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Some Theorems on a Generalised Laplace Transform

and Results Involving H-Function of Fox. (*9

1. - Inireduction. The classical LAPLACE transform
(1.1) | () =p [ f(a) da, Re p >0,
0
has been generalised by MAINRA [6] in the form

p(p) =p [ (po) R Wy, W (p) () de
o

(1.2)
Rep >0, Re (u +1) >0, Re (1 + p— 4 4 m) >0,
where f(z) = O(z*) for small 2. (1.2) reduces to (1.1) when A =F%k =—m.
It reduces to MEIJER’Ss form [7] when A =k and to that of VARMA [9] when

== — M.
The generalised STIELTIES transform is defined as

" )

(1.3) P(p) =P [(w o largp | <.

0

(*) Indirizzo: Govt. College, Mandla (M. P.), India.
(**) Ricevuto: 25-VII-1967.
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We shall denote (1.1), (1.2), (1.3) by

Pp)=f@), o) mmi@, 9P =fa),

respectively.

The object of this Note is to derive some theorems on the transform (1.2)
and use them to evaluate some infinite integrals involving the H-function
of Fox. The results are helieved to be new.

The H-function is defined as

f @y, €)oo (Gp ep)]
H’m,‘ll m —_—
‘ ma [ (by 5 11) -~ (be » fa,)
(1.4) L II ro,—j,2 T] I —a; + ¢;2)
j=1 §=1 . z Ja
fuciacd - f @& d.‘f’
25Tt Q »
v I T —b4 ;20 T Ia;— e;2)
L j=m-+1 je=nt+l1 -
where -
(i) e's and f's are positive, 0 < m < q, 0 <0 < p;
(ii) L runs from — ¢ oo to ¢ co, such that all the poles of I'(b;— f, 2)

(j =1,..., m) are to the right and all the poles of I'(1 — a;+ ¢;2) (j==1, ..., n)
are to the left of L.

Since the H-function embraces many special functions as particular cases,
the results we arrive at lead to many old and new results on special functions.
We shall abbreviate (1.4) as

Hmn [ao

P

(aty , ep)]
(bq > fa) ’

2. — We shall now find out the images of the H-function under the transforms
(1.2) and (1.3) which shall be required in our investigation.
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Lemma 1. If Reu>1 and any one of the following sets of conditions
holds: ’

(A) a>0, larg o | < dm/2,

(B) d =0, « real and >0, and Re(d + 1)<,

where
r 5 T I G —1 T G
d=3f+2e—2f—2¢, 6= 2 + 20— 2 a5,
Je=1 Fe=1 fe=r4-1 i=¢8+1 j=1 FESD S
then
| 7,8 (a'a' » ea) i 2)2_‘” r+1,5-41 (0: 1); (a’a9 eo’)
1) HM["“” @, » f,)] & T Devien |0 | 11y, (0, 1]
Proof.

{ag , ed)J dx .
(b, )] (@ +p)

] H{;f,[zxw

]

dac’
@+ p)

* HT(br‘sz)H 'l —a; + ¢;2)
i=1 j=1

“5af 1] o
II ra—o+f= 11 I’(“a‘“%?)

0 L
f=ri+1 j=s+1

The z-integral is absolutely convergent if Rey >1. Following the analysis
as in Art. (1.19), p. 49 of [1], the #-integral is absolutely convergent if (A) or
(B) holds. The change of order of integration is now justified and leads to the
required result.

Lemma 2. If Re(o + A m)<<0 and either of the conditions (A) or
(B) of Lemma 1 hold, then ' : :

P [ow (@ » 60)] M
6,7

(N ) LEym )

(2.2)
@+zfm1L@+A+m1L%,M]
(e fos (@+ 2+ K 1) )

M o 7,842 f
Ayle,m o+2,7+1
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The result is obtained by using ([2], (16), p. 216) and following the procedure

of Lemma 1.
From Lemma 2 we have as a special case

(2.3) @™ Hy? [ow

((ba, ea) o a0 r, 841 _0_‘
(&, , m] =P o,

(0, 1), {ag, ea)]
(b5 1)

3. ~Theorem 1. If

) ¥0) = fla) ,
(i) P f(-l—)% (@)
P Asle.m @ ?
then
3.1) YD) = 2p% [0 Iy (20/75) 9(0) o,

provided Rep >0, Re(u +1)>0, Re(l + pu— A - m) >0, where (@) ==
= O(@*) for small & and the integral in (3.1) is absolutely convergent.
g
Proof. From (ii)
° 1 ’
Ha) =z * % / et g=a-% WH%,,,,(;) @(t) dt.
0

Hence

f t
p(p)=p f €% [m"“% j Al el A (;;) @(t) dt] do .
1] (1]

Interchanging the order of integration, which is permissible under the given
conditions and using ([2] (22), p. 217), we have (3.1).

If A =—m and k is changed to % — (1/2) we obtain a result due to BroN-
SLE [4].

Example. Put

o) = e H7 [a«v

(@ %)]
e 1]
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Using Lemma 2,

o42,7+1

(@) = ame—i—t Fne [w

(Q + A m, 1)’ (Q + A + m, 1)5 (ag’ eg')]
bz ), (e + 2+ K 1) '

Hence, using (2.3),

(Q + A— m, 1): (Q + A + Ny 1)3 (ao- ’ ea)]

e p@FATE Hr,s+2 E
w(p) p otae [p (br ’ fr)

Thus we have finally, after replacing ¢ 4 A by v,

«Q

f 1 Eyn(2/75) HL: [ow

oo g

(b5 f2)
(3.2) 3 ¢
1 .. a| (v—m, 1), (v -~m, 1), (a;, €)
— Hr,s+2 _- (o3 a.
PR °+2”[p 0z, £ ] ’
. ope 1 . ba‘
provided conditions of Lemma 1 hold and Re»<<1—;|Rem|+ min Re 7
i

155y
If p=1 and all ¢'s and f's are equal to 1 we obtain 2 known result {[3], (11),

p. 421).

4. — Theorem 2. If

(i) ‘ w(p) = f(»),
(i) PP {(0) s #(@)
then
_Tlr—=m—= NI+ m— 1)
w(p) = To—i—%
(4.1) ©
~ft"' 211’1[” Fmmh o me k- pﬁ] olt) dt

provided Rev >0, Re (v— 4 4 m) >0 and the integral in (4.1) is convergent,
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Proof. From (ii)
fl@) = a7t [ o= (@) TR W, (at) plt) dt .

0

Hence
p(p) =p [er=[@™" [em™ (@) 7P Wy, u(00) p(t) d7] do .
[ 0

Interchanging the order of integration and using ([2], (16), p. 216), we have,

B I'v +m— A IT'y—m—21)
p) = To—2—0)

=3

i y +m— i m—"Lk; p/lp +1)
f@“‘;‘}m 21”1[ v A=k o

0
The result (4.1) is now obtained by using the relation

1
a+1—c¢; 1—;}

a
a, b; 1 —=2 ’
2 s Us — —02
Fl[a,—]—b—}—l—c:l ¢ F“: a+b+l—c

If we put A = — m and change k to k¥ — % we obtain a result due to RATHIE [8].

Example. Put

p(x) = a7 ° H;”,[aw ®,, 1)

(aa 2 ed)]

Using Lemma 2,

sy v [

ote,7+1 ;

(¢ +A—m, 1), (e+4+m, 1), (ag, ea)]
(br’ fr)a (Q+l+k, 1) )

Hence, using (2.3) and the relation

myn (aﬂ > eﬂ’) — n,m 1
Hp,q [a; (b, » ]eq)] - Hc,p I:;

(I —2,, fa)]
H

(1—a,, e,
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we have

p(p) = p* ¢ HLL T, [wp

(Q + A—m, 1), (Q + A + m, 1), (a‘o'7 ea)]
(e+v—1, 1), (b, £ (e+A+k 1]

Thus we finally have

—m— A, — A; — xft s
f fe> 2F1[” " yiji"’k o ] H;”,[oct

(a’U 3 ea) .
(be f,)]dt -

0
I'lv—2—1%)

(£.2) 1 =
I'v—m—2) Ly + m — 2

10—
T r :
)

ot2,7+2 (Q + Y- 1, 1)9 (br H fz): (Q + A + k3 1)

.H,Jrl,sﬂ[ o | (@ F2—m 1), (o + 2 +m, 1), (ag, ea)} )

5. — Theorem 3. If

&) p(p) = @~ f(a),
(ii) ) = Ma),
@i PMD) e @)

then

(8.1) y{p) = p'~* fw"'E(v——m—l, v +m-—-A pur v—A—k: pz)p(w) de,
o

where I is the MacRobert’s E-function, provided Rep >0, Reu >0,
Rev >0, Re (v— A 4= m) >0 and the integral is convergent.

Proof. By Theorem 2,

0

_T—m—2) Iy +m—4) - v m—2, v—m—2i; —tfw e
1 = Iy —24—k) tfw 2F1[ y — A—k (@) dw .

0
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Substituting this value of f(¢) in the relation
p(p) =p [ et 72 f(2) dt
. o

and interchanging the order of integration we have

 Tp—m—A) Iy 4 m— A
wp) = To—A—h)

<« ©

. fm”"' () { f et L O, [V tmw—hoy—m— A - t] dt} dw .
y—A—F
[} ]

Using ([2], (12), p. 299) we finaily obtain (5.1).
If A = —m and k is changed to k — § we obtain a result due to BHONSLE [5].

Example. Put

p(@) = a™* H;:i[fw

(g » ec)]
(bf 2 f‘L') )
Proceeding as in (4.2)

LA —m, 1), At+m, 1), (a,, ¢
ph=? f(ﬂ'/') — ke H;i;::ig [aw (o + ) (e + 4+ ) {4 o'):! .

(Q + Y- 1: 1), (b'r’ ft)y (Q "I' }' + 753 1)

(2.3) with Theorem 3 finally leads to

/ 17 Bly—m— A, v+ m— 4, u: v— A—k: tx) Ht’;‘j[at

0‘

(ag > €q) .
(br > fr)] dt—

(5.2)

o
o metr—1 r4+1,84+3] "
=0 H0+3’.r+2[w

(Q"i'v-“:ur 1)9 (Q"{"A_’m” 1)5 (Q“[‘Z”‘I""n” 1)3 (aov eo')]
(Q —}—’IJ—— 1’ 1)’ (bz3 ft)’ (@ '+‘}' + k; 1)

6. - Theorem 4. If

() 1(p) == g(w),



191 SOME THEOREMS ON A GENERALISED LAPLACE TRANSFORM ... 383

(i) P (D) S glw)
then
'k +p+m) Tk + pu—m " 3 ey
(6.1) flp) = T P f IR Wy (P (1)

0

provided Re (k + u) >| Re m| and the integral in (6.1) is absolutely convergent.
Proof. From (ii)

glo) = @FFHTOm [gmel I g () () dt.

0

Substituting this value of g() in the relation

<o

fp) =p

0

g(=)
(® + p)* dw,

interchanging the order of integration and using ([8], (31), p. 237), we obtain
~{6.1).

Example. Let

_ (ag , €g)
) = xk+/".+,u ZHT’S[OC% ] a] .
QD( ) U,T (b.( s fr)
Using Lemma 2 we have
o s4-2,r f (1 - bt B fr)’ <:u - 19 l)
g(@) = H""]’“"‘Z[cx k+u+m—1,1), ( + p—m—1,1), (1 —a,, e !

and using Lemma 1

b ek petarsa|P ] o, 1), 1 —0b,, f,)
fp) = I'(u) p H"Ll"’“ o } B +p+m—21,1),(k +pu—m—1,1), 1l —a,,e)]|"

26
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Thus finally we have

~

.

e}

Ik +u+m) Dl +p—m) [(Fe-CP eri 2y, (pt) H: [oct

0

(ay 5 €,)
dt =
(b, , fr)]

1 r41,842 f
pk+ﬂ..(3/2) o+4-2,7+1 P

@—-k—pu—m, 1), (2—Lk— putm, 1), (a,, ea):l )
(l’ l)’ (b't b fT) -

The author is grateful to Dr. C. B. L. VErMA for guidance in the prepara-
tion of this paper.
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