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L. Carvirz (%

Distribution of Binomial Coefficients. (**)

1. - Intreduction.

Let p be a fixed prime and let 6,(n) denote the number of binomial coef-
ficients ’

(7]:) (0 <Ek<n)

divisible by exactly 7. In a previous paper [1] the writer has obtained numerous
properties of 0,n) and also the closely related function w;(n). The function
p;(n) is defined as the number of pruducts

(n +1) (Z) 0<k<n)

divisible by exactly p’. It was proved, for example, that 0,(n) and y,(n) satisfy
the following mixed recurrences:

(1.1) Oi(ao + ap) = (a +1) 0,(a) + (p—ay—1) yula—1) (0 <a,< p),
(1:2) piar + ap)= (e + 1) 0(a) 4+ (p—ay—1) piy(a—1) (0 <ap<p—1),
(1.3) yip —1 + ap)=p pila),

where § > 1, @ is an arbitrary nonnegative integer and wi(—1) =0 for all j > 0.

(*) Indirizzo: Department of Mathematics, Duke University, Durham, North
Carolina 27706, U.S.A. .
(**) Supported in part by NSF grant GP-7855. — Ricevuto: 1-XII-1969.
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The object of the present paper is to sharpen the results of [1]. In place of
0y(n), ws(n) we consider the functions F,(n; x, y), G;(n; z, ¥) defined as follows:

Fyn; @, y) = 3 agb,
at-b=n
Eta. by=j

Gin; @, y) = 3 aoy,
a+b=n
E'(, =73

where B(a, b) denotes the largest value of k such that

fa b
b

r*

and #'(a, b) denotes the largest value of % such that

b
Pl @+ b+ 1) (‘,f )

Clearly
Fin; o, 1) = z* §,(n), Gi(n; ®, @) = 0" pin).
We shall show that most of the results concerning 0,(n), w;(n) obtained in
[1] can be extended to the functions Fy(n; x, ), G4n; z, y). In particular, the
recurrences (1.1), (1.2), (1.3) become
(1.4)  Fya, + ap; @, y)=c, (@, ¥) Fia; a7, y») +
+ (@Y) T ey (@ Y) Gimla—15 a7, y7) (0 <a < p),
(1.5) Gilay + ap; @, y) = ¢, (@, y) Fia; ar, y7) +
+ @) ey a(@y ) Gla—15 @7, yr) (0 <a< p—1),
(1.6)  Gip—1 + ap; 4, ¥) = co(@, Y) Gimla; a?, y?),
where

potl f[/(l+1

ca($’ fll) = z—7
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More generally we obtain recurrences for the functions
Fila +bpss @, ),  Gila + bps; @, ¥);

these are contained in (5.10), (5.11), (5.12) below. As an application we get

s 1 1
™ N — 1 It 3 - — J—
(.7 (xy) ﬁs_t(p —a—1;~, y) =

= Ga + p75 @, ) — (2" +97) Gla; @, y) O<a<p—1).

s 1 1
(1.8) (zy)r 7t Gs-e((Ps““ a—1; -, 5) ==

= Fia + p% @, y)— (@ +y) Pa; a, y) O<a<p—1),

where 1 <{{<Cs.
In [1] explicit formulas were obtained for

O;(an,),  Oian,—1), O<a<yp),

where #, = (pr—1)/(p—1). Also explicit results were obtained for

pT—1 pT—1

8;(r) = 2 0ia), S;(T) == z yi(a) .

We have not been able to get satisfactory generalizations of these results.
For partial generalizations see §§ 4, 6 below.

2, - Preliminaries.

For a, b > 0, let E(a, b) denote the largest value of % such that
a-+b
@ )

let E'(a, b) denote the largest value of k such that

(@ 4+ b 4 1) (“‘H’)-

(2.1) Y

(2.2) pE

2
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Let 0,n) denote the number of solutions of

(2.3) Ela, n—a) =4 (0 < a<<n);
let y,(n) denote the number of solutions of

(£2.4) Ea, n—a) =4§ O<a<n).

Put
N=0Cp + L P + .o + G DT O<ea<p),

S(’)‘b) =C + 0 + ... + Gy

where p is a fixed prime. If p*™ denotes the highest power of p that divides n!,
it is well known that

n — S(n)
(2.5) y(R) = o1

It follows that

_ S(a) + S(b) — S(a + b)

(2.6) B(a, b) p—1 )
S(a@) + SB) — Sla+ b+ 1)+ 1
@.7) B, b) = (@) (d) ( )
p—1
We now define
(2.8) Fla, y, 2) :zsz:i(x) ¥), Fi(wy y) = z zY°,
i=0 Ela,by=3j
(2.9) G(w, y, 2) zZzi Gi(my Y), G:‘(xy y) = z Yo .
i=0 ', by=j
We also define
(2.10) Fn; 2, 9)= 3wy,
oo
(2.11) Gin; @, )= 3 @y,
at+b=n

Z'(a,b)y=1
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so that

(2.12) Fiz, y) = i Fin; », y)
n=0

and

(2.13) Gz, y) = 7§0 Gi(n; 2, y) .

It is also evident that

(2.14) P, 9y, 2) = 5: xe P e
a,b=0

and

(2.15) Gz, §, 2) = i @y 27

o

a,b=0

The following notation will be useful. Put

4 ZrH e gyl
(2.16) elw, y) = gﬁ Y = 0<r<p),
p—1
(2.17) folz, y) = Z Yy = z em, ),
atb=<p—-1 r=0
p—1
(2.18) Golwy, y) = > @ty =3 (@Y) Cprul®, ¥),
sroza T
»—2
(2.19) h, y) = 2 avy> =3 cla, ¥),
at+b<p—1 r=0
r-1
(2.20) nlz, ¥) = g eyt = z (wy)" Cpra(@, Y) -
PASSA T=°
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We recall that if
@ =dy 4+ a,p -+ a, p* + ... O <La, <),

b =1by + b p -+byp* + ... 0O<h,<p,

a-+b) | . . .
then ( a J is prime to p if and only if

a;, +b,<p (=0, 1, 2, ...).
Thus, by (2.8),
Folw, y) = 3 wmy
Ela, by=0
z ma(,?/b‘7 z mn,nyb,ﬂ'" .

agtbe< p a;+b; <p
Therefore, by (2.17),
(2.21) Fo(, Hfo , J

Similarly, by (2.9) and (2.19),

(2.22) Golw, ¥) = h(z, ¥) H fola®, 4"

3. = Recurrences.

It follows from (2.6), (2.7) and (2.14) that

w
I’(w, v, z) z 20 ?/b 8@ +5)—sta +o) (g ~1)
a, b=0
p—1 co
— z z uo+np b°+bp . z(s(ao-i-ap)+S(bo+bp)—s(ao+bo+ap+b1:))/(p—1)

o bog=0 a,b=0
Since, for 0 <ap<<p, 0 < by << p,

S(ay + ap) = a, + S(a), S(bo + bp) = b, + S(d) ,
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while

Slag -+ by +ap + b

it follows that

Fio, 4 2) = 3

vhe<

>

gy bg <D
ag+bg =P

¢

51
4 by + Sla + b) {@g-Fbs < p)

p) =
ag +by—p 4+ Sla +b 1) {ao+0y > p),

2% +ap 'I/b”“"’ s +swy—ste t0}ip-1n

>

b=

o
s 0

z uﬁ ap | bn+bp AP+ 5@ + s)—sta+ b+ DY~ 1)

a, b=0

o

=
z wa‘, ybu z per :I/bp zE(a,b) 4~z z .’L’a“ :l/b" z 29 ?/bp zE(a,b).

apt+by< p

a,b=90 ag, by <p a,b=0
Ay +be =p

In view of (2.17) and (2.18), this reduces to

(3.1) F(z, y,

In the next place

L]

z) = fo(wy ?/) F(mp; yr, z) + zgo(a;, ?/) G(mp’ yr, z) .

G({D, Y z) . z 'L‘“'?/b z(s(a>+s(b)-s(a+b+1)+1)l(p——1)
) - W

a,b=0

—1

>

[e=3
ot ap 0o 489 {Stag4-am)+ 8b+bpr~Stag+be+1 +ap+bp) — 1}/ (p—1)
@ Y 2

gy Dy=0 a, b=0

- Z a.,+ap b +bp z{sfm+S(b»—S(a+b)}/\'p-—1) L
Ay tby< p—~1 a,b=0
(=]
o+ z z pfotar g/bo+bz z(p+s(a)—'r5(b)—s(a+b+ DY r-1
gy By Sp—1 a,b=0
ty+be2p ~1
@

= 3

aytby<p-1

a,b=0 @y, bp=p—1 a,
Go+by=p—1

[

©
% :llb° z £op y’”’ zlz‘(a, b 4z z % ‘_'l/b° z poer ,7/1”’ zb"(a.b) 3
b=
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Hence, by (2.19) and (2.20) we get
(3.2) Glz, ¥, 2) = fl@, ¥) Fla?, 47, 2) + 2 g2, y) Gla?, y?, 2).

Combining (3.1) and (3.2) we get

(33

el )z gl z/)} [1"(:':”, Yy
T U y) zale, y) ] [Glar, g,

)J,

(3.3)

23
~—

where

2 N
—
[ SO |

F(‘T’ :l/’ C) Zf(a:p9 K 1), -
G, y, 2]’ Gxr, y?, z
denote column vectors. Since
F, 0, 2) =G0, 0, 2) =1,
it is evident that (3.3) implies
) = /of"fpk, 3/1’]:) z !;'o(wpk: f’/pk) 1
= ;LI) fl(.']jpk, y”h) 2 gl(.lfpk, ypk) 1 .

The order of the factors on the right of (3.4) must not be altered.
Comparing coefficients of 27 on both sides of (3.1), we get

(3

[F(w, s

(3-4) G, 3,

&3
~—

(3.5) Fi(a, y) = folx, y) Fi(a?, 4?) + gol@, y) Gial?, y?) .
Similarly, by (3.2),
(3.6) Gi(w, y) = filw, ) F@r, y7) + gulz, y) Gialw, y?) .

We now make use of (2.12) and (2.13) and express fo(2, ¥), ..., g(2, ¥) in
terms of ¢.(w, 1) by means of (2.17), ..., (2.20). It then follows from (3.5) and
{(3.6) that
(3.7 Filay, + ap; =, y) :cao(w, y) Fila; a?, y7) +

+ @yt oy a(@, ¥) Gi(a—1; @, y?) O <a<p),

(3.8) Gilay -+ ap; @, y) :Cau(a}, y) Fi(a; v, y*) +

YT Oy —a(@y Y) Gigla—15 27, y?) O<a<p—1),
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(3.9) Gi(p—1 4 ap; @, ¥) = (@, ¥) Giila; a?, y7) .

In (3.7), (3.8), (3.9) it is assumed that § >0, a > 0; also it is understood that
G(—1) =0 (j=0,1,..).

If we define y-,(a) = 0 then the formulas hold for j == 0 also.
It follows from (3.7) and (3.8) that

(3.10) Gia; v, y) = Fia; @, y) (p+a+1)

as is also evident from the definition. On the other hand, if ay = p—1, (3.7)
becomes

(3.11) Fy{p—1 + ap; @, y) = ey, ) Fila; x7, y7).

This evidently implies
-1 K R

(3.12) Fiap—1; o, y) = [1 Opala®y g Fia— 15 27, y7)  (a>1).
k=0

Since, by (2.16),

xP — y?
Cpa(, 7/) = y !

(3.12) reduces to

{,;p'? — 7,/7"‘. 3 o o
(3.13) Fiap —1; o, ZU):’*TIT“_j'y*‘]fi(“——]§ Yt (a>1).

On the other hand, by (3.9),

.’)/‘7) : - ypx 71‘Y 1).? .
(3.14) Gilaps—1; 2, y) = ﬁ(r’jws(a—]; ' Y7) (a1 =)
In view of (3.10), this gives

.‘7:’"? — 1 »" 5 5
(3.15) Gilaps —15 a4, §) = ———Fy(a—1; 3", 4")  (p 4-a, §>5).

z—y
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Next it is clear from (3.7) that
Filap; @, y) = Fila; av, y?) = 2y cyal@, y) Gyla—1; a7, yo).
Thus

Filap®; @, y) = Filap; a?, y?) -+ @y epolw, y) Gilap —1; a2, y?)

2 11 2 2
= Fja; a", y") + (@y)? ep'@?, Y7) Gl —15 2", y") +
P — gy . s
ot e (1. : ! I PR
+ Yy (1)—'.!('1‘9 I/) a? — gy (,j"ﬂ((l' 1 y X, Y ) .

Iteration leads to

- o ¥
(3.16) Filapss @, y) = Fila; ", y") -+
: st st o — g s s
» 1. y p
+ 3 @) ey i o Oede—1 27, gt
i=1 x —y

In particular, by (3.10), we have

(3.17) Bilaps; @, y) = Fya; o, y”) +
— s—~t 3t :'I,”-T — y”’Y 5 &3 )
-+ Z (@) epala® ™ g )m cFida—15 a7, y") (p+a).
x _ ‘7/

Since, for 0 << a < p,

l'('n(m} ) (§ =0)
Fya; w, ) =
0 (i>0),
it can be verified that (3.17) implies
(3.18) Fiap®; o, y) ==
ofa”, o) (j =0)
= s—¢t s—7 P » > ;’l”x - y”\. .
@Y)* (@™ T, YT ) Coala”, Y ey e 0<j<s).

x —¥
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As nofed in [1]

(3.19) Og(n) =mn -+ 1

if and only if

(3.20) no=ap® + p—1 O<a<p; s=0).

Now, by (3.13), for 0 <a << p,

5 5
[ — yp

Fyap® + p*—1; @, y)= —— Fya; a”, y”)
x—y
fl,‘ps -— :l/ps »° »° .
oy @) (j =0)
0 (1 >0)
in agreement with (3.19).
4. « Some special evaluations.
Put
Y i 1 1
(4.1) Ny = s Tt + PNy

Then, by (3.7) and (3.10), for 0 << a << p,
(4.2) Fian.; o, y) = ¢4z, y) Fian,; ar, y?)
+ @Y)* Cpmaa(@, y) Fialon, —1; 27, y?),
while
(4.8) Filan, —1; o, y) = cosl®, y) Filan,; x?, y?) +

(@) Cpan(m, Y) Frslan, —1;5 a7, yo).
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Now put

Ms

@(.’U, Y u, ’U) = z

r=0 i

Filan,; », y) uw v,
Q

i

@(.’E‘, Y5 U, 7)) = z
=1

S

IMs

Fian,—1; &, y) w v,
i

Then, by (4.3), for 0 << a << p,

O, y; u, v) =u

r

{Comsl@, ¥) Fan,; a7, y7) +

M
s

+ (@) Cpaa(@, y) Fiy(an, — 15 a2, y7)} wod,
so that

(4'4) @(‘Ty Y u, /U) =
— U Caal®, §) O@?, Y75 1, V) + 10 (@Y)° 0paale, ¥)O@r, y?5 w, v).

Similarly, by (4.2),

8

Olw, y; w, v) =1 +u > {ca(m, Yy Filan,; o, y?) +
0 4=0

T

I

+ (@) panl®, Y) Fyslan,—15 a2, y2)}ur of,
which gives

(4.5) Oz, y; u, v) =
=1 + u c(w, ¥) O@?, y?; u, v) + wv (@Y)* ¢p_y_o(x, ¥) Oa?, y?; u, v).

The recurrences (4.4), (4.5) take on a somewhat simpler appearance if we
malke use of an operator & defined by

(4.6) L f(z, y)=f(2*, y?).
Then (4.5) becomes

(4.7) [1—u e, )E] O, y; u, v)=

=1 4 v (BY)** cpas(@, ¥) E@_(m: Y35 %),
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while (4.4) becomes

(4.8) [L—wv @) ¢pun(@, ¥) B] Bz, y; 1, 0)=u o, y) BO(, y; u, v).

5. - More general recurrences.
It follows from (3.2) that

P, y, A1 220 [he™, 97 2g@, 9] [P, 92, 2
G, y, 2)] ]'—_I ]'l(mk, y”k) 5!/1("’1'1{‘, )| [G@r’, 37,

k=0

non
e
| S

(5.1)

where s is an arbitrary positive integer. Put

2 % 3 .
(5.2) et ) 2@, o] T Lo, 3, 9 Dia, v, 2

[/O«up", ¥ 2 gl y”")] - Ps(w, ¥, 2) Byo, 4, z’]

k=0

Then it is easily seen that

$—1 p's‘—-l

Alw, y, 2) = 3 2t 3 Agla; @, y),
i=0

=0

By, y, 2) = E &t B.{a -+ p%; @, ¥,

Cyw, y, &) = z 2t z Cala; @, y),

t=0 a={
8 2—1

Dym, y, 2) = > 2t > Dyla +p*—1; 2, ¥),
=1 a=0

where A, (a; @, ¥), ..., Da(a; @, y) are homogeneous of weight a in z, y.
Substituting in (5.1) and making use of (2.10) and (2.11), we get

3—1

(5.3) Fia + bps; @, y) = 2 Afa; @, y) Fiib; mps’ y,,‘) -+

t=0

+ > Byla + p55 o, y) Gy (b—1; o,y (0<a<p),

=1
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5~1

(B.4) Gy +bpss @, y) = 3 Cula; @, y) Fu_b; o', y7)

i==0

b 3 Dufa +pt5 @ ) Gidb—15 a2, y7) (0 <a<p—1),

3

(5.5)  Gips—1 + bps; o, 7) z D(p*—1; @, y) Goib; a7, y').

In (5.3), (5.4), (5.5), b is an arbitrary nonnegative integer.
To determine A,,a; &, y), ..., D(a; @, y) we take b =0, 1. For b — 0 we
get

(5.6) Aoda; @, y) = Fua; @, y),  Cula; @, y) = Gia; @, y), (0 <a<p?,

5 $
wﬂ — yv
©—y

(5.7) Dolp*—1; @, y) = Gp*—1; o, y) =
0

For b =1 we get
(5.8)  Bula + p @, y) =Fla + p% o, y) — (" +9) Fila; a, y)
0<ae<py,
(5.9)  Dula + p% @, ) = Gla + p%; @, ) — (@ +y”) Gda; @, y)
O<a<ps—1).

We therefore get the following recurrences:

§—1

(5.10)  Fia +bps; @, y) = ¥ Fila; @, y) F;_(b; wps’ y,,s) +
t=0
+ 3 [Pde 0% 0 ) — @+ Fias , 9)] - 6db—1; o7, o)

te=3

O<a<py,
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8.-1

(5.11)  Gila + bps; 2, ¥) = = Y Gla; x, y) b @ \‘, :1/”x) -+

t =50

+ 3 [Gda - ps5 @, y)— (@ +y7) Gla; w, 9] - Gdb—15 @, y)

t=1
O<a<ps—1),

ar’ — gy’ I
(3.12) Gi(ps—1 + bp*; @, ) = E— Gislby o™, Y7 ).

For s =1, (5.10), (5.11), (5.12) reduce to (3.7), (3.8), (3.9), respectively.
In the next place, it is clear from (2.17), ..., (2.20) that

1 i 1 1
folz, y) = (zy)r" .(/1(;7, —) ) Golw, y) = (wy)r? fl(;, 27) .

It follows that

\5"
TN
B
2 s
SN——
w | -

(Y

=3
TN

S
w2

v ’ v, y) fil@
(wy)>= 2 [ Gol, y) foler ]

S
=
Sl
D
———
[ N
)
=
Ta o=
Wy
~—

I k.
oy | fo »YTT) - ’/o(' > 7T
(wyy e 1 ] =
= k
O far, gy S g,y

) fil r” s JP )] - [Ds(rr, ¥, 2) Cy=, y, 2

5P
k 3 3
2 gylx?, y?) fola®, y? ) Bz, y, 2) Adx, y, =

— \/z
=0
.

This gives

Ry

t=0 a= =]

5821 p "~ 1 1 3 7 =1
(@y)” ™" Z Asf(a, = ): 2yt 2 Dala +p—1; @, y),
& a=0

s $ p—2 1 1 $— p—2
(xy)” '3 et Z Bt(a + p; - ;):-Z?/ > Cula; =, ¥),

t=0 a=0
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so that

2| e

s 1
D2p*—a—2; @, y) = (ay) AS,H(&; P ) 0<a<p),

5 1
Bolap*—a—2; », y) = (ay)” ~* OS,S_t(a; o ) 0<a<p—1).

| e

Comparison with (5.6), (5.7), (5.8) and (5.9) now gives

(5.13)  (ay)’ Fs_t(a; i ; ;) = G2p*—a—2; m, y)—(@” Ly Gp—a—2; @, y)
ON<a<p—1),
(5.14)  (ay) Gs_t(a; i, ;)ZE(W—%—% @, ) —a” +y7) Fp—a—2; @, )
O<a<p—1),

where 1 <i<(s.
It follows from either (5.13) or (5.14) that

p'r-—l 27-“—1 23 s
a arh . P —a—1 .p —b—~1
S owyp= 3 ey
a, b=0 a,b=0
Elaby=s— ¢ E'a,bry=1

which is itself equivalent to
(5.15) Bla, b) + E'(p*—a—1, p—b—1) =5 (0<a<p’ 0<b<ps).
It is not difficult to give a direct proof of (5.15) using (2.6) and (2.7). In-
deed one can easily prove the following stronger result.
Let
C<u<<p, O<ov<p, w-to<p.
Then
(5.16) E(a, b)+4-E'(up*—a—1, ops—b—1)=s (0<a<<ups; 0 <b<vps).

Similarly we can show that

(5.17) E(a, b) = Bla, p*—a—b—1) O<a +b<py,
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and

(5.18) Ela + b, p*—a—1) = H(a + b, ps—b—1) O<a -+ b<<p9).
Combining (5.15), (5.17), (5.18) we get

(5.19) pt—a—1, pP—b—1) = F'{a + b, ps—a—1)
=H'(a + b, p*—b-—1) 0<a+b<py.

6. — We shall now discuss the sum funections

»T—1

(6.1) Sir; @, y) = 3 Fyr; o, 9),
a=0
, pT—1

(6.2) S,(r5 @y y) = 3 Gyr; @, ).
a=0

To begin with, it is evident that

Solrs @y y) = 2 .. > g,

@yt by< p ap_y+b,_y<np
where
@ =0ay +a;p-+..+a_,p,
b =by +bp + ... +Db_,pt.

It therefore follows from (2.17) that

r-1 P A

(6.3) Salrs @, 1) =TI fola™, 97).
k=0
Similarly we find that
’ r—¢ k. ke
(6.4) So(rs @, y) = fulw, ) T fola®, 7).

k=1
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We now malke use of the recurrences (3.7), (3.8), (3.9). It follows from
Fiay + ap; v, y) =
= 0 (@, Y) Filas ar, y7) + (@) e,y (@, y) Gii(a—1; 22, yo)

0™ 2

O <ag<<p; 6 <a<p)
that
Si(r; @, y) =

= fo(@, ¥) 8i(r — 15 27, y?) + go(e, y) [S;_(r —1; a7, y») — G,y (pr-t —1; a7, "]
Since
Gi—l(pr_l —1) =0 (j<7) ,

we geb

(6.5)  8i(r; @, y) = folw, y) Si(r—15 @z, y7) - go(@, ¥) S,_,(r—1; ar, y?)

(G<<7).
Since
pr_l 7 r—1 ke 3
Gpr—1; 2, 9) = 3 a9y’ P =TT fol&", ),
a=0 k=0
while
Gipr—1; @, y) =0 0 <j<<r),
it is evident that
1 —1 7‘k ]l/;
(6.6) 8,5 @y y) =TI fola”, 47) = Solr; @, y).
k=0

Next, using

Gilao+ap; @, y) = ¢, (=, y) Fila; a7, y?)+(@y)* e, _ (@, ¥) Gla—1;a7,y7)

O<aQ<p—1; 0<a<p-)
and

Gi(p—1 + ap; @, §) = cpu(®, ¥) Giyla; x», y?)

O<a<p-y),
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we get
(6.7) Si(rs x, ) =

= 8;(r; @, ¥) — cpml®, Y) Si(r—1;5 @7, y?) + ey, y) S;_, 00 —1; av, y7).

If we take j = in (6.5) and (6.1), we get

(6.8) Sealrs @y 4) = go(m, ¥) Si_y(r—1; v, y7),
(6.9) 8,5 @, y) = gilw, y) Se_y(r—1; ar, yv),

respectively. Since

815 @, y) = fl=, ¥),
iteration of (6.9) gives

r—2

' k 43 . .
(6.10) S, 2, ) = [T gla™, 97) - fular™™2, g7,
k=1
Hence, by (6.8),
d = Dk o . T
(6.11) Sralrs @, y) = gola, 1) TT g(@®, 97) - fular™™, g™
k=0

It follows from (6.5) and (6.7) that
(6.12)  go(a”, y7) [Sya(r + 15 @, y) —fol@, y) Spnlr; av, y?)] =
= ol ¥) [gu(a?, y?) Sir5 w7, y?) +
— 65a(@7, Y7 {fol@?, Y?) + golw?, y7)} S, —1; @, yo*)] (<.
If we take §j = 1 in (6.5) we get
Si(rs @, y) = fol@, y) Sulr — 15 a2, y?) + go(m, y) Sy(r —1; a2, yr).
In view of (6.3) and (6.4), this gives

Silrs 2, y)  Sylr—1; ar, y?) 9o(x, ¥) fi(=?, y?)
Solrs @, y)  Ser—1; a?, y?)  folwm, y) fy@e, )’
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so that
% % k+1 k41
8,(r; x, =2 g (P, 4P )f(."ﬂ’ , wP )
(6.13) D e (r>1).
Solr; z, y) =0 f(a? | y?) /.(’(‘,,‘.;)k+1’ yyikﬂ)
We remark that (5.17) implies
(6.14) Si(r; @, y) = 47"t Sy wun, g

= @ 7t Sir; 7Y, aly) .
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Summary.

Let p be a fized prime and let 6,(n) denote the number of binomial coefficients

(( ) < ;(7 < n
= =
l )

divisible by exactly p?. Also let w;(n) denote the number of products
n
(n-+1) (7) 0 <k <n

divisible by exactly pi. Numerous properties of 0,(n) and y;(n) were oblained in a previous
paper. In the present paper it is shown that most of these results can be extended to the
functions Fy(n; x,y), Gy(n; x, y) defined by
IFyn; z, y) = z z? bY, Gin; e, y) = z x P,
atb=n atb=n
Ela+bd)=7] E'(a+b)=j

where E(a, b) denotes the greatest value of k such that

a+b
a
and E'(a, b) denotes the greatest value of k such that

(a.+b+1)(“':b) .
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