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A Theorem in Operational Calculus

and Infinite Integrals. (**)

1. » Introduction.

A function @(p) is operationally related to h(¢) when they satisfy the int-
egral equation

(1.1) B(p) =1p fﬂ"" () dt ,

provided that the integral is convergent and Rep >0; as usual, we shall
denote (1.1) by the symbol

(1.2) D(p) = h(t) .

The object of this paper is to prove a theorem in operational calculus and
use it to evaluate some infinite double integrals involving LEGENDRE and
MEIJER’s G-function. Most of the results are believed to be new.

We require the following formulae in the investigation:

[ I(— o) I'(—~ @) T'(A + p + 0 + 0)

z eﬁu 7/6
=0 Hy—it p'u+6+]'+9-1 2etetdts (g 4+ 1)

(1.3)

2 2 2
'FC[%(Z+,IA+Q+5),%(Z+ﬁt+g+5+l); oHlut, 0415, i;i H

= m;'_IKQ(“w) K‘,(ﬂm) Ls(yw),

(*) Indirizzo: Department of Mathematics, Regional Centre, Simla-3, India.
(**) Ricevuto: 18-X-1967.
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valid for Re (A + 6 4 p 4 9) >0, Re(p +a +f) >| Rey|.

[ P~ D) (= T2+ p+o+d) , .,
: - a® pr oyt
0+p+6+38 p"-+u+e+6 1

@—0 th-p 5,—6

(14) .p{%u-;-wwa), MAbuto+0H1)5 01, put1, 0415 =, % v

= oK (o) K () K(y)

L

valid for Re (A48 4o+ ) >0, Re(p + o + 8 + ) >0. (1.3) and (L.4)

has been derived from the formula due to SHARMA ([2] p. 86).

[« (=0 T+ p+ o0+ 6)a pry
oo P(,u‘l‘l) ]’(,5+1) py+6+i.+g—-1 2¢+u+d+1

i

(1.5) 1 N WA+ totd41); oL, ptl, 641; 2 v
“F, ‘2(}“+l‘+9+5)’ ¥ A+u+e+d+1); o+1, u+1, 6+ 755) ?, F

= o"1K (0w) I,(Bw) L,lyw) ,

.

valid for Re (A + u+d6 4+ o) >0, Re (p—l—oc)>|Re/5’}+|Rey|, on applying

the well-known formula

(1.6) K@) =3} 3 I'(—) o +1) I(@).

v,~ 0

Taking ¥ — 0 in (1.3), we obtain the following formula

I(— @) I(— w)I'(A + p + o) ”
0= t—p 2utet2 pute+i—l o
" 'F{W tato M Fu el o+l ptls o, Eﬂf]

= o'~ K (o) K, (Ba),

valid for Re (A - u & 0) >0, Re (p + o - §) > 0.

2. — Theorem (a). If

D(p) = ht), P(p) == K, (ct) Eb1) h(t) ,
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then

(2.1) f coshuf coshpp- (¢ -+ b coshg -+ ¢ coshf)-1-

00
1
“D(a + b coshg + ¢ coshd) df dp = - Yay,
provided the integrals arve absolutely convergent and Re b >0 and Rec > 0.

Proof. By definition, we have

D(p) = p [e™7* hw) da,
1]

then

[ | coshul coshop- (a+ b coshp-+c coshd)~* D(a + b coshp + ¢ coshd) df dp =
00

= f f coshuf coshop- [ f exp{— (¢ -+ b coshg + ¢ coshf)a} h(z) dw] df de =
o

00

X!

€™ I(w) [ [ coshuf-gme=eosh g g [ coshgg- ¢=0=coshe dw] dw =
0 o

IS

= j'e_‘“ K”(cm) K (bo) h(z) dz = - V(a),

on changing the order of integration and evaluating the inner integral by means
of the formula (ErpELYI [1], p. 183)

(2.2) f coshvf - exp(— a coshf) A0 = K (a),
[}

where Re ¢ > 0. The change of the order of integration can be justified by the
application of DE LA VALLEE-POUSSIN’S theorem (cf. [3]) when the integrals
involved are absolutely convergent.

3. — Theorem (b). If
B =),  Pp) =),
then

f f cosh}0 coshig-(a + b coshe -+ ¢ coshf)—1-
(3.1) { °°
* @(a + b coshe + ¢ coshf) df dp =

4

—"—__—-—“‘“—T b—l* )
2Vbe (a+ b + ¢ (@+b+0)



254 B. L. SHARMA [4]

provided the integrals ave absoluiely convergent and Re b >0 and Rec >0.

Proof. (3.1) can be proved in the similar manner as (2.1) by using the
formula

T

- 1/2
(3.2) fcosh—é—()-exp(—a coshf) df = (ﬁ) e,

where Re a >0, instead of (2.2). (3.2) has been deduced from (2.2) by using
the well-known formula ~

‘ 2\ %
(3.3) Ki%({l‘}) == ( ) e .

2
4. — We now proceed to evaluate a few infinite double integrals by applying

the theorems (2.1) and (3.1).

Example I. If we take in Theorem (a) h{f) =, then (ERDELYI
[1], p. 137, egn. (1))

(4.1) @(p)=p~* I'(A), Re1>0, Rep>0,

and [ef. (1.7)]

[ I'(— o) I'(— p) I'(2+-p + @)
T(p) = z Z Qutote pl-hu—i-(_)—l bq 0#‘

;@ Hy—H
4.2 ) ‘ b2 c?
&2 ‘F{%—(l tuteh M tutetl; e+l ptlog, ‘2;;],
Re (A £u 40 >0, Re(p +b +¢)>0.

Using (4.1) and (4.2) in (2.1), we have
f coshuf coshop- (@ -+ b coshg + ¢ coshf)~*dh dg =

I(— ) I'(— p) I'4+ p + o) be et
gu+e+2 gAtute [(j)

#3) 1 =2 2

az’ a2

b c?
-F,;[—?z-(l +uteos i +pteo+1);o+1 u+1; =, —o},

valid for Re(l 4+ pu 4 p0) >0, Reb>Rea, Rec>Rea, Rea>0. In
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particular if we take 1 =1/2 in (4.3), we obtain the following interesting
integral:

| coshuf coshgp-(a + b coshy + ¢ coshf)~% 46 dp —

o

(4.4)
4% cosgm cospm I'(y — o — p)
T A/Tcos(u -+ g)w cos(u — o)a

Qg4 (cosh o) @2, (cosh ),

where sinhe = ¢ d, sinhf = b d, coshx coshf = a d, |Imcx|<g, |Im[)’}<g ,
Re(} 40 4 p) >0, Reb >0, Ree>0.

Example 2. If we take in Theorem (a) h(t) =1*"% T (1), then (Mac-
RoBerT [4], p. 342)

(£5)  ®(p) =4/2[m p(p*—1)"%" Q5_,,(p) (), Re(x +p) >—3% Rep>1,

Pp) =3 3 o I'(=wIat+p+o+p+3) B¢ ol

e pa+ﬁ+e+u~‘/z 20 +p+p+2 re+1)

(4.6) 1 e 1
(4.6) -Fc[%(oc-'rﬂ—f—g*i,—lu,—-{—%—), Ho+p+o+p+ e+l p+1, B+1; S g p?"z;;]’

Re (e +f+otu+d)>0 Re (p +b +¢)>1.

Using (4.5) and (4.6) in (2.1), we get

f f coshul coshop-[(a + b coshgp + ¢ coshf)z— 1]~ %« .

* @3y (@ + b coshy + ¢ coshf) df dp =

(4.7) _ s (== e+ B+ 0+p+Pa/m

Be ok
astBretutt Qotutpisfe rg-+1)

Qe Ky

az’ az’ a?

2 1
P[% (+B+otp ) HatBrot+u+i); o+, utl, f41; =, ° ]’

() We have used MACROBERT'S definition of Qn(x) and [ef. (1.3)].

38
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valid for Re{e +f +~pop +u +34) >0, Rea>Rebd, Rea>Reo, Rea>1.

Example 3. Taking, in Theorem (a), h(t) =t*"% K 4(t), then (cf. ERDELYL
[1], p. 198)

D(p) = V%z o+ p+ %) I'loe— p+3%) p(p*— 1)~ P/—s_-{—lu/z)(p)
(4.8)

&

Re(x4+p +3 >0, Re (p +-1) >0,
and [ef. (1.4)]

I(— @)~ ) P(— ) Tec+ f+ pu + ¢ + ) b o
90-+u+p+3 pa+ﬁ+u+e—(‘/z) :

vp=3 3 3

o= 010 By f

4.9) b2 e 1
9 'Fc[%(ocﬂ? bt +d), Hoatpru+e-+3); e+L pd1, fH15 5, —}»

P

Re(¢+-p+p+o+4)>0 Re(p+b+ec+1)>0.
Using (4.8) and (4.9) in (2.1), we have
f f coshud coshgp-[(« -+ b coshy -+ ¢ coshf)z — 1]~
00
cPply(e +b coshg -+ ¢ coshf) A0 dg =

(4.10) D—p) (= (=B e+ B +p+o+ 3o ek
B -y’ '\/r—t 2o+ptptse gatftpteti T(e+B+3) Ilee— B+1)

W e,—e B

b ¢? 1

-Fc[%(a+ﬁ+u+g+%), Hat+p+pt+o+3); e+l u+l, f+15—, — ]7

Y a?’ a? a2

valid for Re{(e +p+px+ o0 +3%) >0, Rea>Red, Rea>Ree¢, Rea>1.

Ay geeer @

Example 4. Now we take in Theorem (b) ()= t—* G$:§+1[t b by ;]7
1 seeey O A

then (cf. ErDELYI [1], p. 222)
P
by s oe bs

ReAi>1+Reb, (j=1,2,..,0

1 1
D(p)=p* G4 [;}

(4.11)

Ly + 0<2(e + B), largp | < (¢ +f—3%y—% O)m.
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Using the values of ®(p) and ¥(p) (which can be obtained in the same way)
in (3.1), we get

ff COShILLO COShQ(p (@ -+ b GOSth ~e C‘»OShO))'_l'
00
1 Q. a
4:.12 b .Gayﬁ T2 vy ¥ d@d —
( ) v:d [a -+ b coshp + ccosh@ | b, , ..., by ¢
7 , A1, a4, .., a
— - Q B+1 Lp L oe)-1 T by Gy, s Gy
2v/be (@ + bt ¢y~ ¥ LI (@ +b 40 by, ooy bs s 2 ’

valid by analytic continuation for Reb >0, Rec > 0, 0<a<d, 0By,
v +0<2(x+p), Rea>0, Re (2 -+b,)<0 (j=1, 2, ., o).

Since the G-function is a generalization of a great many of the special fun-
ctions occurring in applied mathematics, (4.12) can vield results involving
BrsseL and WHITTAKER functions.
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