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Jopn PAL SixgH (%)

On the Order and Type of Entire Functions

1. - Introduction.

In this paper we shall obtain the relations among entire functions of finite
non-zero orders and types and study the relations among the coefficients in the
TAYLOR expansion of entire funections and their orders and types. For simplic-
ity we confine our selves to the case of two complex variables. The case of an
arbitrary finite number of variables is examined in the same way.

Let

oo

(1.1) fory 22)= 3 @un?l'?;

myn=0

be a function of two complex variables 2, and 2, , where the coefficients Qo ATE
complex numbers. The series (1.1) represents an entire function of two complex
variables 2, 2, if it converges absolutely for all values of [z | << co and
< co.

M. M. DzrBASYAN ([1], p. 1) has shown that the necessary and sufficient
condition for the series (1.1) to represent an entire function of variables 2,
and 2, is

%y

(1.2) lim sup | @,, , [110m40) = 0.

mtn— o

Let @, be a family of closed polycircular domains in space (2, z,) depen-

(*) Indirizzo: 43 Brahman Puri, Aligarh (U. P.), India.
(**) Ricevuto: 17-XT1I-1968.
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dent on parameter » >0 and possess the property that (2, 2,) € G, if and only
if (#/r, %/r) € G». The maximum modulus of the entire function f(z,, 2,) is
denoted by

My(r, f) = max | f(z;, %)
(24,20 EGp

H

and the function will be called G-order and G-type respectively, if

log log ALy(r, f)

=limsup 22427
(1.3) Q¢ T_)wP Tog 7 y
(1.4) To' = lim sup W A
Foi 00 T€q
Set
(1.5) @ =@ (m, n) =max (|z|"]z]|",
(2,290 E Gy

A. A, Gor'DRERG ([2], p. 146) has proved the following theorems:

Theorem A. All orders g, be equal and

(m + n)log(m -+ n)
)

= p_, = lim su
(1.6) Q QG n}+n—>eop log (1/] a’m,n

Theorem B. G-type T, satisfies the correlation

(1.7) (6 o T,)e =lim sup [(m + n)e {D(m, n)| @y 4|} 1m+],

m+n-»

or, by (1.5),

(1.8) (e o T)"8 = lim sup [(m + n)/® {(D ] O n ]}1/(m+n)] .

mtn—> o
2. — Theorem 1. Let

fk(zly z2>: z a’m'n)kz;" 2’,21 (k :1, 2, veey p)

m 0

be p entire functions of finite non-zero orders gy, s, ..., 0, respectively. Then
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the function

VI
fz, 2 Zamnz F

m, n=20

where
b
{log (1) | @ u N} ~ 3 0t {log (1/ | (@ 2): | )3
k=1

0<ap< 1, o F ooy e b oo, =1),

18 an entire function such that
b
o< Y a0 [o i the order of f(z, 2)].
k=1

Proof. Since fi(2, %) is an entire function. Therefore, using (1.2), we
have, for an arbitrary ¢ and enough large R,

1/ [ (@mn)r| > (B— e)min for m -+ n >k,

or
log {1/ (a )i |} > (m + n) log(R— e) form -+ n >k,

or
o {log (1/] (@m )i )} < o/ {(m + n) log(R — &)} for m +n>k,.

Putting £ =1, 2, ..., p and adding the p inequalities thus obtained, we get,
for large m -4 n,

»
2 24108 (1 | (@, a)i )} < (0 + et + oo+ 05)] {(m + ) log(R— &)}
k=1

[m +n>k=max (k, k, .., ky)] .

Thus, if

{log (1/ | @ma )} ~Eak{log(1/] )i )37

M
RS
i
bt
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Then, for large m -~ n,

{log (1/| (. [)}*1 <1/{(m -+ n)log(R— a)} for m +n >k,

or
log (1/| @ma|) > (m + n) log(R— &) for m +n>Fk,

or
lim sup | @y, , [0 =0 .

m+tn—> @

Hence f(z,, 2,) is an entire function.
Now using (1.6) for the funetion f,(z, , 2,), we have

. (m 4 n) log(m -+ n)
lim sup = = O
log 1/ [l [}

m-4-n—

Therefore, for an arbitrary ¢ we get
for m 4 n >Fk,;,

o‘k/ {log (1/ l (a’m,n)k l)}< 293 (Qk + &) {(m + 'n) 10g(7n -+ 7‘2)}—1

or
o {10g (1/ | (@ )1 [) 37 < otz (05 + &) {(m + n)log(m + )}t for m Fn >k .

Putting ¥ =1, 2, ..., p and adding the p inequalities thus obtained, we get

z 24 {log (1/ [ (a'm"n)k l)}_l < z 243 (Qk + 8) {(ﬂz’ + In’) log("?' + ’n’)}_l
k=1 k=1

[m 4+ %>k =max (&, ks, ..., k)] .

Since

{log /| @ma)}* ~ > on{log (1/ | (@ma)e )},

k=1

and we have

. (m + n)log(n 4 n) L4
lim sup < O O -
m-+4-n—> o log (1/[ a’m,’n ]) = k-—«zl ! Qk
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Hence we get

»
Q<Z“Is@ky

Ke=1

where p is the order of f(z,, ).

3. — Theorem 2. Let

fk(zl H 2’2): z (am"n)k z;n zg (k = 13 27 A p)
0

m, n=

be p entire functions of finite non-zero orders g, , gz, ..., 0y respectively. Then the
function

[>:]
f(zl ’ 22) == z am'n z;n z; s

m, n==0

where
lOg (1/ [ a’m,'n !) NH{IOg (1/ I (am"n)k D}“k (O < OCk< 17 z Uy == ]) y
k=1 k=1

is an entirve function such that

where g is the order of f(z;, #).

Proof. Since f.{#;, %) is an entire function, therefore, using (1.2), we
have for arbitrary ¢ and enough large R
1/ (@ n)r | > (R— g)mtn for m 40w >k,
or
log {1/ F (@ ) [}> (m - n) log(R— ¢) for m -+ n >k,
or

{log (1/ | (@m a)e )} > (m -+ 1) [log(RB— &)]* for m 4+ n > k.
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Putting k =1, 2, ..., p and multiplying the p inequalities thus obtained, we

ret, for large m + n
3 b=l b

1 {log (1/ | (@m )z )} > (m 4 1) log(R— e) .
=1
Therefore, if
log (/| @) ~ II{IOU A/ (@) D},
then, for large m -+ u,

log (1/ | @y n|) > (m -+ n) log(R— &) .

Hence

lim sup | @, , [ =0,
m4n—> o

and f(2;, ) is an entire function.
Now using (1.6) for the function f.(2; , z), we have

(m -+ n) log(m + n)

lim sup = 0.
m—+n-—> 0 lOg {l/ I (am,n)k I} Qk
Therefore, for an arbitrary & we get
1/{10g (1/] (S [)}< (or + &) {(m - n) log(m + n)}—l for m -+ n >k,

or
{10Dv 1/ [ (@m,n) }“"" < (o-+¢&)™ {(fm -+ n) log (m +n)}“"‘k for m --n>k,.

Putting k¥ =1, 2, ..., p and multiplying the p inequalities thus obtained, we
get, for large m -+ n,

TT{tog (1/| (@um,a)i [} < U (on + &)™ {(m + n)log(m + n)}~1,

or

lim sup (m + n) log(m -+ n) »

e HDO“{I/ | @] =
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Thus, if

1Og (1/1 a""," ]) ~ H{].Og (1/ [ (a'm,n)k [)}dk ]

then
. -+ a) log(m -+ n) ?
lim sup (m 2 &,
m+1x—>}: - 10g [ a’m,n | < H Qk’ ’
Hence
P
o< I]j@gk’
k=1
where g is the order of f(z;, 2,).
4, — Theorem 3. Let
o
fk(zl7 22) = Z (a’m_n)k z;n Zg (k = 1, 2, veny p)
m, n=0

be p entive functions of finite non-zero orders gy, 0z, ..., 0, and finite non-zero
types (1) Ty, Ty, ..., T, respectively. Then the function

f(zl b zz) = z a‘m'n z;n z:l ’
m, n=40
where
log (1/| D @y, |) ~ TI{log (1/| @ + (@) ])} O< o<1, Sap=1),
k=1 k=1

is am entire function such that

»
I<II(Tw,
k=1
where o and T are the order and type of f(z,, =) respectively provided

o= I] e*.
Be==1

(*) The types Ty, T,, ..., T, correspond the same family of polycircular domains G, .
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Proof. It is easy to prove that f(z;, %) is an entire function. Further,
using (1.8), for the function f.(z, , z,) we have

lim sup [(m -+ n)Yer {d) | (@) !}1/(7"1“")] = (e gz Tr)o .

mn-> 0

For arbitrary e, >0 and sufficiently large m - %, we have
(m 20D | (@)1 | J1 < {0 01 (T + &) P2 for m 4+ n>Fk,.

Put ¢ g, (T + &) = 4.,

(m - n)ten {@ | (@) | FAOmEm) < (AL ) on for m -+ n >k,
or
m -+ n m - n
lo > log for m >k
g (Dl (a’mm)k! o1 ° -Ak + = "
or

1 % (m + n)* m - ni%k
lo > lo
{ g q)l (a’nl,n)k l} ng { g ‘ik }

for sufficiently large m - #.
Putting b =1, 2, ..., p and multiplying p inequalities thus obtained, we

have

L 1 “ P om -+ n m 4+ n{%
log ——— > lo.
I { ] <a,,,,,,>k{} 11 { $ 74, }

k=1 k=1 Q%%

for sufficiently large m + % >k, or

b

1 %k m+n 2 m - 1%k
log > log
kgl{ 7y (am,nnl} ¢ H{ ¢ T4, }

for m+-n>Fk

log 4,

m+n 2 “h
> . ,E {1 o ] n)} log(m + %)

>

m + n [1_ 2 log A%
e x=1 log (m + m)

-+ O(log (m -{—n))“ﬂ] log(m -n) for m +n>k.
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Thus, if
&g P
logq)lamnl NH{I g@l(am,n t} (O<OCL<1’ kzzl“kzl);
we obtain, for sufficiently large m - =,
1 m - n Ed log 4,
1— 3 27 £ m))-2 ,
log GTan] > . [ 2 g ) + O(log(m + n)) ] log(m -+ n),
or
(A WD | | Jo150) < (4 2
with
2 log Agn
=] [ —2
b= 2 iogm o m T Oostm )
Since
? r !
lim (m + n)b=]T 4%, where A, =¢ep, Ty,
m+n—> k=1
we obtain
b
lim sup {(m+ 1) (D | & o [)9/(m+")}< TI (e ox T
m-fn-—>co ’ kel
Hence
P
eol < JJ(eosTh),
k=1
or
b4
< T (1), where T is type of f(z, 2.).
5. - Theorem 4. Let
o
filers @)= 2 (@m )27 2 k=1, 2, .., p)

m, n=0
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be p entire functions of finite non-zevo orders gy, g, ,
types Ty, 1Ly ..., T, vespectively. Then the function

or and finite non-zero

R 4

@

f(zl ; Ba) = z (a’"l,");“ (‘lm,n)g2 ((l’m,ﬂ)ff” zzl 51.:

my n=0

0 <op<<1, oy oy 4 v F o, =1)
is an entive function such that (o T)le < H (0x Trw)*s'2 , where ¢ and T are the

D
order and type of f(z, %) respectively provided 1/g = > oo

k=1

Proof. It is easy to prove that f(z, #,) is an entire function. Using (1.8)
for the function f.(2,, 2,), we have

Lim sup [(m + 2)72 {D | (@, )i | P10] = (¢ o) i)Yo,

m+n—> o

or

lim sup [(m + n)iex {(D[ (@) | PO = (€ 0y Ty) 41%

m--n->c0

Putting ¥ =1, 2, .., p and multiplying p inequalities thus obtained, we get

P
H lim sup [(m -+ n)Ye {(I) T n) [}1/(M+n)]% == [T (e o Tr)xlon ,

k=1 m-fn—> k=1
or
? k4
hm SuP H [(’”’L + ,"’)ak/gh {@ l (a’m,'n)k ]}ak/(m+")] < H (6 O —Tk)aklgk' )
m-fn-> Fe=1 k=1
or

lim sup [(m 4 n)Hex {@H (@, )i | Jr1 0] H (€ 5 Tr)len .

m4n-> o

Hence again using (1.8) for f(z, , 2,), we obtain

2
(e o T)e < TT (e g Th)rlen,

k=1
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or

b2

(0 T)Ye < TT (0w Tr)*rlox

k=1

where p and T are order and type of f(z,, #).

Corollary. If all fu(2, ) are of same finite non-zero order, then

P

T < TL(TW)™.

k=1

I thake the opportunity to express my thanks to Dr. 8. H. DwIveDI for
his helpful suggestions and guidance in the preparation of this paper.
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Summary.

In this paper we obiain cerlain relationships among entire funciions of finite non-gero
orders and types. Further, we study the relations among the coefficients in the Taylor exp-
ansion of entire functions and their orders and iypes.






