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AroNy KuMAR AGARWAL (%)

On the Geometric Means

of Entire Functions of Several Complex Variables. (*%)

1. — Let

f(zl ] z‘z) = 2 (Lml 1"223;7’1 zg’":’

My, My 20

be an entire function of two complex variables z, and z,, holomorphic in the
closed polydise & = {|2;| <7; (j =1, 2)}. The maximum modulus of f(z, 2)
is denoted as

M(ry,y 1) = M(ry, 795 f) = max
fagf <y

flzr, 2)

¢ =1, 2).

The finite order o of an entire function f(z;, 2,) is denoted as ([1], p. 219)

(1.1) lim sup log log My, 73) _ 0.
7y, Ta= 0 log (myy)

Similarly, we can define the lower order 4 of f(z,, 2,) as

log log M(ry, 1) -

) lim inf
(1 ) ) Ty, Ym0 ]Og (?'17‘2)

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
Tucknow-7 (U. P.), India.

(**) For simplicity, we consider only two variables, though the results can easily
be extended to several complex variables. — This work has been supported by the
Senior Research Fellowship, an award of Council of Secientific and Industrial Research
New Delhi, India. — Ricevuto: 29-I1V-1968.
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The geometric mean G(r,7;f) of the function | f(z,, %) | for |z |<r,
(t =1, 2)has been defined as [2]:

2 2;

J j log | f(ry ¢, 7, ¢%) | a6, (1021 .

J

1
(1.3) G(ry, 13 f) = exp {(zn)fz

o 0
The function G, 7.3 is an increasing function of: (i) #, for a given 7.
19 2y 1 2
(ii) », for a given 7y, (iii) 7, and 7, (both increasing).

Further, I have defined the geometric mean g.(r,, 72; f) as [3]:

ks 1)2
(L.4) gulry, 723 f) = exp {%’:}T}J ff( L @)F ¢ log Gy, @y f) day d«’fn}

where 0 << k<< co.
Similarly, we denote the geometric means of the product of two or more
entire functions as

1 i . . . .
(1.5) Gy, 725 frfe) = exp {(Zn)zj Jlog! fory 6%y 1y e%%) fo(ry €™ 1y 6'0’” do, d@z}
00

and

7 2
(1.6)  gulrsy 725 fo) = exp {(“L” j f oy @) - log Glay , 223 fofe) dwldmz}.

In this paper we have investigated properties of the above defined geometric
means (1.3), (1.4), (1.5) and (1.6).

2. —Theorem 1. For a class of entive function f(z,, 2.) for which

log log gu(ry , 795 f)

]jm == OO
7y, T3=> @ log (7.1 7-2) ’
we have
. log log log gi(vy , 7a; ) .
2.1) im sup 108 10Z10g gpl7y / i log H,

inf log (1 75) T loghy’

Ty, Ta—>
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where

(2.2) Hm R

sup log G(ry, 75 f) 1 logir H,.
inf {log g.lry, 795 J) Tk

7y, Tg—>
provided that hl<< H .

Proof. Since

5 1k [ - log G, s 1) dny
14 . ——— 0
[log {(ry 72)*+t - log gu(rs, 725 A}] = o, (g

(2.3)

37, - log gi(11, 735 f)

= {(7'17'2)k+1' log g(1ry, 723 f)} [7 7,)%-log G(717 725 )+ {71 ez -log gx( Ty Taj f)}
— {7’5fo - log G(wy, 723 f) dmy} {7’;]7,’2: - log G(ry, @y; f) dm}] <
0 0

1 log G(ry, 755 f)
= 7y 72 108 gi(ry 5 795 ) ’

Now integrating both the sides of the above inequality, we get

log G(zy, %43 J) d”ol dz,

log {(ry 1) - log gi(ry, 7o} }\fj AL

loggk('vls g3 f) Ty Ty )
If H, is finite, then for a positive ¢ and constants «, and «,, we have

log G{xy, =55 f) dac1 da,

log gilmy, @o5 f) @, @,

(2.4)  log {(ry7 )’““ log gu(ry, 723 }/ff +0(1)

Ty Ty

10
<H (Hy + eyon=n 28 o)

1y Qg

(HI 10" Ty Te)

log (H, + 8) +0a).

Since

. loglog gi{ry, 7 f)
lim = O

Piy Fg—> ® log (ry 7,)
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Hence the inequality (2.4) leads to

log log log gy.(my , 745 f)
25 : o - <Llog H,, .
@9 o B TR

Next, integrating (2.3), we have

log {(4ry)* T -1og gu(2ry , 2155 )} >

2ry 21y 2ry 21,

" log? Gz, , wo; f) 1 (17 d, log® 6(71, wy; f) dr du,
>_ J log g (wy, 2y; f) log Gay, wys f 2, . 10ﬂ~ Iy, @; f) fcl @y

1 T2

(4]

Now, we note from ([4], p. 44) that {(r, 9‘2)"“ -log2 G(ry, 725 )} is a convex
function of {(ry 75)***-1log ¢.(ry , 733 f)}, when one of the variables 7, fixed and the
other variable , increases, vice-versa or both increase. Therefore, for 0 << H, < oo,

log {(dryry)**-log G(ry , 753 )} >

l:log2 G("ﬁ s Tas f) 1 10g2 G(2’)‘1 R

log g, (1, 755 /) log G(2ry, 2ry; ) log? gu(2r, 21_

log G(ry, 73 f)

H,— ¢ logtryr
= [( P ) log G271y, 275 1)

> (Hy— )8 (log 2)2,

_ (hk + 8)210g(rlr3)} (10g 2)2

since ki << H, and for a sequence of values of 7, and r, tending to infinity. This

leads to

lOg lOg lOg .[/I:('rl s T3 f)

(2.6) lim sup > log H, .

iy 1> @ log (r, 7)

Combining the two inequalities (2.5) and (2.6), it gives

log log log g,(71 , 735 f)
lim sup 808 08 9iTh = log H .

Tisfa—> 0 IOg (7'1 7’2)

Similarly, it can be proved that

. logloglog gu(ry, 7s3
lim inf ~o—2 g 9:0% ! = log /. .

), Ty log (1 73)

This completes the proof of the theorem.
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3. — Theorem 2. ILet fi(2r, ) and fi(2,, 2) be two entire functions of
orders o' and o'’ respectively, then
. log log G(ry, 7s; fifs
(1) o= limsup CEPE O T M)

), Ta> o log (1 75)

— lim sup log log g(ry, 723 fufo)
Ty, Fo> log (ry 1)

= f = mx (¢, o).

In order to prove this theorem, let us first prove the following:

Lemma 1. Let f(z,, %) be holomorphic in the closed polydisc P =
={|z|<R, (=1, 2)} and if # =r;e%, 0K, <R; (j =1, 2), then

(3.2) log | f(z1, 2) | <
- (B2 — 12)(B3 — 13) -log | [(B, ¢i7s, R, etvs) |
< - P - ~ de; de, .
(27)? (B2 — 21, By-cos (0; — @) + rH{(RE — 2r, Ry cos (0, — %)—{«r;)
0 0

Proof. For a fixed z,, let us apply PoissoN-JENSEN formula to “he fune-
tion log f(r, €%, 2,), then we have
f (BE — 12)-log | {(B, &', 1, 60%) |

1
10 P ei(), 7 ew, < -
g | flrie™, 7 )| < R2 — 21,y - cos (0, — ¢,) + 7%

2

@1

0

Again, we apply this formula to the function log f(R, ¢'?, 7, ¢'%:), for a given
2, we getb

27
(

B — 1) log | f(B, 6%, B, c%9) |

L2 — 2, R, -cos (0,— @,) + 7'2

2 d(p2 )

0

X . 1
1%HWMWMW%H<—1

Since the integrands and the range of integrations on the right hand side of
above inequalities are positive, therefore we have

log l flry ey 7, e*%) [ <
2::1 27
1 ) (B2 — 7%) (B2 — 12)-log | f(By €™, B, e'?) |
= (2m)? ) ) (Rz— 2r By« cos (0, — @y) + 7] (RE — 27, R, - cos (0, — @)+ 'r:)

d(P1 d¢2 .

[ ]
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Prootf of the Theorem. If M(r,, r; f,) and M(ry, 755 fu) denote
the maximum moduli of f,(z, , 2,) and f,(2, , 2,) respectively for |z, | <#; (§=1,2),
then

27 2%

1 ) ) , .
(3.3)  log G(ry, 123 fufe) = T [j log | fu(ry ¢, 1y €%%)-f, (ry ¢, 7, 6°%%) | A6, A6,
¢ o

< log {‘M("'ly Ta3 fo)r (ry, 733 fe)} .

Let f(z1, 2.) = f1(2y 5 2) fol2n , 2,). Then, from Lemma 1, we get

log l fi(3e s #5) falor, 2) [ <

(R“ — DB — 1)) log | [i(Rie'?r, R,eis)-fy(Reim Roet1) |
“_c)~ de, de, .

— 2R, -cos (9 — @)+ RE — 21,R,-cos (6, Pa)+72)

Let us first choose r, and r,, then 6, and 6,, such that

log {M(ry, 725 f1)- | faler, 22)] 3} < R+ By,
log { l ACTPIER I'J’I("'M Taj fo)}  Bi— 7 By —

logG(R,, R,; fifa)s

according as o' > o' or o' <p”. Taking R, = 2r; (j =1, 2), it leads to

(1/3) log{ﬂ[(ﬁ y Tay f1) 2,) l}‘
(1/3) log{ lfl(zl y %) l M7y, 7o fz)}’

(3.4) log G(2ry, 2125 fifs) >

according as o' > p" or o' < o',
From (3.3) and (3.4), it follows that o = max(e’, ¢'’). Next, since G(z,, X35 fofe)
is an increasing function of: (i) ; for a given m,, (i) @, for a given x;, (iii) o,

and @, (both inereasing),

k—[—l)”
log gulrs, 75 fu 1) = L) f f @, @,)-log Glay, a; fufy) da, o,

<log G(ry, 7125 fifa),

and from this it follows that f < «
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Further,
B+ 1)
log ¢:.(27ry, 2155 1 fo) = @ k“j f @y @)% log Glay, @y fif.) do; da,
27y 21y
g1 .
= T (2, 2,)% « log G(xy, @55 f1 o) Aoy daoy
b R

> {1-— 1/2k+1}2' log G(ry, 735 fi fa)y

which leads to > «. Hence

o = f§ = max (¢, o).

Theorem 3. For the class of entire functions for which

10g log glc(rl » Tas fl fz)

rl,l'rlgg;l»m log ("'1 7y) =%
we have
log log log g.(ry, 79; 2)  loo I
(3.5) lim S‘UIJ g 10Z 10g g7y il __log L’
inf log (ry 75) log L
Ty Tg—> &
where
Jim sup log G(ry, Ta3 f1 1) 1/loptr,ry) B I,
inf |log gi(ry, 755 [ fo) [
71y Ta=> @

provided that I3 << L, .

Proof is similar to that of Theorem 1, and so is omitted.

References.

1] S. K. Bose and D. Suarma, Integral functions of two complex variables, Compo-
sitio Math. 15 (1963), 210-226.

[2] R. K. Srivastava, Integral functions represented by Dirichlet series and in-
tegral functions of several complex variables, Ph. D. Thesis 1964, Lucknow
University, Lucknow, India.

[3] A. K. AgarwaL, Mean values of integral functions represented by Dirichlet
series and integral functions of several complex variables, Ph. D. Thesis 1966,
Lucknow University, Lucknow, India.

[41 Kurpir KuMAR, On the geometric means of an iniegral function, Monatsh. Math.
70 (1966), 39-46.






