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D.G. Josm1 (%
On a Theorem of Louis de Branges. (*9)

1. — Louirs DE BRANGES [1] proved the following theorem for HANKEL
transform of order ».

Theorem. A necessary and sufficient condition for the functions g(z),
f(z) € L, to be the Hankri transforms of one another is that the equation

(1.1) f f@) (ty TOR) g R §p — f g(t) (z—1 1)+ OB o=@ g1 gy

0 0

holds for all >0, » >—1, where o"T®2 ¢~ i5 defined as a fundamental
gelf-reciprocal function for the HankEL transformation of order ».

In this paper we generalise the above theorem for any transformation,
the kernel function of which is a symmetrical FoURIER kernel.

2. — Now we give certain results used in the following sections.

Let s = o -+ it be a complex variable. Following TITCHMARSH ([6], p. 252)
the author [4] has established the following result.

A necessary and sufficient condition that a function f(@), € A(x, @) ([8],
p. 252) should be its own k-transform, where %(z), the kernel function of the
transform is such that its MeLrIN transform, K(s) is O(1), K;(s) is 0@y and
K,(s) satisfies the relation

(2.1) K(s) = Hy(s)/Ky(1—s)

(*) Indirizzo: Department of Mathematics, Holkar Science College, Indore (M.PT.),
India.
(**) Ricevuto: 15-X-1968.
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is that f(x) should be of the form

¢tio
(2.2 o) =50 [ Tty s,
with
(2.3) w(s) = p(l —s),

where (s) and K,(s) are regular in the strip
(2.4) o< o<<l—a, a<<1/2,

p(s) is O(e~A=*+nlt) for every positive 4 and uniformly in the strip (2.4) and
¢ in any value of ¢ in the strip (2.4).
In the equation

(2.5) 9lw) = [ {(g) kay) dy

we can conclude from L, theory following TITCHMARSH ([6], p. 221) that g(),
f(z) € Ly if k(@) is & symmetrical FoURIER kernel.

Denoting the Merrix transform of f(z) by F(s), the PARSEVAL relation
([8], p. 391) for MELLIN frasform, with parameter z (z > 0) is given by

(1/2) + 100

1
(2.6) ffl(um) folu) du = 5T / Ii(s) Fy(l— s) x—* ds,
P 4
0 (1/2)—ie

where f,(%), f.(#)e L, and F(s), Fy(s)€ Ly(1—1 oo, 1 + ioco).

We now extend the definition of fundamental self-reciprocal function for
the HANKEL transform of order » to k-transform.

If in (2.2) y(s) =1, we have

ct i

. :
Ki(s) z—s ds,
—f{®

21
€

2.7 f@) = ky@) =

then ks (x) is called the fundamental self-reciprocal funetion for the k-tran-
sform.,
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3. — Theorem. A necessary and sufficient condition for the functions
g(@), f(@) € A(e, @) and Ly, K(s) € Ly} — ioo, 1+ ico), and K(s) satisfies (2.1)
and € Ly(§— ioo, § + o) to be the k-transform of one another is that the equation

[=~]

3.1) | f 1(2) keg(art) dt = f () k’f(t/m)g't

1]

holds good for all >0, where kyx) is the fundamental self-reciprocal function
for the I-transform.

Proof. Condition is necessary. We have

=]

(3.2) g@) = [ fly) kay) ay .

&

As f(y)e L, and K(s) € Ly(i—ico, L +ico) we can use PARSEVAL relation
(2.6) on the R.ILS. of (3.2) thus we have

(1/2) +ice
1
(3.3) g(x) = T fK(s) F(l—s)zds, x> 0.

(1/2)—ioo

As g(x) € L, the MELLIN transform of g¢(#) exists and (3.3) reduces to
(3.4) G(s) = P(1-—s) Ki(s),

using (2.1) in (3.4) we have

(3.5) G(8) Iy{1—s) = F(1—s) K (s).

As Ki(s) € Ly(3~—1ioco, § 4 i00) so taking the inverse MELrIx transform of
both sides of (3.5), we have

(1/2) +ieo (1/2)+1e0
1 ' 1
—j G(s) Li(L—s)z—sds = —— f Ki(s) F(1 —s) z—=ds.
21 271
(1/2)—ioo (1/2) -0

Using the PARSEVAL relation (2.6) and (2.7), we get

(3.6) T glwu) Tew) dy = fmk,(tx) () dt.
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Replacing xu by ¢ in left hand side of (3.6), we have

(3.7) fcg(t) ky(tjz) o= dt = ff(t) Ky(wt) dt .

0

Condition is sufficient. Retracing the steps from (3.7) to (3.2) it can be
shown that g(z) is the k-transform of f(z). To show that f(z) is the k-transform
of g(@) we retrace steps from (3.7) to (3.4), replace s by 1—s to obtain

(3.8) G(1—s) Ky(s) = F(s) K,(1—3s).
Moving on similar lines from (3.4) to (3.2), we get
flw) = [ g(y) K(xy) ay
[}

instead of (3.2). This concludes sufficiency.

4. —~ By selecting different kernel functions we get relations for different
transforms. We mention few cases,

Corollary 1. If
k(@) = o' * J (@), y>-—1,

then

1 » s 3 v s

)

giving fundamental sclf-reciprocal function g*+1/2) =12,

_'r_

[

1 v
Iy(s) =2 ’211(; +3

Using the theorem, equation (3.1) reduces to (1.1) which is a known result.
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Corollary 2. If kz) =
by Watson [T], then

(@) (u>—1, v >—1) the kernel introduced

;xv

. 1 8 1 I s
Ky(s) =2 F(;-{”*-{—;‘;) F(Z-’ré +§)’

and the fundamental self-reciprocal fumciion for W atson transform is

LK
"9
Using the result ([2], p. 434) this becomes

(B—p—n)fz +v+1)f2
9@—p=n)f2 -ty K(#-,)/n(m)

where K _(x) denotes the modified BessgL function of order «. Using the theorem,
the equation (3.1) assumes the form

(4.1) f_(/ 1) ()t R T ) ot dtﬂfft) (wt) ORI () dt .
o

Corollary 3. If k@) =y, . m(@) the kernel function studied by R:
Narain ([6], p. 271), then

9slz l_%_l)_}_i I .l__}_i} 9 s
17273 phgTmtg
I (s) =

P

3 s
F(;+§+m—k+§)

Res>s >0, Re( +1 +2m - 2m) >0,

(4.2)

’

2m not an integer and the fundamental self-reciprocal function for v, . .-transform
8 given by

3 v
o7ty +m—k
2ol © 4 2 |
G 201 w1 ) Re( +1 <4 2m 4 2m) > 0.
— 4=, +=- +2m
4 2 4 2
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Applying the theorem, the equation (3.1) becomes

o 34_1} I
oof e i §+m o
(4.3) e -1, 1, dt =
b ;+§,;+;4—2m
3
4 ;—j«éql—m»—k
= | g(t) Gir, i
fg() B2l y 1 Y i v
? AU
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Abstract.

In this paper we have generalised the theovem of Hankel transform given by

Lowis de Branges.



