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N. Sinem (%

On the Absolute Cesaro Summability

of Factored Fourier Series. (*¥)

1. — Let f(f) be 2 LEBESGUE integrable function in the interval (— z, 7) and
periodic with period 2sz. Let its FOURIER series be given by

Cf() N? + i (q,, cosnt + b, sinng) = i A,
We write
P =3 [f( + 1) + flo—1)—2 f@)], Sula) =3 4,@).

2. — CEENG [1]in 1947 obtained the following theorem concerning the sum-
mability | C, «| of the factored FOURIER series:

Theorem A. If

@.1) [lotw)| au = 0(s ogr-1y’) (>0, 1—0),

0

’ 4, . v .
thenzm-g—'#—_gm (e >0) is summable |C, «| (x>1) at the point ¢ = 2.

This result was recently extended to a general class of sequences by DIKSHIT '
[2] in the following way:

(*) Indirizzo: Department of Mathematics and Statistics, Aligarh Muslim Univer-
sity, Aligarh, (U. P.) India.
(**) Ricevuto: 17-X-1966.
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B 0 }'n
Theorem B. If {/’l"} is a convex sequence such that the series ¥ o
1

i nt, then the series § A An1) at t =
is converge hen the series S —Z220" . gf f =
gett, T (logn + 1P’ ’

every o« >1, provided that (2.1) holds.

is summable | C, «| for

The object of this paper is to find suitable conditions so that the above
factored FOURIER series may be summable | C, 1|. It may be remarked that
our result generalizes the following theorem of PArr [4] in the sense that our
condition for # =0 is lighter than the condition (2.2) (see below) of Parr:

Theorem C. If

(2.2) ' f[cp(u) | du = o(2) as ¢t —>0,

]

and {1,} be a convex sequence such that 3 A, (logn)¥%/n < co, then, at the
point ¢ =m, > 4, 4,(t) is summable |C, 1].

3. — In what follows we prove the following

Theorem. If {1} is a comvex sequence such that > An (logn)%/n < oo,
Ao 4y(2)

(—1“——-—'_“‘—1-)—‘3 is  summable lC, 1' at the
og n -

then the factored Fowrier series

point t = x, pProvided (2.1) holds.

4. - For the proof of the theorem we require the following lemmas:

Lemma 1 [1]. If (2.1) holds, then

izl 8, (@) — f(z) | = 0(n(log n)‘/z+ﬁ) .

Lemma 2 [1].

< _} O(n?)
2:01) cos (v )= { o) .

Lemma 3 [3]. If {A,} is a convex sequence such that > Aan < oo,
then > (logn) 424, = O(1).
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Lemma 4. Under the condition (2.1) we have

/f—a! (p(tt) lar — O((log n)#*1) .
yn

Proof. Integrating by parts we have

[lw(t)ldt:[g@r +/@<t
D N FYR

1n i/n

‘ T eoi—1\8
= 0((logn)®) + 0( f (IOC’: ) dt)

1jn

= 0((logn)?) + O((logn)f*?) = O((logn)P+1).

This completes the proof of the lemma.

5. ~ Proof of the Theorem. We observe that the summability

. 4 ({I‘)
G 2] of 2 TP

Za(2) is the » - th CESARO mean of order 1 of the sequence

is the same as the convergence of > | {,(x) | /n, where
I n A, A,(x)
1(Iogn F1)f

}. Hence

we have only to prove that > | (.(@)|/n < co.
Now

.

2 r 1 2(v - 2) Aaa cos(v - 2)
W) == ¢ SRS dt .
Luln) 7 ] () w L 1 lgo (log » + 3)°
¢
ABEL’s transformation gives

n—1

Lol@) = [99() {ZT() ;”W}dt—:—

o) To®) Ay
df=TI-+J 2
T ./ (n + 1) (log w + 3)° (523,

n

where Tty =2 (v + 2) cos(v + 2)t.
r=0

a—1 A +2\ .
/ n 41 {Z:o T, 4 (log v 3)’3} @ =

0

‘We have

Allv

(¥) Where &(t) = f | plu) | dus.
) 0
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1n P
:5 ([...dt + /-..dt)zll+le, say.

Y

i i/n
Substituting the order of 7' (¢) from Lemma 2, we get

=t o ;'1'+2
{1 ) A(logV+3>’3H)

i/n

(flsvt)l

1/
- / ’ o (logy + 3)F71 T &, (logv + 3)
)

((1ogn)f’ 1 {"51 Y Apin ’*”f 2 Adyys })

n 4+ 1 | /2, (log v 1+ 3)F+1 o (log v + 3)°

0
0

1 n—1 Vi A,,,,*, . A=l g2 Alv+2

n

(ogn)Pncl  wi,, (logn)? "=t 92 Al

( n2 2 (log 7 & 2)B+1 + 0 2 2 o9
soo (log » + 2) A 2 =y (log v + 2)

| L
= (S 2,7 ) oy 3,r 42)

Again substituting the second order of T, (¢) from Lemma 2 in I, and applying
Lemma 4, we get

= o [ 1ot 17 157 ag e

imn

Clew] 1 [ huga \)
= 4 L di
O( t w+1 {,ZO Y (log » + 3)‘8}

1i/n

VRN E Fors low)|
- 0(’)L—]— l{vzo A(100v+2)ﬁf/ dt)

1fn

1 i 2 S e | \)
=0 otz dt) +
(n -+ 1 {Zo (log v -+ 2)_‘“1} / ? '
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1 [ v A ] [ le®] )
+ O f—- —— ds
(% +1 {;%o (log v + 2)"’} / t
. im

_ o(aogn)ﬁH S . )+ ((1ogn>ﬁ+14 0. v Al )
n+1 5% (logy 4 2)f* n+1 2 Qogy + 27

Therefore, we have
S <Z|L|fm+ 21| /n =
=0(3 i 2 )+ o(z 2y Ai)+

n 1"71210g("+1) n=1 " =1

i (log'n)iﬂ‘1 n—t Ayt ‘) 0(§ (logn)f+r n=1 9 A%, )
n=1 s (log v +- 1')ﬂ+1, e i=1 (logv + 1)?

= — A —
0 (vz=1 A,, n= §+1 n*log (n + 1)) (12:1 Y l n—§+1 ’"'2) +

= (log w)pt1! © v Adyq e, (logn)f+1
g + 0 +
s=1 (log v + 2)f n=w+1 7”2‘ )

+0(§ v+1

(logv + v 4 28T, S »?

:o(i ;’+1)+0(2A1v+1)+0(2 Z‘“)+0(z:togwrl)m ) oQ),

p=1¥ +

by virtue of Lemma 3 and the fact that

i (log m)f+1 0 (logy + 1)8+1
we o omE v + 1 )

Now we have only to prove that

ST | =001).
Therefore
2 (P(t n(t n+2

J ==
7 4/ (n 4 1) (log n + 3)°

0

n 2
2 n-t-2
f‘p(t) > (v +2)cos(y + 2)¢ (m + 1) (logn + 3)° pdl
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2 2'71-1‘—2
= — 2 S -~ dt
7 {n 1) (10gn+3)‘9 {(77 = o v+ %) cos(y )t

P

2 (v +2) f(pt) cos(y -+ 2)t dt

0

2 }n+"
T a4+ 1) (logn L3 <

s 1z
’+—ﬂ{n+1z +2) H_z(w)}.

~ log(a +3) »=0
Put
n+2 n
Hn—{-z(m) = % L3 122 4 Av(w) ’ Bu(®) = ugo Ay("")i oa(®) =
so that
Hn+2(a7) == Sn+2(w.)_" 6n+2(m)_ nL3 -Al(m) ’
iy

and therefore
| Hyia(@) | < | Spgal@) — f(@) | + | Onsal@) — f(@) ] -
From Lemma 1 we have
| On1a(@) — (@) | = O((log n)%*F),

and hence

A y
_ AL N S LY L S
J 0( (logn) Tos m)ﬁ) +01) + 0 ((log T | Snia(@) — () l) ,

w !_ ( * (logn)t+s An . ( bl Y- . )
§ =02 e ar) T OM O > Tiog o P [Seel@)—T(@)|
2 An (log n)% & Anpe .

—o(3 2B Lo 4+ § - | Saste) — fa) |

=0 + 5 S Syule) —f(0) ],

by hypothesis.
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Now we have only to show that

o«

;~n+2
n§=:1 n (log o 4 2)5[ Suial® l oa

Since by ABEL’s transformation we have
“ n+° B
21 mﬁ] Suia(®) — fla) | =

m=—1

=5 3 18, u0) — @) 4

A=l v=0 n (log n L 2)8

m lm
+?:“ot Bsel®@) —f(@) | — Gogm o T 0(1) .

Applying Lemma 1 we get

m

;"n+2 o
,.21 n (logn = 2)° | Bnsal@) — fl@) | =

m—1 y . 2
= 0 1 %8 A w2 0 Yok B met2 1
(ngz {log ) n (logn + 2)5) + (fm(log m) m (log m, + 2)° +0M)

:o(

iMs

a2 b A
WBrp_ T Inte Y4p nt-2
1n (log n) 7w (Qogn T 3 + 0 (ngl n (log n) 7 {log n 2V 2)5) +

O((log m)% Zm+2) + 0(1) =

= 0(§ (log n)% n+2)+ 0( Eiw%-%ﬂ—) + O((log m)* A,) + O(1) =

=1 =1

':0(§ A,,ao? -n)/.)

n=1

+0(1) =0Q),

by virtue of Lemma 3, the hypothesis of the theorem and the fact that
(log n} A, = o(1).
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Thus finally
z{ Lnle) l < oo,

This completes the proof of the theorem.

» I take this opportunity to express my sincerest thanks to Dr. S. M. MAzZHAR
for his constant encouragement and guindance during the preparation of this
paper.

References.
1] M. T. CBENG, Summability factors of Fourier series, Duke Math. J. 15
©(1948), 17-27.

[21 G. D. DirsHIT, On the absolute summability factors of Fowurier series and its
conjugate series, Bull. Calcutta Math. Soc. 50 Supplement (1958), 42-53.

[3] T. Pari, The summability factors of imfinite series, Duke, Math. J. 21 (1954),
271-283.

[4] T. Pati, On an unsolved problem in the theory of absolute summability factors
of Fourier series, Math. 7. 82 (1963), 106-114.



