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On Generalized Stirling Numbers and Polynomials. (*9)

1. - Introduction.

In a recent paper R. P. SiNeH [5] has defined the generalised STIRLING
numbers and polynomials as

(__1 k 13
(1.1) S%n, k, 7) 2 1)5( ) (o + )"
and
(1.2) Tz, r, — p) = » 8%n, k, r) p*z™,

k=0

which reduces to STIRLING numbers S(n, k) when o =0, » =1 and STIRLING
polynomials A,(#) when ¢ =0, r = p =1 and generalised TRUESDEL polyn-
omials on changing —p to p.

Again numbers similar to the STIRLING numbers have been defined by NIEL-
sEN [38] and CarriTz [1] respectively as

(.3) dn = 31 () o—ir
and
(1.4 450 =(7) ).

(*) Indirizzo: Department of Mathematics, Maulana Azad College of Technology,
Bhopal (M. P.), India.
(*¥%) Ricevuto: 3-IX-1968.
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We immediately see that

(1.5) Oi(y) = (—1) 1! 87k, t, — 1)
and
% b T
(1.6) A%y) = (t)t! (— 1) 8%k, t, —1).

The object of this paper is to study some further properties of the generalised
STIRLING numbers and polynomials.

2. — It is familiar that the formulas

(2.1) gn) = > f(d) n=1,2 ..
dfn

and

(2.2) fw) = 3 I'(e) g(d),
d=n

where I'(¢) is the MoBIoUS function are equivalent.
Now from (2.1) and (2.2), it can be easily verified that

(2.3) g =f§ C)f, =012 .)
and
(2.4) =3 (),

which give us, with the help of (1.1),

P
(2.5) (a -+ Z ()@'S(n i, 7)
and

(2.6) (e -+ 79)» nz Y 3% 8%(m, ky 7).

0
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Now
)k
Sa—f—l(,n’, k’ 7) = 2 1)7( ) 41 g
k o0 yi
(_ ])k k ]‘,; n
7) = Z(—D’(.) ()(cx+77)
v g=0 1 i=o
o\ (— 1)k E
=2 () - 2 (1) ()(oc+97
i=0 Bl 2o
Again

(- 1+ &

T—1)!

om0 B )iy

(— 1)s-1 Bl 1 -
=i & e (] e rarur

(=1 E i (b —1)! Lo
“eemiA TV g o e )
(—1)“ : LT

2 1)”“‘77‘,(“'%*79)
(=1

ke fem 1

-3 )()(och??)"“ Y D

=1

_(—Drk

klr &5

§=1

(— 1)"(20.) (o +77)"+‘"‘— - Z(—

Ti=0

1
=~ 8 +1, & ) —i;-‘ 8%, T, 7).

S (—1y ( ) w1 a)e 47

(7> (o 4 7f)"
( ) o 4 7j)

97

Z ( )S"‘(z, E, 7).
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Thus
L) P x o

(2.8) o8y k1, ) = 8% n 1, Fy 1)— o 8%(n, E, ),
fe=0\ Y

which is the generalization of the familiar result

n

Sm 41, k) =3 (Z’) 8@, k—1).

=0

- Generating functions.

Consider
Py i © n(— 1 . k N
S s k05 =3 EE0 s (e
n=0 =o n! i=0
(— 1) & o (=1 | .
Y g () e Tl e
Thus
o in ( ]) ,
(8.1) g S¥n, k, r T! = at (1 — ert)®,

In a similar manner we can prove

um g (_ l)k

(3.2)

mln! k!

3
1Ms
18

4. - Some congruences.
‘With the help of (2.7) we get the following congruences:

(4.1) S8 n + 1, 25, v) =7r 8(n, 28—1, ¥) + o S¥n, 2s, ),

4.2y  S%n+1, 2s +1, r) =10 8%n, 28, ¥) - (e« -+ 7) 8%n, 28 +1, 1),

8 (m - n, Ty 1) —— = e T[] — grutor,

[4]
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and

(4.3) S m 1, 25 1, 7)) =

=12 8%n—1, 2s—1, ) 7 aS%n—1, 2s, ) + (o + 1) 8*n, 25 +1, 7),

which are the generalizations of the congruences given by Cawrrirz [2].

5. — In this section we prove

ed pi ikl

(3.1) Ti(n, vy —p) = ¢ 3 e (a + 7).
i=o0 7°
To prove, we have
—p® p’ am
e 2 (o0 + 1) =
i=o0
= (_ p)m prm @ pi 27 . © w pm.{..j .
J— AL —1ym rim 4 §) 1 e d\n
mz=o m! = j! (o + ) ,,Z;o ,-g(:, ( ) m!j!w (or 77
@ m pm prm «© m /er(_l)m m m .
=2 2 (—1)m %( o + rj)m z z ) (1)
m=0 j=0 (m—j)! m=0 i=0 j

= 2 pmam 8%n, m, 1) = T, 7, —p).

Again R. P. SixeH [5] has proved

(5.2) E “(@, 7, — D) ni: = exp [at—p o (L—e)] .
Differentiating it with respect to z, we get

(5.3) DI5(@, r,— p)+7p o Ta(a, r,— p)=rp xmz()m v T, 1, — )

where D = d/dw», and by iteration we can get a result for D 7%=, r, — p).
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Also, if we differentiate both sides of (5.2) with respect to ¢, we have

n

2 N
(5~4) T3+1(m7 7y — p) = Ti(fvy ¥y — p) +r par 2 (,m) pomm T;x(7zy 7y — p) ’

m=0
whieh on combination with (5.3) gives

(5.5) T::{-l(a’,) 7y ) =2 DTNz, v, ~p) + (¢ +7pa) T5(%, v, —p) .
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