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A Note on Ek-Transforms. (*%)

1. — Generalisations of the classical LAPLACE transform
(1.1) pls) = [ (1) s
0

have been given from time to time by several Mathematicians. The general-
isation due to MEIJER [3] is:

(1.2) Pls) = ]/:2; [/t h,(st) 1) at,

0

where k,(f) is MAcDoNALD’s function. Generally it is called the k-transform.
The inversion formula takes the form

ct+ico

(1.3) f(t) = :/%6 j /50T (s1) (s) ds .

e—iw

In the present Note some properties of k-transform, in the form of theorems,
have been given which are mainly useful for evaluating infinite integrals.

(*) Indirizzo: Department of Mathematics, University of Windsor, Windsor,
Ontario, Canada.
(*#*) Ricevuto: 10-VIIL1-1967.
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2. — Theorem 1. If f(x) and g(x) are k-transforms of each other, then

J(=) — a2y 3 p v m’y(ﬂv)
(2.1) ./ Z; de = 2 alz IJFX (Z — :“2 —+- §) ,/;7;:; da (1)7
1] [}
provided the integrals involved converge absolutely.
Proof. We know that
f(8) = f\/ﬁ k,(st) g(t) dt .
0
Therefore:
ocf(:l:) ood:z; ; —
(2.2) / 2 o = f = f £/t ky(at) g(t) dt.
o [ [}

Changing the order of integration, if permissible, we get

@0

(2.3) 1) o — f A/ g(t) dt f 222 I () do .
[i]

xP
0 0

Evaluating the inner integral by a known result, [1], namely

| @™ E,(az) do = :
o a’n

0

(m £ n>0),

we get

f() o 3 p P 3 p v) oQg(t) 3 p »

— e _,"(1/2)_ _— -— ——— e —_ —_—— _ .
./mﬂdm pF(zL s t3) is73) )m® (g 3E35>0
1]

The change in the order of integration is permissible as the integrals involved
converge absolutely.

() Ix(a b)) =TIa+b) I'(a—"b).
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We take in the following examples to illustrate the application of the
theorem in evaluating infinite integrals.

Example 1. Let

ot

g0 = vt o (al>lvI=D

&

I

and

fgy = YEZEHE Dk d 0 Tty
(o I+ 1)

a — S
a+s

-2F1{;L+v—:~}3—,v—{—-.};,u+1; }, Re(a + 8) > 0.

Then from Theorem 1 we have

a— s
_ @ 1 1.
Va2 D+ 540 Tp+ §—~v) gtk o F ’L+v+2’v+2’a+s s
T 1 Vo getr+le 1
([l.—]— ) . (aT‘s) ”+1
:z%ﬂré—g+é)Te—g—gjﬁ*“ﬂrwm
[}
T 3 P v 3 9 v\ I'(e +p—1) :
=2 pf(’rﬂé) F(Z""?z_i) e = (#+p—1>0).

Thus we have

3

R u+v+%,v+aa+s
— 2 F ds =
(@ L s)ptr+h 1

0 u+1

r(i-3+3)
T+l T4 272) Te4p—1)

T A/ el 1 qrtr—1
V= I'x (.“ + 5 + 1’)

Example 2. Let

g(t) =t~ %272 exp(— at?) , Re a >0, 2Reu<<l—|Rey
u
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and

1, . 1 P } 82' : s2
Hs) = 5 @ s Iy (5_1“ :‘:5) eXPe W (21;) .

Then Theorem 1 gives that

=)

la“F L + 2 s-G/a-p ex - w - ds

o

= 9-(/9-» [, (_2 _22? £ g) / tr-G2)-21 oxpy(— at?) dt

o

p_ 1
F(2 1 ”) p 1
T aw—ai—g s —u>0).

3 p v
=2“(3/2)_7’ [N .
I (4 2 ) 2 4

2
Thus we have

- r(3-7 . pfzgl_,))
ot o 5 77 i WP, 4 273 2 4

~(1/2l=-p gx1) — - 1} ds =20/~ L
/ pSa w2 gq 1 v
o ]"x ——u :f: 5 aSPl2—{H—2u

If in the above theorem we write p = 1, we get the following corollary:
If f(s) is the k-transform of g(t), then

If v = 4§, these results reduce to LAPLACE transform (1.1).
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3. — Theorem 2. If fi(s) and fu(s) are k-transforms of g.(?) and  g,(t)
respectively, then

(3.1) [ 10) 0 at = ] 1tt) o)

provided the integrals exist.
This may be called the PARSEVAL theorem for k-transforms.
Proof. We know that

(5.2 1(5) = [ A/ By (st) ga(0)

and

.3) fuls) = [ A/58 1, (00) g(t) ..
Therefore

(3.4) [106) ) ds = [ gls) s [/ B, (50 g0 -

Changing the order of integration, if permissible, we get

1159 0s6) a5 = [t 8t [/ 1,050 o) ds = [ u) 1)

which proves the theorem.

Assuming that the integrals (3.2) and (3.3) are absolutely convergent, the
change in the order of integration will be justifiable.

The generalisation of Theorem 2 may be given in the form:

If f.(s) and fo(s) are k-transforms of g.(t) and g.(t) respectively, then:

o

e e L

0

provided the imtegrals cxist.
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[6]
The following example will illustrate the application of this theorem. Let

qi(t) =t Rego>|Rev|—1,

fals) = 2076 g-e I'y (E’ -+ E + 1i) )

5 ity Res >0,
and
ga(t) = (otam J (at) , Re(u +0) >| Rev|—2,
20q8 o — u -+ o v
f(s) = I’_“_(l T $ £ (3/2)['X( 2 + 14 é) :
.217’1{#;“7,:“1:1:;; ‘uﬁf«l;——-%;}, Res >|Ima].
Then Theorem 2 gives:
1 v
29—(3/2) g - _) / o+(1f2)~p =
Iy (2 T =+ 5 8 J (as)ds
0
#+o y —a®
-] 1 -3
Sy o e [semomumamap,d 2 EY e
T\ e T 2 1
0 1 +p

Evaluating the integral on the left hand side by a know formula [1], we
get:

o

. 0 1 v ) -
e (3/2)]-vx (_2_ + . 4 5) / goHa/a~e J#(a s)ds =

o w3 o 1 v
g9-1 F(—— +5 +—)rx(~ += ﬂ:—)
. 2 2 4 2 4772 ge—o—




[7] A NOTE ON k-TRANSFORMS 201

Therefore:

ol i v —a?
[ se=os </>21ﬂ1{§+ +14551 -~:—u;—s—;}d8=

0
ae—o—u—©/2) Irl+uwr S_Q +B +§ I g _}_} :l:l,
TN Te Te ) X e T e

n o v n o gll
PX<"2“+§+1iE> F(E“é“LéTZ)

DO

Similarly other examples, which are useful in evaluating infinite integrals,
can be obtained with the help of these theorems.
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