.7) lim sup —=—7 <1,
then

: ]'Og gé(r, fl o fm) 6-+1
(4.8) h{isilp rlogr <512

Proof. From (4.5), we have for any &> 0 and r> 7, == 7.(8)
n(r, fr) + ...+ 0y fu) > (L—g)rlogr.

Substituting this in

log G(7y fo«+e fu) =
dx
- H

(49) 1 log Gy fy o fu) + f 0@, f2) - e 2l T}
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we obtain
(4.10)  log G(, f, ... ) > const. - (LI—¢)r (logr—1) (i +1).

Substituting for log G(z, f, ... f,) from {(4.10) in

r

(4.11) 10g g5(r, f - f) = 0(1) + T f log &, f; ... f) # das ,

To
where 7,>7,-+1, we obtain

log gs(ry oo fr) > (1—¢) -rlogr.

841
5+ 2

Dividing this by rlogr and broceeding to limits, (4.6) follows.
On the other hand, for any &> 0 and r> 7, =15(¢), we have from (4.7)

n(ry fi) + o+l fu) < (L4 g)rlogr,
which together with (4.9) gives
(4.12)  log G(r, f, ... f,) < const. - (14 &)r(logr—1) (rh>r4+1).
Substituting this in (4.11), we have

041
10g go(r, f - fu) < (14 &) 57 rlogr,

from which (4.8) follows immediately.
Corollary. We have

i ing 2860 Fy e Fa)

1
o0 r logr -1

provided (4.5) holds, and

gG(r, f

1 .
limsup—gh——L—f—)< 1,

r—> 0 r ].Og 7

provided (4.7) holds.
These results are immediate consequences of (4.10) and (4.12) respectively.
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5 _ Theorem 7. Ior m integral functions of finite orders @iy ..., Om
respectively,

(5.1) G(?., ;1) f:,)) < K G(’)’, fl fm) TQ1+‘..+QM-"'I +8 ,

except at @ set of measure zero, for every > 0 and large r, where constant K
is independent of r.

Proof. We have
G, ... f9) =

27

== eX]p {51; f log |f(r €%0) ... (v €9) | dﬁ} =

.

et e

fire®) T fulre®®)

= G(ry f ... fm) €XD {é% f lo

But, we know ([2], p. 363) that

f(l)(reiﬂ)
flret®)

< O(remte),

for every £> 0 and large r outside a set of measure zero. Using this for the
functions fi, ..., f» in the above result, we obtain

G, fO. [ < K G, fr ... Ln),’.gl-i-..,-qum-—m-{-e-

Corollary. 1. We have

lim sup Ilog (T’m w ) logre < pg =+ ... +
- G(ry fy oo fon) <ot oot Om-

Corollary 2. For integral functions f,(2), -.., fu(2) of finite 01ders g1y -.vy Om
respectively

. |G, m Ly fm / i
llﬁiup [10g(9 {W ) ) log7] <O1+ oot Gm-
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Writing (5.1) for the s-th derivatives of f,(2), ..., fu(2), Wwe have

G(r /i e fi)

e _K q'm+...+em—-m+e .
(51 (1) s
G(7: ]1 )'" m )

Giving s the values s=1, 2, ..., n, multiplying all the inequalities thus ob-
tained, replacing K, ..., K, by K, where K = max (Ky, ..., K,) and proceed-
ing to lmits the result follows.

Theorem 8. If fi(2),...,f.(2) are m integral functions of fimite orders
Q13 --vy Om TeSPeCtively, then

. w98 117 ) loo
(5.2) hn_a sup qlog |+ G it 0grr < o1+ oo + Om s

where r tends to infinity through values ouiside a set of measure zero.

Proof. We have

o041
log gs(r; fi oo i) = ;1 f log 6, fi" ... fu') @ dav
b

41 ’
= o(1) + -;;t—l j log G(z, f" ... £ ad da .

Using (5.1) in this, we obtain

log gs(r, 17 ... fa)) <

r

) 1
<0) + o gor f . o)+ f (01 + oo+ o —m -+ ¢) log o-aPdo —

= 0(1) + 10g gs(r, 1 v ) + (@1 + .. + 0w — m + &) logr ,
or

go(rs 1 o )

g(;(’l', fl e fm)

log(w )<0<1)+ (01 + -+ 0w+ ) logr .

Proceeding to limits in this, (5.2) follows.
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Corollary. We have
gslrs 180 e ) [
lim sup |lo (7"‘ e )/ logr) < -
T3> p [ g { ga(?’, fl fm g Ql + 'T' Q

I wish to express my sincere thanks to Dr. 8. K. BosE for his helpful sug-
gestions in the preparation of this paper.
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