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Suarap CoanDrRA KoORI (%)

Absolute Summability Factors

of a Fourier Series. (*%)

§ L

1.1. - Definition. Let > a, be a given infinite series and 8% be the n-th
CusAro mean of order « (x>—1) of the sequence {8.}, where 8, is the
partial sum of the given series. The series 3 a, is said to be absolutely
summable (C, «) or summable |C, «|, if the series

o

2| 85—8;,
n=1
is convergent.
A sequence {ln} is said to be convex when 4°2,>0 (n =1, 2,...), where
A%h, = A(42,) and Ay = Ay— 2, .

1.2. — Let f() be a periodic function with period 27 and integrable in the
sense of LEBESGUE over (—w, ). Without any loss of generality we may
assume that the constant term in the FOURIER series of f(z) be zero, so that

f(2) NEOO (@, cosnt -+ b, sinng) = iAn(t) .

n=1

We write

P = @ult) = 3 {f@ + 1) + fle— 1) —2(@)}.

() Indirizzo: Department of Mathematics, University of Saugar, Saugar (M. P.),
India.
(**) Ricevuto: 27-XI-1967.
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1.3. - Introduction. Recently Parr has proved the following result:

Theorem A [7].If {ln} is a convex sequence such that ¥ #~* A,(log n)"* <

n=1

< oo, then > A, A,() is summable | C, 1| at every point ¢ =, at which

n=1

f[ p(u) | du = o(t) .

SpENG Liu has generalised this result in the following form:

Theorem B [5]. If {1,}is a convex sequence such that

S w1 4, (log n)320=9 <00 0 <a<l),

n=1

then the series > 1, 4,() is summable | C, 1| at every pbint t =@, at which

n=1

o) — [|plu) | du = o {#/log (L)} as £ 0.

The object of this Note is to further extend these results. Infact we prove:

Theorem. If {Zn} is a convexw sequence such that

S w1d, (log n)¥/o—= (Je] <1/2)

is comvergent, then the series Y A, A,,(t)/{w' (log n)"‘*ﬁ*l/z}, t= m, is summable
n=1

IC, 8], 0 << 6<< 1, provided that

H

(1.3.1) B(t) = [|pw) | du = 0 {t(log (1/1)?}, i

0

\Y
o

§ 2.

We require the following lemmas for the proof of our theorem.

Lemma 1 [2]. If 0<d<l, 0<?<27m and

NOED A‘t}l peos(pt),
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then

0O(n?) for ¢ >0
83(t) =
Om t~9%) for ¢ >1/n.

Lemma 2 [1]. If 0<d<<1 and 0 <m < n, then
ZAH'— i\ max ]zAa »a
0sp<m p=0

Lemma 3. Let 0<< <1 (md 0 <i<2n, we write

A
Ka(t Aé z An_vmv cos ('Vt), /3>O,

»v=0
then
Ki(t)=0 {n”" Z v (log v)To YA A2 140 {nl./(log n)*HEBY for 0 <t <1/m
yez
and
EXt)=0{(n1)° i ¥ (log ») >~ A+ A2 1 0{t~ A,/ (log n) A=Y for £ >1fn.
v

Prooif. TUsing Lemmas 1 and 2 and by ABEL’s transformation, we have

B=—=1"S 4 by S 4271y cos(u 1) b+ SHORCY
)= a3 2 =3 (log p)*TB—am | £ e A%n1=d(log n)a+p—al) °

=90

For 0 <t <<1/m,

A n2 l
s 4l . , " _
K (t) = O[Aa z 11,1 —§ (log v)”"*'ﬁ (1/2)} 4 ] +0 [A,‘f nt—o (log n)oc+,3-—(1/2)]'“
. P 140 A, n, »? 2y » A,
- 0[% { z (log v)x+h—a/2) 2' 2 (log )& +p—a2 + 22 (log v)o+at+afn +

p==2

n A,
+0 [(10g7b)°‘+/3—‘1/2’] :
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Since
n 1)6 Av 6 5
2, (log p)ata=a/m L‘Z:z 42, wgz (log m)e+5= “/2’} {A ,,?;:2 (log m) °‘+"’"1’2’} ’

Thus
o P ¥3+L A7, n A, 1
Kn(t) =0 {'n ,Zz (log p)etB—a/2 +0 (log n)“+5—‘l/2’j :

Now, for ¢t >1/n,

s Pt Ay 1 n=9 2. nt-9 1
Kn(t) = 0{% ;Zz i A(Vl-—d (log 1})(,64.;;—(1/2))} -+ 0 nt=3(log n)""*‘ﬁ“(l/z’f:

v A2, ki v A,

-8
(n t) 1 ,,1 6(10g ) zx+8-—(1/2) - z (log 1,):x+[3—(1/2) +

1= 2

v 2,
-+ z —6(10g ,‘,)rx+l3 +(112)}

p=z P°
Since, we have

n

n v no1 1
z »1~9(log 1‘)“+ﬂ“(1/”) O{E ,u===2,u1 S(log py*+é- (1/2)} + 0{ A =g y1=8 (log v)“"'ﬁ~(1/-z)}

v=2 0

[ W A2, Ay’
0122 (log »)e+8— u/ﬂ} + 0{(10g n)x+ﬁ—<1/2>} ’

Thus

y=2

" 5 —
) — o{ niy 3 ffﬂ_m} +o {(log ;)Z :_m}.
This completes the proof of the lemma.
Lemma 4 [4]. If
D) = fl p(u) | duw = O{t(log (l/t))ﬁ}, >0, as t—>0,
then 0 |

j l"-”i(—)—‘ dat = 0 {(log n)f**}

tln
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f 'ig”dt:O{(log%)"}' for 0<d<1.

i/n

Lemma 5. If {A,,} is a convex sequence such that > n-! 23, is conver-
gent, then

d) [3] {4} is non-negative and decreasing, with

w44, = 0(1) and Anlog # == o(1) as % —> co}

(ii) [6] >log(n +1)-42, = 0(1) a8 m ~> oo
n==1
and alogn-Ai, = o(1) ag M —> 0o.

§ 3. - Proof of the Theorem.

Let us denote the n-th CesARo mean of order & of the Sequence

1?4, 4. (z) 5
{(log n)x B2 by T,. Now

i/n E:

2 1 & 4271% 4, cos (ot) 2

5 .= - Ny v e 8,

Ta(@) = P [ (t) A8 gz (log v)>+f—am 4 = x {f T f}(p(t) K@) di,
2

o ijn

therefore
(3.1) T,‘f(a;) ==y .

Using Lemma 3, we write

S““ wt| Jy | :0{§ o

n=2

lp@) | & ote 4z, t} n

n? 2, (log w)r+h—ay2)

[
©

1fn

+0{’2{-n_1 e |n 2, dt},

s (log n)e +p—1)2)
0
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therefore

(3.2) Sat|dy| =2 nt|Jiy + Ji.|-

n=2 n=2

Now using the hypothesis (1.3.1), we have

hud S A3, (log n)é
2__:2 log v)oc-{-ﬁ-—-(l/”) z no+e

-

— 0{ 3 42, (log »)r»~=},
p==2

gj w7t | Jy.|= {

n=2

Ma

1+ A3, (logv)8
~, (lOg v)oc—rﬁ-—(llz) pO+1

therefore, by Lemma 5,

(3.3) St | Jy1 | < oo

n=2

Again by hypethesis (1.3.1), we have

=g &, (logm)atf—am  q

m m ﬁ m

3w |J0s|= 0{ S }.,? _ (log n) }: 0{ S w1 A, (log ,n)(1/2)-—a},
n=2

therefore, by Lemma 5,

(3.4) 271'1[J1zl<00

n==2

Further

S

n=2

n Iq:(t)l n et I

- 1/n i/n

ol 3 nr-tgog myr 3 P A0 L ol - g M L
_01’2“2 n~1"%log n)f Y (log o +P—ap 40 ’gz nw-(log %) (og myerA=i] =

ye=2



s
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v A2, m (logn)? ; mo .
{ Z (log »)o™ A1) zr 21+ }“r 0{ gzn 1 Z,n (10g n)u/z )}

=2

z v0 AR, (logv)/3
{vz oz Fi—am o | T 0@

= 0{ 3 42, (log »)*»~} 4+ 0(1),
r=2

therefore, by Lemma 5,

(3.5) X

Collecting (8.3), (3.4) and (3.5), the proof of the Theorem is eomplete.

I am thankful to Dr. P. L. SHaArRMA for his kind interest and guidance in
the preparation of this paper.
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