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On Absclute Cesaro Summability

of Laplace Series. (*

1. — Let (6, p) be defined for the range 0<0<zm, 0<e<2n and
integrable (L) on the surface of a sphere §. The LLAPLACE series associated with
this funetion is

a1 0, 9 ’*-’2% 20 (n + %) [[ (6", @) Pu(cosr) sing’ d’ dg’ ,

8
where
cosr = cosl cosl’ -+ sinf sinb’ cos(p — ¢')

and P,(x) is the LEGENDRE polynomial.
A generalised mean value of f(0, ) is given by:
L

27 sinr

[ 10’ ¢') sing’ 40’ dgy’,

Cr

ag) ) =

where the integral is taken along the small circle O, whose centre is (0, ¢) on
the sphere and whose curvilinear radius is #. The series in (1.1) reduces to

(1.3)

L

(n 4 %) f f(r) Py(cosr) sinr dr = iA" '

n=0 o

(*) Indirizzo: Department of i\lathematics, Madhav College, Ujjain, India.
(**) Ricevuto: 5-IV-1966.
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We write:

1 ’ -
Bo) =flo),  Tofo) =50 [ w0 f ar,
hol@) = Tp +1) & Fyfa) (#>0),
Po0)= & Fpalo) (—1<p<0).

The object of the present paper is to prove the following new theorems
on the absolute CEsARO summability of the series (1.1).

Theorem 1. If f(r) is of bounded variation in (%, 7), where

" 2 —
nd ? 14+«

n = <4<1, 1>a>%,
[ 18 a large constant, and if
. 3
(1.4) ) = f | ()| dr = O %) as t -0,
0

then the series (1.1) is summable | C, o 4+ % [

Theorem 2. If f(r) is of bounded variation in (n, %), where

u A
N =g 1>A>}T§:c’ 1>p>a>4g,

w is a large constant, and if

(1.5) : F (1) = O@**5) as t->0,

then the series (1.1) is summable | C, o« + 3

2. — To prove the theorems we require the following lemmas:

Lemma 1. If 8%r) denotes the n-th Cesaro mean of order &k >1 of the



[3] ON ABSOLUTE CESARO SUMMABILITY ... 196

sequence {(n + %) P,(cosr)}, then for p >0 we have

O(n*+e) for 0 <r<m
(2.1) @ Si(r) =
) dr? " npth—x
0 (W) for 0<<r<<am, [p]+3/2>k

For the proof see [1] for the case 1 = }.
Lemma 2. For 0<i<nm we‘hcwc uniformly

(2.2) Skr) = 0(1»1".*‘) + 0(1/n2).
For the proof see [1] for the case A = %.

Lemma 3. We have ([2], p. 308)

d P.x).

dz

2.3) (1 + 1) Po(ar) = —

dw -Pn+1(‘rﬂ) -

3. - Proof of the Theorem 1. We have, by Lemma 3,

wA, =nln +§) f f(r) P(cosr) sinr dr =
0

x= COSr

—n / f(r) (sinr) { [a% Po(®) — ”&% P.,,(:rz)] —1 P,,(eosr)} ar
' (by Lemma 3)

- d d
. . . - y L Y inge -
- n/;f(f) [(cos1)-dr P,(cos 7)~—dT P, (cosr) 2P,,(OOS?)SID7} dr =
1]

= / () [(n +3) (cosr) d% P (cosr) — 1 (cosr) % P,(cosr)
o

| o

d 1
—(m+14+3) - P, ..(cosr) - P, (cosr)— 3 (n 4 %) P{cosr) sinr

bl oo
o

7

1
- i P,(cosr) sinr| dr,



200 " B. K. BEOHAR . : [4]

thus we have

T

Te% (r) = / [ad; S,";‘L’/Z(T)J f(r) cosr dr — % / ol T (r) f(r) cosr dr

o 0
T

1/ 3 PRERYS
— / [ SF (s }f(o') d7-+§f ”+1/(7)f(r) ar
1]
—— j S8 +%(y) f(r) sinr dr - i [Z;”’Vz F(r) siny dr

(1]

say, where
T:(TL Sﬁ(”: Uﬁ("')y Zﬁ(”:

denote the n-th CESARO mean of the order k of the sequences
d
{n 4.}, {(n + 1) Pucosr)}, {&7 P,,(cosr)][ y  { Palcosr)}

respectively.
In order to prove the theorem we have to show that

©

(3.2) 2| Ih < oo

n=0
VAL |
We shall now denote S"‘+/~(7) by 8P(r). We first consider

n St

(3.3) C—ijijl?)f?)dv [j ”sg’“?)f & =0, + C,,
] 7
say. Now
0y =[S, (1) Fy(r)])— f S (r) Fy(r) dr = C,, — C,,

say, where

(3.4) C,, = O~ y%) = O(n¥%~").
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We now have

im g
0 fS:ffl_l(’)) Fl( d7 - [f f] S:i)i-l d?‘ - 1.2.1 + 01.2.27

o 1n’ .

say. Now

‘ 1/n
(3.5) Cron = [ O(@) 772 dr = O(n'™*) .
[
Also

(8.6) Cm”"f (m: +) @ = 0t (e — ) = O

i/n
Finally we have
fsm fr) &

(3.7) |
= [ftr) 83120 )];—f St(r) df(r) = O(n*~7),

n
by Lemms 2. Combining (3.4), (3.5), (3.6) and (3.7) we see that
(3.8) C = O(n%"%).

(learly the order estimates for 4, B, D,  and F are the same as those for C,
- and in view of (3.8) we see that (3.2) holds.
Thus the Theorem 1 is completely established.

4. — Proof of Theorem 2. Proceeding as in the proof of the
Theorem 1, it is sufficient to show that

St 0] < vo |

under the condition of the theorem. We have

0= f SU() £0) dr = [82,,0) T — [ 88,0r) Fylr) dr = Jy— Ty,
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say. It is
(4.1) Jy =S8, (r) By(r)]] = [t~ 9~ 17% p2HE70] == O(n*F) .
Also
? n
e (2) " . - {2) " — -‘a
J‘z - J/ Sn+1(7) -Fl('}) dT - / Sn+1(?) P(l'—- a) /(/r ’l& F (’U/) d’ll/
0 0
1 7 ]
. V8 (B (. .
— [ F () [ / (r— )™ 82 () d?] du
0 u
1ifn
-fp(u (@, ) “+”F(u)rw, w) du =J,, + J,,,
0 1/n
say. Now
n 2u
Pl 0) = [ (r—1)=* §2,(r) dr = { [+] } (r— w)=* 82 () &
u © 2u
21 &
= J (r—u)"* O(w) dr - u=* f S&, () dr Cu<E<y)
u 2u

= 0(m ™% + O(nz w™%).

Again, if » + (1/n)<y,

wpiln)

F(n, ) { f 4 j} (r—u)=*-8& (r) dr HF’ 4 B,

u  ud/m
u-+(1n)

b :f (r—u)™* ("r:_“> dr = O(% ,u,—l-—-oz)

u

P = f(r-—u)-“ S&L() dr = O0(n w™7%),

u-+fn)

thus

F(n, w) =0n v 1%,
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Now we have

iln i/n
{4.2) Jor = f O u*~%) ur*f qu + fO('n2 %) W qu = O(n*P) .
0 0
Also
n
(£.3) Jpp = [O(nu™"%) WP Qu = [ 44+~ —p=f] — O(n*~F),
ijn '

therefore we get

(4.4) ; ¢ = 0n*"),
thus
(4.5) Sat| 0] < oo.

The Theorem 2 is proved.

I am thankful to Dr. G. S. PANDEY for the guidance during the preparation
of this paper.
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