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A. H. Sippoiqr (%

On the Walsh-Fourier Coeflicients

of Certain Classes of Funections. (*%)

1. — Let the RADEMACHER function be defined by

1 for 0 <<y
Pol®) = ’ po(@ -+ 1) = pol@),
—1 for <o <<l
Pn(®) == @27 o) (n==1, 2, ...).

The WALSH functions y,(x) is defined as follows:

() o) =1

(b) It m has the unique dyadic expansion Y 2¢x,, where x, ={;

i=0

and x, =0 for i>m,, then

wn(m) = (Pml(fv) (sz(w) q)mr(m) ’

where m;, My, ..., m, correspond to the coefficients @, =1 Every function

f(@) which is of period 1 and LEBESGUE integrable on [0, 1] may be expanded in
-] 1

a WALSH - FOURIER series: f(z) ~ > ¢ yu(®), where ¢, = ( @) yulz) do
k=0 o

(=0, 1, 2 ,...).

A function f(x) is said to belong to the class B of essentially bounded functions
if | f(@)|< M almost everywhere.

Let 8’ (see [5]) demote the class of series zck w{w) with coefficients
&=0

1
Cp= f () AF'(t), where F(t) is continuous ando £ bounded variation. We denote
1]

by e the k-th (O, 1) mean of the sequence of WALSH-FOURIER coefficients ¢, .

(*) Indirizzo: Department of Mathematics and Statistics, Aligarh Muslim Univer-
sity, Aligarh (U P), India.
(**) Ricevuto: 5-IV-1968.
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2. - The proving theorems.

HarDY [4] proved the following result concerning the FOURIER coefficients
of a function of L” class, p > 1.

Theorem A. If ¢, a,, ..., a, be the FOURIER coefficients of a function
f(#)el?, p>1, then A4,, 4,, ..., 4, are also FOURIER coefficients of a
function of I” class, where

A= 1/n) n—El .

In the present paper we shall examine how for the above result of HARDY
remains the true for WALSH-FOURIER series of functions of 17, B and &' classes.
The first three theorems are connected with WALSH-FOURIER coefficients while
the last theorem is based on FOURIER series with respect to orthonormal 8ys-
tem of functions. In what follows we prove the following theorems:

Theorem 1. If 3 ¢ yu(@) is the Walsh-Fourier series of a function
1] ©
fl@) e I7(0, 1), 1 << p < 2, then D oo wi(w) is the Walsh-Fourier series of a

k=0

function F(z)e L (1;p) + (1/q) = 1.

oo
Theorem 2. If z Cp prl®) is the Walsh-Fourier series of a function
(1]

f(@) € By then 3 or wu(w) is the Walsh-Fourier series of a function F(x) € B.
E=0

Theorem 3. If Y ¢, yuz) is the series of class S with function F(x) sat-
k=0

isfying the condition

f]dF(a;)]:O(z), t—>0,

then

PNATNE)
k=0
belongs to S'.
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Theorem 4. Suppose flx)eL® and flo) ~ ¢ @ul®), (@) is an
n—1 1
orthonormal system, then of = (1/n) > ¢ is also Fourier cocfficient of a
o

function F(z) e L with respect to this orthonormal system.

3. - Lemmas for the proof of theorems.
We require the following lemmas for the proof of these theorem.

Lemma 1 (see [3]).

2n in (0, 2-(wv)
2"—1
S pelw)=q 20 in (270, 27)
k=0

0 in (2=, 1).

Lemma 2 (see [5]). A necessary and sufficient condition that a Warsm
series should belong to the class B of essentially bounded periodic functions
on [0, 1], is the existence of a constant I such that the (C, 1) mean o, of the
series satisfies | ox(@) | < M for all % and all .

Lemma 3 (see [6]). > a; yy(@)e S if and only if

k=0

[lon@) | dv = 0(1)

and

(1/m) 2 a; pi(x) =0,

uniformly in [0, 1], o, is the k-th (C, 1) mean of the WALSH series.

-]

Lemma 4 (see [2]). If 3 bi<C oo, then Y (B;)?< co, where
1

1

k-1

Bo=(1/k) 3 b,.

v=0
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4. - Proof of Theorem 1.

‘We have

ck“‘ff P

and therefore, by virtue of Lemma 1,

kw0
2% -1 1
=27 3 | (@) pula) do
k=0
1 2”1
= 2~n f fl@) > yu) do
o k=0
g—n+l) o—n —

foT }f(”zk(Wd

a—(n-+1) 2“" =

—nt1) P
9= O f fla) dz + 2 2n f f(@) da
0 o= (1)

Applying HorLprr’s inequality, we have
2™ n 1/p 27" 1fp
o[ <] [lf@ P aa] | fl ar| A/p) + (L/q) =
0

= 0(2—(ﬂ/0)) ’
since f(z) e L?(0, 1), 1 << p<C 2, so that

[ & et FowmnyfZen

we conclude that o,» is the WaLsa-Fou-

By virtue of RE1sz’s theorem (see [1])
RIER coefficient of a function belonging to class L¢

This completes the proof of Theorem 1.
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5. -~ Proof of Theorem 2.

@

Consider the series > «,r yy(x) with
0

161

Denoting the m-th (C, 1) mean and m-th partial sum of this series by an.(z, f)

and S.(z, f) respectively, we have

ml

| oul®, f)| = (1/m) I [

o]

m-1 v~—1

= (1/m) [ > D o () ’

v=0 k=0

m—1 v—1 2——-1

<@/m)y| > >27* zc,

v=0 k=0

Mm-—1 v—1 ?.L—l

<am|y T2

Ly=0 k=0 r=0

| v |

< @/m) 2L22ﬁh iwm

< (M/m) [ g_o 202—

1
gl
0

r=0

E ilt) l dt]

o—{k+1) a—F

=mmw3“§”{f-+f+f

v==0 k=0

since f(z) € B.
By virtue of Lemma 1 we conclude that

lmMJw<mmﬂ

m—1 v—1 m—1

— (M/m) { D> 2—k] — (M/m)[ > 0(1)J — (M[m) [0(m)] = O(1),

v==0 k=0
for all m and =.
Appling Lemma 2, we get the required result.

11

o—(k+1)

[ 10 .0 ]

| dt]

1

2=k
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6. = Proof of Theorem 3.

Denoting by o,.(®) the (C, 1) mean of the series Y o, w,(2), we have
0

o) [ =t 3 3 {25 [t aF0) o) |
so that u
“am | do < (1/m) f mg: k}—:o{ "é of N cH’(t' }
—amy 3 fo I igwr(t) dF<c>+2-f(:f; ) glth) ar) +

=) Z ) dl’t)l

By virtue of Lemma 1 and the hypothesis we have

r=1 2k

f]o‘,,‘('v | do < (1/m) { Z > f[dlf"(t)l}:

v= k=0

m-—1 v—1

—my 30 = (1/m)m§ o) = 0(1).

Also
, (1/n) Zocmp, ‘m (1/n) ;Z:'f, (2— e)) vl )’
<am3 ]S (i) 40| [ o) | < ) i‘) (f i«m)i!azﬂa) )
— ()3 0@ = o), n - oo,

uniformly in .
(=]

Hence, by virtue of Lemma 3, > o,r y(2) belongs to §'.

¢
This completes the proof of Theorem 3.
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7. = Proof of Theorem 4.

Since f(z)e L%, by BESSEL’S inequality the series

> i< oo

k=1

Applying Lemma 2 we obtain that

(1]

(2]

[3]

(4]

(8]

%2
oy < co.

s

Now applying Rimsz-FISCHER theorem we conclude that o is FoURIER
coefficient with respect to orthonormal system g.(z) of a function F(z) e L2,

N.

2
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