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On the Absolute Cesaro Summability

Factors of a Fourier Series. (¥

1. -~ Definitions and notations.

Let ¥ a, be a given infinite series. Let S, = §, denote its »n-th partial sum,
let Sy and ¢ denote respectively the n-th CEsARO means of order &k (k >—1)
of the sequences {8,}and {« a,}. The series >a, is said to be absolutely sum-
mable (C, k), or summable | C, k|, if the sequence {S;}is of bounded varia-
tion, that is to say, the infinite series

2 l S,r: - S:-—-l I ?
is convergent ().
‘We use the following well known identities for &© >—1 (%):

(1) =n(8—8_),
1 2 _
(2) i: :—JI;’: o A:-—-}'vav7
where
S Afan = (1—a) (Jz|< 1),
n=g
. n -k nk
(3) AZ; = ( . )Nm (k#——l, —2, ...).

(*) Indirizzo: University of Delhi, Delhi, India.
(**) Ricevuto: 7-X-1967.

(1) Fexere [5], KogBETLIANTZ [T].

(3) KoasrrLIANTZ [T], [8].
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We write
A u, = u,, Aty = AV, = 2, — Upey
and, for positive integers o and p,
(4) A% A% w,) = d°T2y,, .

We also have, for positive integral g,
(5) A%y =3 A7y,
and we write this in general for all ¢ >0, provided the series on the right con-
verges.

We have, for positive integral o,

[

(6) 47 (6, ) =3 () de5, doeu, .

e=0\@

Let f(2) be a periodic function with period 2z, and integrable (L) over (— 7T, 7).
Without any loss of generality, we may assume that the constant term in the
FoURrIER series of f(¢) is zero, that is
() [ a=o,
and that the FOURIER series of f(¢) is given by
(8) > (a, cosnt + b, sinnt) = > ealt) .

We use the following further notations:

@) = {fl@ +1) + fle—1)— 2 f(2)},

1 : a—1
D (1) = m[(t—— )" p(u) du (2 >0),
(9) ¢
Do(t) = g(t)
| 9(t) =T +1)17 D) (x>0),
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(10) Kit) = '}Z i Al e, v cosut
2
(11) (F@)}, = (5})9 F(1) .

2. — Generalising the previous works of PRAsSAD (%), IzunI and KAWATA (%),
CHENG (%), and PATI (8), in 1959, PATI and SivHA {7) proved the following theorem
concerning absolute CEsiAro summability factors of FOURIER series:

Theorem A (8). Let & be a non-negative integer and let sequence {en}
be a monotonic non-increasing sequence when & =0, and a hyper-convex
sequence of order A — 1 when k> 1, such that

@) > ate, < co,
(i) 3t Attle, < oo
Then, if

[leaw) | = 00,

as ¢t — 0, > &, ¢,(#) is summable |C, h +1 + 6], 6 >0.

The object of the present paper is to obtain an extension of Theorem A by
repaleing 7 in the orvder of absolute CEsArRO summability of 3 e, c.(%) by F,
which now need not be the same as h.

3, — We establish the following theorem.

Theorem. Let h and k be non-negative integers and let

(12) _“ @alw) | du = 0(1),

(3) Prasap [12].

(¢) Izuymr and Kawara [6].

(°) CHENG [4].

(%) Par1 [9].

(*) Par1i and Sinma [10].

(8) A more compact proof of this is recently given by Parr and Ammap [11].
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as t —0. Then 3 ¢, c,(®) is summable |C, & +1 46|, for every 8 >0, where

the

sequence {e,} satisfies the following conditions:
Case (a), &k >h:

(1) 2k A g, | < oo,
(ii) Dt g, | < oo.
Casc (b), & = h:

@) D ntlogn | Artt g, | < oo,

(ii) & logn = 0(1).

Case (¢), k<Ch:
(1) Dt e, [ < oo,

(ii) 2at| A e, | < oo,

4. — We need the following lemmas.

Lemma 1 (°). Let C; denote the n-th CEsiro sum of order k (k> 0)

@

corresponding to the infinite series (3 sin )y, , 7> 0.

1

Then

(i) C’: — 0(,)7,1;+h+2) for

(11) Sy = O {75-1) - O(nk -i-2) for

0 <t n,

nl<t<<m.

Lemma 2 (). Let{1,}be a positive monotonic non-decreasing sequence.
IEp>0, 6, 2,=0(1), and 3w A, | 47+ ¢, | < oo, then I u? 1, | Aot g, | < oo,
for every ¢ such that 0 < ¢ <p.

Lemma 3 (). Let (12) hold. Then

T

j'th—:x l (,Dh(t) I di = 0(‘7?/“_]‘—1) for
= O{logn) for
= 0(1) for

(%) Parr and Sixma [10]..
(1% Parr and Amamap [11], ef. Bosaxquer [1].
(') PAaTr and Sixma [10].

oo >h +1,
a=h-+1,

< b+ 1.
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Lemma 4 (1?), If Sﬁ,g denotes the n-th CEsAro sum of order % corres-
ponding to the series » (—1)"#n?, then :

8o = O(nF) for k>op.

Lemma 5 (®). It k>—1, p>0, p>0, necessary and sufficient condit-
ions for ¥ e, a, to be summable | C, ¢ |, whenever S; = O(nr), are:

(i) z nkoer? [ &n l < co,
(ii) S>attr| g, | < oo,
(iii) S>aktr | Akt g, | < oo

Lemma 6 (). If ¢ >-—1 and ¢— § >0, then

Lemma 7 (¥)., If 0<k<1 and 1 <»<n, then

| 3 4571 0, | <max| Y 457, C, |
=1

n—
“ 1Sm=r p=1

5. - Proof of the Theorem.

By virtue of the identity (1) and the consistency theorem for absolute Ck-
SArRO summability, we need only prove that, for & +1<<a<<k 4+ 2,

2t ] < oo,
where

14

b =2 f (1) Ko(0) di.

7T
0

(*?) Pat1 and Sixpa [10].

(¥) BosanqQuer and Cuow [2].
(%) Cuow [3], Lemma 1.

(*5) BosANQUET [1].
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Integrating by parts & times, we have

[ 2 (—1)27 D, (1) (K,‘j(t))g_l}: (=1 )hi ] t a(t) (K3(8)), At

2 2 (—1p —
=- I+ 21 @a(t) K,(8) dt,  say.
0

Hence it is sufficient for our purpose to show that

(13) 2t I]< oo,
and
(14) >nt| ﬂph(t) Ki(t) dt| < oo.

Proof of (13). We have

1 [ 2 i
= [ > (—1ye-vk (Dg(t) z ATl g 0® COSth =
“*n| o=1 P

[¢)] h n
=23 apee $ oyt
£ n =1 =1

where g is an odd positive integer.

Hence proving (13) is the same as proving the summability | C, «|, o >k +4- 1
of 3 (— 1) e, n®™", where o is an odd integer such that 1 < ¢ < h. This is ver-
ified by virtue of Lemma 4 and Lemma 5, and hypotheses on {en}.

Proof of (14). We have

Ex(t) = — Z ART) e, (sinvt)y,
n pe==1
* < 1 I
—
=5 2 AUTe) O
n yr=
ok (k41 _ thon
D W D e T L T
" r=0 n v=1
th

= — (M,+1M,), say.
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Thus, it is sufficient to show that (%)

p-1

(15) Ji=3 (n 4% fm(ph AL
(16) Jy= 3 (0 A7 [0 [ga) || M| At <K
an Jy= 3 (n A% ( ] eu®) ]| L] U< K.

Proof of (158). For+ =0, 1, ..., k, we have

<K Y (nAf 2 Agm AT, | [t eu) || O] a8
[}

y=1

1

CES (AN S AT A0, | e (] gy(0) |

ve=1 4]

w

~1

05——‘1'-‘1

<K z (% As)-—1v§1A3::~1 l Ak+1_r8;-+r! < K z P+l I Y Lt v—i—rl 2 ,, v

ey 1AL

< K z ,Vk—r [ AI.:+1—r 8,-+r [ < K ,
by virtue of Lemma 2, Lemma 6, and hypotheses.
Proof of (16). For r =0, 1, ..., k, we have

SES (AN S AT 4 e | [0 galt) || CF|

r=1
<K 2 (n A7) EA;Tii”’ | A*977 g, | [0 [ palD) | (08 702 4 o1
=Ty + T

For » =0, 1, ..., k&, we have

T =K 3 (0 A S AT Ao 9 [ )]

=1

< K (by Lemma 3), as in J;.

(18) K is a positive constant, not necessarily the same at each occurrence.
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Again, for v =0, 1, ..., & and k >h, we have

r:ag‘
2

By

S K3 (n A Y A1 | genrg | yiit [ it [ (1) | dt

ye=1

SHE Y (0 AZ) 1Y A== | Awtir &,..] ¥ (by Lemma 3)

ye=1

< K, as in J, .

Forr=20,1, ..., k and k = &, we have

I&
8

<K Y (v AY ZA”‘ T A g Lo log(y - 1)

< K z yi-rlog(y + 1) ] Arti-r 8,.+rl <K,

by Lemma 2, Lemma 6 and hypothesis.
And for 7 =0, 1, ..., k and k< k, we have

Ju <K 3 (A3 Az Avirrg | |91 <K Y pier | Ati-re, | <K,

Py
r=1

by Lemma 2, Lemma 6 and hypotheses.

Proof of (17). We have

n

.B.[o = S‘ AEV—{—I—*—I z Aa—k—-~ O'u i~ Entrte E.A.a k=2 Ck

n—pn
©=1 p=1
“0<Y1A8’+k+lllnarxl0“ 1} +08n+7+" (y 1[).
1S=m=vy
Hence, it is sufficient to show that
o = 3 ¢ ZI Ae, i ] fth @a(t) | < I,

Jay = > 0717 ZI Ae, iyl ft" | pat) | max| C37' | < K,

—1

I —Z')?'—l al €n+1+2,fth’¢h(t)lloa lldt<K
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Jar = z”_l_al Entrte i fthl(}?h(t) l l C:—ll A< K.

I SE Z 077 3 | Aoy, | 075 [0 u(t) | a8
r==1 1

<KZ'"'—1—“EI A87+k+ll ’V“<K§I A8v+k+1|<K?

r=1

by Lemma 2 and hypotheses.
Since, by Lemma 3, we have

jth | @a(®) | v71 175 At = O(»") (@>h +1),

¥

— 0() (< h + 1),

Ju <E3n?7*3 | de,p i | fth | @a®) | [prrre= 2" g2 At
p=] y—1

< K z pol-e zl Agv_*_k_*_l [ {v"‘ - 1:"+1}<K z | A8v+k+1 I {1 -+ ,ph—a+1}
r=1 PESY

<E 3| de | + K3 vt de, | <K,
p=1

v=1
by Lemma 2 and hypotheses.
n-l

[ gu(t) | A < K 30| i | <K,

0

Sy <K z nTT l Entrta

by hypotheses.

Joe <E 3077 ninse | f 0 @ut) | (nrt1 g7 4 gt g2

n—1

S E 307 enprse

(0 + 1) < E 3 0 | g

+ z ph—k-t ] Entrte I <K7
by hypotheses.
This completes the proof of the theorem.

Lastly I express my sincere thanks to Dr. T. PaTr for his criticisms and
encouragement and to Council of Scientific and Industrial Research for their
financial support.
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