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S. P. SixgH (%

On Sequence of Contraction Mappings. (*%)

1. - Let X be a metric space. A mapping T of the space X into itself is
said to be a contraction map if there exists a number % such that

ATxy Ty)<kd, y),

for any two points =, y € X, where 0 < k< 1. Every contraction map is con-
tinuous.

The classical contraction mapping principle of BANACH states that if (X, d)
is a complete metric space and 7: X-—X is a contraction mapping, then T
has a unique fixed point.

Contraction mappings on metric spaces have been of great interest for many
yvears. In the present paper we study a sequence of contraction mappings and
fixed points. An application to differential equation has also been given.

A question to ask is the following:

In a complete metric space does the convergence of a sequence of contraction
mappings to a contraction mapping 7' imply the convergence of the sequence
of their fixed points to the fixed point of 7' ? [3].

A partial answer to this question has been given [1]. « Let X be a complete
metric space, and let 7' and T, (n=1, 2, ...) be contraction mappings of X
into itself with the same LipscHiTz constant k<C1, and with fixed points U
and U, respectively. Suppose that lim 7,(z) = T(z) for every xze X. Then

lim U, == U.» The restriction in this theorem that all the contraction mappings

have the «same LIPSCHITZ constant» is very strong.

(*) Indirizzo: Memorial University of Newfoundland, St. John’s, Newfoundland,
Canada.
(**) Ricevuto: 20-1-1969.
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2. — We have the following result:

Theorem 1. Let X be a complete metric space and let T, (n=1, 2, ...)
be contraction mapping of X indo dself with fived points U, and with
Lipschitz constants Ik, such that k.., <%k, for each n.

Suppose that lim T, x=Twx for every x € X, where T is a mapping from X

n—>
into dtself. Then T has a unique fized point U and lim U, = U.

- O

Proof. Since|T,x—T,y|<k,|x—yl, therefore

im| T, 0— 7T,y < limk,|z—y].
n--> 0 n—- o

Since k. <k, for each n, it follows that lim %k, << 1. Hence lim 7T, = T

>

is a contraction mapping. Moreover, k, will serve the purpose of a LIPSCHITZ
constant for 7, (n=1, 2, ...). Thus the proof follows from theorem 1.2 in [1]
by replacing %k by k.

Remark. However, if the LipscHITZ constants are such that k.., > k,
for each n, the theorem is, in general, false.

In order to illustrate the theorem we take the following example:
Consider

T.: [0, 2] -0, 2], defined by 7T,z =1+ z/(n +1) (n =1, 2, ..).

Then lim 7', x= T» =1 for every we [0, 2]. The LipscHiTz constant is k, =

=1/(n +1) (n =1, 2,...). Thus k; = 1/2 will serve the purpose for all mappings
to be contraction. The corresponding fixed point for each 7, is U, = (» + 1)/n
(n =1, 2, ...). Lim U, =1, where U ==1 is a unique fixed point for 7.

N> o

3. — As an application of Theorem 1, we give the following
proposition due to Professor J. R. DORROH, on the same llnes as given in [3].
Let D be an open subset of the plane, let (a, b) € D, let M >0 be a real number,
and let {k,} be a decreasing sequence of positive real numbers. For each
=0, 1, 2, ..., let f; be a real valued continuous function defined on D such that

| fdw, 9) | < B for il (z, y) €D,
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and
| filew, ) — fula, 2) | < ki y— 2| for all (@, ), (@, 2)eD.

Suppose also that the sequence {{.} converges to f on D. Let I be such that 0 < k, b < 1
for all i = 0,1, 2, ..., and such that G ={(x, y) with |v—a|<hand |y—b|<
< M|az—a|}is a subset of D. Then the sequence {y:} converges on I =[a— h,
a -+ k] to yo , where, for each i = 0, 1, 2, ..., ¥, is the unique solution on I of the
initial value problem

i
U y() = fx, y@).

Proof. Let X be the set of all real valued functions defined on I with
graph lying in ¢ and with LipscHITZ constant less than or equal to 137, Then
(X, d) is a complete metric space with d as supremum metric. For each
i =20, 1,2, ... and each g € X, define 7(g) at each = I by

Tdg) v =b + [f{t, g) dr.

«

It can be easily seen that, for each i =0, 1, 2, ..., T, is a contraction mapping
from X into itself with LipscHITZ constant less than or equal to k; h. For each
geX,xelandi=1, 2, ..

Tdg) w— Tolg) @ = [[ft, 908))— folt, g(1))] de.

Since the sequence of integrands converges pointwise to zero and is uniformly
bounded by M, the LEBESGUE bounded convergence theorem guarantees that
the sequence of integrals goes to zero is ¢ — co. Therefore, the sequence {Ti(g)}
converges pointwise to Ty(¢g) on I. This implies by the equicontinuity of {,’l’i(g)}
on the compact set I, that the sequence {T,(g)} converges uniformly to Ty(g).
Hence, the sequence {T i} converges to T, on X. By Theorem 1, the sequence
{;1/,.}, where ¥, is the unique fixed point of 7, for each i =1, 2, ..., converges to
the fixed point ¥, of 7, . The result follows since these fixed points are the unique
solutions of the initial value problem.

Definition 1. A mapping 7T of X into itself is said to be locally con-
tractive if for every e X there exist p and A (p >0, 0 < A< 1) which may
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depend on = such that

Py qes,lw) = [y/d(z, y) < o]
implies
Ad(Tp, Tq) < L d(p, q), P q.

Definition 2. Let (X, d) be a metric space and g > 0. A finite sequence
Ly, By, ..., T, of points of X is called g-chain joining x, and =, if
Ay, @) < 0 (¢ =1, 2, ..., n).

The metric space (X, d) is said to be p-chainable (well-linked) if for each
pair (@, y) of its points there exists a p-chain joining 2 and y.

4. - We prove the following result:

Theorem 2. Let (X, d) be a complete g-chainable metric space.

Let T,: X — X be a function with at least one fiwed point U, for cach
n=12, . .,andlet T: X - X be a locally contractive mapping with fimed
point U. If the sequence {T,l} converges uniformly to T, then the sequence {U,,}
converges to U.

Proof. (X, d) being p-chainable we define, for @, y € X,
7
dg(("", y) = inf Z Azi—yy @),
=1

where the infimum is taken over all g-chains 2y, #,, ..., #, joining x, = # and
2, = y. Then d, is a metric for X satisfying

(1) d(.’l}, ¥) < dg(wy )
and
(2) d(my Y) = dg(*/l"7 Y) for d({l"y :I/) < 0.

From (1), (2) and completeness of (X, d) it follows that (X, d,) is complete.
It can be easily seen that 7 is a contraction mapping in the metric space
(X, 4,) [2]
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Let ¢ >0 and choose a natural number N such that i > ¥ implies de(Ti(m) R

T(m)) < e(l—F) for all € X, where k< 1 is a LipscHITz constant for 7. Then,
if i > N,

Ayl y w) = d(Tu;), T(u))

< dp(T(ws), T(ws)) + d(T(us), T(w)
<e(d—Fk) +kdu;, u).

Hence, d,(u;, %)< ¢ for all > N. This proves that {u,} converges to w.
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