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Some Results

Involving Legendre’s and F,-Functions. (*%)

1. - Introduction.

The Larrace transform, the Hanxer transform and the MeITER transform
of the function f(¢) are given by the following integral equations (Rep >0):

(1.1) p(p) = [ et f(2) dt
(1.2) p(p) = [ (P J,(pt) f(2) at,,
(1.3) p(p) = [ (pt)" K (pt) (1) dt .

J
‘We shall denote (1.1), (1.2) and (1.3) symbolically as ¢(p) == f(t), ¢(p) = (&)

K
and ¢(p) = f(t) respectively.

The following property of HAxkEL transform as given by Sxeppon will
also be used:

If the functions f(¢) and ¢(f) are such that the integrals f f(t) dt and f g(t) dt
(1] [1]

are absolutely convergent, and if the functions f(¥) and g¢(f) are of bounded
variations in the neighbourhood of the point ¢, and if ¢(p) and y(p) denote
their HANKEL transforms of order v >—1/2, then

(*) Indirizzo: Department of Mathematics, S. A. T. Institute, Vidisha (M. P.),
India.
(**) Ricevuto: 9-IX-1968.
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(1.4) f 8) g(t) dt= f o(t) p(@t) at .

2. —Theorem. If

(2.1) o(p) =101 ,

and

@:2) $Ip) 5 7 I (o) 1),
then:

V’(p) - (4 a)<g/z>~<1/4) ,p(gl2)+(l/4) .

2.3 t 4 2a)(t -+ 2
( ) /{ 2p L) }—(1/4)(oe+1) Pg—u/a) [(ﬁ.ﬁ__;)y(giﬂ_lil(p(t_}ha_:&p) di ,

provided Re ¢ >0, Re (p + ) >0, Re(d +1) >0, |arga| <=, |argf| <=
and the integral involved im (2.3) is absoluicly comvergemt. Here f(t) = O( |1 |*)
for small ¢ and f(t) = O( | t|?) for large t.

Proof. We have ([2], p. 285, (60))

oI I (aep) K (Bp) =
(2.4)

=74 ocﬂ)(glz’—”/‘” {(2“+t)(2ﬁ+t)}—(1/4)(29+1) Pg——u/z) [(l+2:)£t;25)_1]

for |arge|<m, |argf|<m and Rep >0.

Applying PARSVAL'S GOLDSTEIN theorem of LAPLACE transform to the rel-
ation (2.4) and the relation which we get after applying attentuation rule of
operational caleulus in (2.1), we get (2.3) with the help of the relation (2.2)
after replacing § by p.

It may easily be seen that the integrals involved during the procedure are
absolutely convergent under the conditions stated with the theorem.

Example 1. If we take f(t)=¢J (at) J (bt) then according to BAILEY [1]

(ab)* I (2(p + 1)) 2u + a~ b
(p(p): 5% Rt 1) pHa+D [ + 1, ’,u*r]yﬂ—f—l 1)“ _E]a
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provided Re(x 1) >0, Rep >0, a >0 and b >0. Also using a known
result due to SAXENA [6], we get

(p)— (@D o2 pet W T(— o) My + o+ 1)
P P —2F(I4+ 1) o (062 4 p‘z -+ a2 + [)Z)u-i—g-l-l
pt+o-+1 ut+o+2 4o’p? 4a?h?
. . 1
Fa]: 5 ’ 9 3 Q+ 1, g4 (L p*t ait l)z)“", (BT PPt ait bey ’

provided Re (u &~ ¢ -+ 1) >0 and Re (¢ +p) >|Imea| + |Imb|.
Now substituting the values of ¢(p) and y(p) in the relation (2.3), we get
the following integral:

=]

{2e 4 t)@p + 1)}—aveetD 2o + (2p + 1)
(t + o + p)2etD 0~ 20p —1i-

0

2 3 —a? —p2
mor “ ]dt—_—

-E;[,u +1 e L e+ @+ a+p2’ @+ o+ p)?

 2memap(y 4 1) (ap) I'(— @) I'(n + 2 + 1) |
o nf(2(ﬂ+1)) ((xp)(e—l)/?' Q,E—:Q (“2 + 772 4+ a? + b2)i4+9+1

W

e, —e

uto+1  uto+2 | . Lo2p? 40.2b%
’ 59_‘—17/’6‘1’ 2 2 2 2y2 ? 2 20 g2 2y2 | ?
2 2 (e + p? 4 a®+ b?) (e -+ p2 - a® 4 b?)

provided |arga| <=, |argp|<=m, Re(x + p) >0, Rea >0, Re(u +1) >0,
a>0,b>0, Re(u o +1) >0, Rep >0andRe(e + p) >|Ima| +|Imbd]|.

Example 2. If we take

f(8) =t I(at) I(b1),
then ([2], p. 196, (13))

(ab)r I'2(p + 1))
o2 pz(,u—*-l) PZ(M -+ 1

p(p) =

2+ 3 a
; Iﬂ4|:/u+1, L _.],

s wt+1, 0+ 1 172’ P

provided Re (2u + 1) >0 and Rep >|Rea| + |Reb|. Also using a known
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result [4], we get

PperaB ge P(— o) I'(p + p-+1)
(p* + o — a® — pruteti

p(p) = (ab)* 3
-

a

pt o+ 1 pt o4 2 4o2p? 4a2b?
- B, ) sut1, 0415 — T T me? o2 2 Y ?
2 2 (o + p?—a®>—b%)2" (o4 p?— a? — b2)?

provided Re(u 490 +1)>0, Re(u+1)>0, Rea>0, Reb>0 and
Re (z + p) > Re (a + b).

Now substituting the values of @(p) and y(p) in the relation (2.3), we get
the following integral:

{@a + n(2p + f)—wocetv (t + 20)(t + 2p)
o—(1/D) —11-

(t + o + p)2etd 2op

0

2n + 3 a? b
F“[“Jrl’ R R =y (t+oc+27)2] a =

__ (abr2m e 1) Pt ob I(— o) Diu+ g+ 1)
o (dap) @O DRt 1)) S, (pP o+ oF — P — bYrted

2

pt+o+1 putot+ 2 do2p? 4a%b?
o M . ] . .
1’4{ 5 ’ B jpu-t1, 04 1’(a2+p2—-a,2~—b2)2’(a2+p2~a2—b2)2 ’

provided Re(u 4 ¢ 4+ 1)>0, Re(2¢ + 1) >0, Rea >0, Re b >0, Re(a-+p) >
> Re (¢ + b).

Example 3. If we take

o m+n m-n -1 bR
ft) = iAol 0F3<'”' + 1, g 2 ; Te )’

then according to ([2], p. 200, (19)), we get

2m + 2n -+ 1 2m 4+ 2n + 3 lez)
’

(p) = I'(2(m-n)) p—r( T L RETE

provided Re(m --n) >0 and Rep >Re(2\/5). Also using 2 known result
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([5], p. 94), we get

Iim + n) I'(— g) I'(m—+ n-+ g) al peta/m
'l/)(p) Y — z 2 1 g2\mAtnte )
2 20 e (p? + a®)m e
m+n+p mt+n-+po+1 4o?p? 1602
-7 s F1, n +1;
4[ b ’ 3 se+1, n+1; @+’ P’

provided Re(m -+ n - g) >0 and Re(e + p) > Re(24/5).
Now substituting the values of ¢(p) and w(p) in the relation (2.3), we obtain
the following integral:

[--1

J{(2“+t)(2p +t)}—(1/4)(29+1)(p +(x+t)—2(m+n)Pe_uI2)|:

0

(t + 200+ 2p)
2op

2m 4+ 20 1 2m + 20 4+ 3 16b2

Sy s 1y e Al =
'1[ 4 ’ 4 P ’(t+c<+'p)4]
Tm 4+ n) S2mtet+a/n I'(— o) I'(m + n+ g) a0 pota/m
w2t n)) (ap)iiveed &, (a2 4 p2)minte
mt+n4+9 m+n-+o+1 do2p? 1602
= 3 -1, m 15
4[ B y 5 y @ 14, + 1 (@ L p’ (ot PO ’

provided Re(m + n + ¢) >0, Re(m -+n) >0, Rea >0 and Re(x +p) >
>Re(24/b).

3. — In this section we have evaluated two integrals involving product of
LEGENDRE’s functions with the help of a well known property of HANKEL
transform as given by Sxeppox ([7], p. 60).
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Integral I:

cnt (ocz 4+ b2 4 g2\2 —{g/D— 1/ a? - 132 4 f2\2 1 to/H— (/1)
. 2bt Qai ) -
0
L potam( OB (@ B —
Qf—u/m( 201 ) ,,_9(1/21, ( 2t df =
(3.1) . mbrretipe (@f)e I(— )(g + v + 1)
S atTrTloe M(vt 1) 05, (0% + B2+ o2 + prriet
A4y 41 Ly 4+ 2
F‘I[Q 5 ,QTT s 0+1,v 41
dop? 4a2b? }
af?

(@2 4+ b2 = o + B2 ! (02 4 b2 + o -+ p?)

L

provided Re(» £ o+ 1) >0, Re(v+1) >0, Rea >|Imb|and Re f > |Ima|.

Proof. Take ([4], p. 64, (12)):

J
ie+”/2)Jv(bt) Ka(oct) ;)__

<m+b2+7>2)2 1}-(9/2)_(1,4) 0ta/
— r—{(1/2)

2bp

o 4 b + p?
20p ’

(3.2)

J ol p‘e'(l"z)e—{gﬂllzy}mj
B (27)1/2 bett l ‘

v

provided Reoa>|Imb|, Re(gp -+» --1) >0 and Re(» +-1) >0.
Now replacing ¢ by — g, b by a, and « by g, in the relation (3.2), we have
- J
1T J (at) K (Bt) =
ﬂz 4 aq? - pz 9 (aj2)—(1/4) oy 52+ a?4 pz
—1 Qv—(l/Z) "W ’

2ap

(3.3)

J e pe—ln glo—aint
v (27)12 q—e+t

v

provided Ref >|Imal|, Re(—p +» +1)>0 and Re(» +1)>0.
Using the operational relations (3.2) and (8.3) in (1.4), we get (3.1) after
evaluation the integral on the right with the help of the following known
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result [6]:

[¢9,(aty T, (bt) K (o) K(Bt) dt =

) —o)l(e+v+1)
91“(1,_1_ 1) a + b+ o+ B )v+e+1
o+v+1 ogt+v+2 . do?f3? 4a2b?
F4[ sz e T G T e

provided Re(» 4 ¢ +1) >0 and Re(e + f) >|Imea]| + [Im b |.
Integral IL:

m__l o — b2 L 2\ 1 —(p/2)—(1/4} /32 — a2 -+ 12\2 1 ‘(QIQ)—(1/4) )
t’ i i

2bt 2at
0

o —q
o+ —otam( ¥~ F —
e —<1/2>< 2bti ) @ Zap ( 2ati )dt

9 o be+r+1

(3.4)

ol — i z («f)e I'(— o) Mo + v+ 1)

T g0 ge—v+1

107

]

oDy (02— at— bRt ‘
otrt+l  etvt2 o2fe 4a2D?
LI i} hl 14 . 1 , )
P4[ 2 ’ 2 i v~-1, QTlr(a2+ﬁ2 —C2 _‘1)2)27 R T

|

provided Re(y 4+ o +1) >0, Re(r +1) >0, Rea >0, Ref>0, Rea>

>|Reb|andRe >|Real.
Proof. Take ([3], p. 66, (22)):

(7
@R T (0t) I (o) =

(3_5) J i E:i of p~g—(1/2)e—{a—(u/z)+<1/4)}m .
»

provided Re (» +1) >0, Re(v +p +1) >0 and Rea>|Red l.

o — D2 -k p2\2 —(e/2)—(1/4) b2 — o2 — P2
N ) e
2bp 2bpi
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Replacing ¢ by — ¢, b by @ and o by B in the above relation, we have

t"QHIIm]v(at)K@(ﬂi) J
v

ae—1
(2m)L2

—~
w
{2

=
= iy

ﬂ—e pg-a/e) 8{9+(v/2)-—(1/4)}:u'_

,32 —a®+ 7,2 2 ‘ (oi2)—/a) B . a2 — ﬂ2 . pz
ey o)

Zap ' I vy 2api

provided Re(y 4+ 1) >0, Re(v—p +1) >0 and Ref >|Rea].

Using operational relations (3.5) and (3.6) in (1.4), we get (3.4) after eval-
uating the integral on the other side with the help of the following known
result [4]:

®

f t I,(at) I(bt) K (o) I (B) dt = (ab)" 3

e

(2f)e D(— Q)@ + v + 1)
(12 + ﬂ‘.’. — a2 — b2)g+v+1
0

g+v+1l o+ v+2 4o 4a°b®
- . - 41
4[ 9 ’ 9 3 v 1, 0 ’(az + B —a— %)z’ («® + B° — a? — b2)2. ’

provided Re(» ¢ +1)>0, Re(r +1)>0, Reax>0, Ref >0 and
Re(a + ) > Rela - b).

The result (3.4) can be expressed as an infinite integral involving the product
of two GAUss hypergeometric functions of real arguments with the help of
the following relations:

et g2 Pty 1)
271w 4 (3/2))

— iy a/ u+v+1 oty 42 3.1
pTHTY 1(22_1)12)112F1< 5 , 5 s 5,; .

Q1(z) =
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Abstract.

In this paper we have established one theorem on iniegral-transform and evaluated o

few definite integrals involwing products of Legendre’s and Fy-functions. Later on we have
also evaluated two interesting integrals involving product of two Legendre’s funciions.






