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Formule di derivazione

per le funzioni ipergeometriche di Gauss. (**

1. — La funzione ipergeometrica di GAUSS & definita dalla serie [3]

Ia(a, b5 ¢; @) ir (@ 7@, 1

ry (e, vy 7!

dove ¢ si suppone diverso da zero e da intero negativo, e il simbolo di ApPELL
(1, #), con A qualsiasi ed  intero positivo o nullo, é definito dalle (4, 0) =1,
(A4 1) = MA +1)...(4 +r—1). Per ¢ (oppure b) uguale ad intero mnegativo
si riduce & un polinomio. Cosi si perviene a quello di JACOBI

. I
P;a,p)(m):u2pl<—n, a+pf+n+1; a+1; x>’

n! 2

dal quale si possono dedurre i polinomi ulirasferici e di LEGENDRE, di LAGUERRE,
di HERMITE.

Quale serie richiede la condizione di convergenza |z|<<1, e comprende
un insieme notevole di funeioni speciali.

Sulla funzione di GAUsSS sono note le seguenti fondamentali formule di deri-

(*) Indirizzo: Via Placida 85, 98100 Messina, Italia.
(**) Ricevuto: 26-X-1966.
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vazione che riportiamo dall’opera [2] e dalla Nota [1] (1), con la posizione

d
(—1; = Da: =D:
(1) Drfaetr1 ,Fi(a, b; ¢; x)]= (a, ¥) 2*~1 ,Fy(a + 7, b; ¢; x),
(@) Dt Fy(a, b; o5 0)] = (c—r, 1) a1 Fy(a, b; c—r; a),
a, (b, 7)
(3) D" Fyfa, b 05 @) = DD Fa dr, by 0 45 a),
) Drfae-otrt (1 — a)et=e  Fy(a, b; o5 a)] =
= (0—a, 1) ot (L—a)et—er Fy(a—7, B; ¢; o),
(5) Dot (1 — z)eit—< F'(a, b; ¢; x)]=
=(c—t, 1) g (1 — g)ott—er P (a—7r, b—1; c—t; @),
(6) DA — z)etr=2,Fy(a, b; ¢; )] =
(0 — a, ')‘)(C - b’ 7‘)
== @ ) (1 — g)att-e—r,Fi(a, b; ¢ +1; @),
(7) D1 — @)+, Fy(a, b; ¢; @)] =
9’ " - b;
= 1y @D 0 ey e 47, b 0 7 @),
(e, 7) :
(8) Dot (1 — z)p—otr ,Fy(a, b; ¢; 2)] =

=(c—r, 1)@ (1 — ) Fla—7, b; c—1; ).

Da esse prende ora le mosse il nostro lavoro di ricerca sistematica di formule
di derivazione, rispetto alla variabile , di funzioni di Gauss ad argomento
1/z o x*. B verremo a stabilire un notevole e completo gruppo di formule di
derivazione (delle quali solo qualcuna risulta nota in generale o in particolare),
tutte utili nella teoria delle funzioni speciali.

La ricerca fa seguito ad altra nostra [7] sulle funzioni ipergeometriche di
KuMMER

0 (@, ,'.) s

JFa(as e; x) = Z

Or(ca 'I’)’I—“!'

(*) Cir. l’elenco dei « Lavori consultati», alla fine di questo lavoro.



3] FORMULE DI DERIVAZIONE PER LE FUNZIONI IPERGEOMETRICHE .., 165
2. — Premettiamo che
— 82 Dyp= Dy, @* Dy=— Dy,
e che
(m‘.’ Dx)r = gortl D; pr-1 ,
per cui
o= (—1)y a1 Digrt
Allora dalle formule fondamentali (1), ..., (8) seguono le seguenti:
{9) ar D[22  Fi(a, b; ¢; 1z)]= (—1) (a, 7) = Fo(a+ 7, b ¢; 1/2),
(10) Dr ot [z Fy(a, b; ¢; 1/z)] = (1—e¢, v) 2~ Fy(a, b; ¢—r; 1/m),

{11) Drar[o-t Fy{a, b; ¢; /)] =

(@, N, 7)
© 7

(12) D[4 (o —1)e4= ,Fy(a, b; o5 1/a)] =

ot Foy(@ 41y b+ 75 6+ 15 1),

—(—1) (o—a, 1) @ (@— L)=== Fy(a—r, b ¢; 1/v);

(13) D a7 [a-+ (w—1)200= ,Fy(a, b; ¢; 1/z)] =

—

= (1 —e¢, 1) x-ot+r (g — 1)otb—er B la—7, b—7r; ¢c—1;1/2),

14) Dr ar [go-tte-1 (g — 1)t~ F(a, b; ¢; 1/@)]=

B

. (¢—a, r)(c— b, 7)

=(—1) ) govtei(g —1)stv—o=r By (a, b; o-+r; 1/x),

(15) Dz (3 —1)=+=1 , Fy(a, b; ¢; 1/a)] =
_ @b T)(S 7) L P (@—1)e-,Fi(a 47, b; ¢ +1; 1/w),

(16) | Dr[a (w— 1)o7 Fy(a, b; o; 1z)] =

= (1—¢, )@ (@— 1y, F(a—7r, b; c—7r; 1/o).
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Le (12), (15), (16), sostituendo # con « + 1, si possono presentare nell’altra
forma:

(12n @ Dr [ot= (2 4 1), Fy(a, b; ¢; 1f(z +1))]=

=(—1)y(e—a, r) s~ (& + 1) Fy(a—r, b; ¢; 1/(w+ 1)),

(15") Dr o [o= (o + 1) Ty, bj e; 1/(@ +1))]=

= (—aiz%zi’—i)w“'l (@+1) " Fi(a+t 7, b; c+r; 1/(x+1)),

(16%) D" o [ (w + 1), Fy(a, b; ¢; 1f(w +1))] =

=(1—¢, 1)z (x+ 1) Fy(a—r, b; c—r; 1/(@ +1)).

3. — Richiamiamo ora gli sviluppi su operatori differenziali [6]:

(—1)m=1 (D z)m == zr (— 1)1 Km,f Drar,

1 N

(— 1)m (x D)m = 27' (~— 1)r —Km+1’ 1 Drgr ,
o

—g— -~

(D) =3, K, Dr,

= 1

B a—

m
D z)m = Zr Km+1,r+1 @ D,
0
nei cui coefficienti figurano i numeri di StirLING di seconda specie definiti
dalle posizioni
Km,l = Km,m =1 ’
Km’, = Km_l’ r—y 7'Km-1’, per 1<<r<<m,

K,o=0, Ky, =0, per ¥ >m.
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Associando a questi sviluppi le precedenti formule (8), (9), (10), (11}, (127),
(13), (14), (15'), (16'), si deducono le altre formule seguenti:

(17) (w D) [a=0 , Fy(a, b; ¢; 1fa)] =

B

E

l

P (— 1Y Koy (@, 7) 270, (@ + 7, b5 05 1f2),

"

(18) (D z)m [z Fy(a, by ¢; 1/z)] =

r ("_ 1)’ K'm+1’ r+1(a’! T) xe zFl(a' -+ 7, b7 ¢ 1/.’.6‘),

i
cM§

(19) (— 1)t (D @)™ [a¢  Fy(a, b5 ¢; 1/w)] =

3

I

r(— 1)y Ko, (L—o, ¥) 270 Fy(a, b; ¢—r; 1/z),

[

(20) (—1)m (x D)™ [a° Fy(a, b; ¢; 1/z)] =

p (= 1) Koga ria (1 —¢y 7) 270, Fy(a, b; ¢c—1; 1/z),

fl
cMg

(21) (=)™ (D 2)" [27 o Fy(a, b; o5 1fa)] =

== ? K,, (a(:)——(i)—o—) w1, Fy(a 41, b 415 ¢+ ;5 1),
(22) (=1 (@ D) [z Fula, b; o5 1f2)] =

= %m} Koy, ra % o=t e 41, b 1y e+ 15 @),
(23) (2 D) [z (@ + 1) Fi(a, b; ¢; 1@ +1))] =

= g (1) 3, (— 1) Kpyp (6—a,y 1) JFi(a— r,b;0;51/(x +1)),

1

(24) (D @)™ [avt=e ( + 1) . Fy(a, b; ¢; 1@ +1))] =

m

— @t (41)7 3, (— 1) Kopsa, i (06— @, 7) -

0

- By (@— 7, b5 0;1/(2+1)),



(26)

27

(28)

(29)

(30)

(31)

(32)

L. TOSCANO [6]

(=1)7=+ (D &)™ [ae? (@ — 1)+, Fi(a, b; ¢; 1/w)] =

g——

= e 1) 3 (1) K, (1— ¢, 1) (afte — 1)) -

1

s (@ —1,b—1; ¢ —r; 1/m),

(—1)™ (@ D)= [g~o? (p— 1)~ Fy(a, by ¢; 1/m)] =

= ot (0 — 1) > (1) Konir, i (1—6,7) (a0 — 1))
0
CoFa—r, b—r; e —7; 1jz),

(,___ 1)m (D x)m [w—a—b+c—1 (.’D - 1)a+b—c ZFl(ay b’ e; 1/37)] — ga—bte-1. .

Coan=bn o 1yr,Fya, b ¢+ 1ja),

i (e, 7)

* (w__l)a+b~c z Km,r

(—1)" (@ D) [oemrtomt (v — L)eit=s Fy(a, bj ¢; 1fa)] = ao-die=t -

(e—a, 7)(e—b; 7)

(e, 7)

(w— 1)~ Fo(a, b; c+r; 1/2),

m
‘ (w“ 1)a+b——c zr Km—i—l’ 741
[}

(=) (D &) [a* (@ + 1) Fi(a, b5 5 Lffw +1))] =
(@, r)(e—b, 7)
(e, 7)

“oFy(@ 1y by e 45 1f(w 1),

=t 1) 3, (— 1)K, (@ +1) -
(—1)" (@ D) [ov2 (3 + 1)~ Fy(a, b; e; 1f(@ +1))] = .

(@ o=b 1 g,
(¢, 7)

o Fi(a 47, b ¢ + 15 1w 4+ 1),

= o1 (g 1) Zr (—1) -Km+1, r+1
)

(= D @) [ (@ + 1) Fi(e, b; ¢; L@+ 1)] = ab= (@ 41) -

D

) i" (__1)1'—-1 —Km,r (1 G 7') 2F1(a‘_7.7 b7 C—7T; 1/(m + 1))7

1

(—1)™ (@ D) [av= (@ + 1)  Fy(a, b; o; 1f(@ +1))] = o= (& 1) -

c 2 (1) Ko, ra(I—¢, 7)o Fi(a—r, b; e—7; /(@ +1)).

0
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Draltra parte &
D)o = (@D —c)»,

ed ancora

z(Daoymge =gt (@zD)mal =gt (D)o 2 =g (g D—c)" 5.

Per queste le (17),..., (3%) agsumono la forma elegante e notevole seguente:

(A7) (@D—a)",Fya, b; ¢; 1ja) =

r(—1) Koy p (0, 7) Ji{a 1, by e; 1/jx),

I
HM§

18)  (Da—a)",Fya, b; ¢; 1jz) =

~(—1) Km+1,r+1 (@, 7)o Fi(a + 7, b; c; 1/2),

I
M3

(19)  (c—D o)» Fy(a, b; ¢; 1fa) =

r(—l)er’r (1_07 7’) 2F1(a’7 b; C—17; 1/{E),

l
Mz

20')  (e—a D), Fya, b; ¢; 1/z) =

> (— 1) Konsa ra (L —¢, 7) Fu(a, b5 ¢—7; 1/m), -
3

(21) (=)™ (@ D)" Fifa, b; ¢; 1/w) =

~—

ll

(a, T)(b; 7)
@ n

(22)  (1—a D) ,Fya, b; ¢; 1/z) =
(@, 7)(b, 7)
(e, 7)
@3) (@D +a +b—e)m[(w + 1) ,Fya, b; ¢; 1@ +1))] =

=> K, a7 (e 1, b+ r; ¢ +r; 1/x),
1

m
= zr —Km+1,r+1 zr ZFl(a’ _%‘ 7y b + r; e + 75 1/“)7
0

= (¢ 4+ 1) %, (— 1) KEpslc—a, 7).y (@—7, b; ¢; 1/(z+ 1)),

@4) (Do +a+b—o[(@+1)2.F(a, b; ¢; /(@ +1))] =

m

= (z +1)7 zr (1) Kpyap4a (6— @, r) 2F1(a"“7’7 b; o; 1/(w+1))a

0
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(25%)

(297

(307

(819

(32)
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(@ +b—D a)™ [(w —1)=~ ,Fi(a, b; ¢; 1/2)]=

P—

m x r
=(z—1)at— >, (—1) K p(1—e, 7) (w — 1) JFla—r, b—r; o—71; 1/x),
- 1

(@ +b—aD)"[(w—1)*=<,Fyla, b; ¢; 1/z)] =

=(p—1) “+b—cz (—1) Epa,rex (11—, r)( ) o Iy(@—ry b—r;0—r;1 /),

(@ +b—e¢ +1—Da) [(g—1)s<,Fy(a, b; ¢; 1/z)] =

(¢ —a, rY(c— b, 7)

(e, 7)

—(o—1)= 3, K,,, (@ — 1) ,Fy(a, b; ¢ +73 1/a),
1

(@ +b—¢ +1—gD)m [(@—1)s+r~ Fy(a, b; c; 1/m)] =

(¢—a, r)(c—b, 7)

o (—1)" o Fy(a,b;e-+7;1/m),

m
= (.’I}———l )a+b~c zr Km+1,r+1-
0

(I—a—Da)m[(z +1)2,F(a, b; ¢; 1/(z +1))] =

(C&; 7')(0-——b, ’)‘) ($+1)—'2F1(a+7',b;0+’r;1/(w+1)>,

= -1)-e mr —1 7‘—Z('mr
(o) 2 U oy =055

(I—a—aD)[(® + 1), Fi(a, b; ¢; /(@ +1))] =

(a, r)(c b, r)

7 ( +1)-’2I’1(a+7' bse+r;l/(z-+1)),

II

(m + 1)—“2 (1)K, sy

(e—b—Da)" [( + 1) Fy(a; by ¢; 1/(w +1))] =

= (50 + 1)_b %r (h‘l)r-K'm,r (1 — ¢, "‘) 2F1(a/""7‘7 b; c—17; 1/(0?—}—1)) 4

1

(6—b—a D)™ [(w +1)= Fy(a, b; ¢; 1j(@ +1))] =

= (w + 1)—b Zr (’—1)7 -Km+1,r+1 1— ¢ ’)‘) 2F1((1/~—~ 7y b; c—7; 1/(&?—{—1)) .
0
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4, — Tutte le formule stabilite si possono specializzare per le funzioni di
KumMER. Posto bz in luogo di =, osservando che Dj == b D, passiamo al
limite per b — oo, tenendo presente che

lim o 1, lim &~ b: N _ (—1), lim (1 —bi)b = Y=,
X

by bT b—> b b

Si ritrovano le formule [7]:
o Dr [z=e Fy(a; ¢; 1fw)] = (—=1) (a, 7) a=* Fi(a + 75 ¢; 1),
Drarfo Fua; ¢ 1/w)]= (1 —e¢, r) &= JFy (a; ¢ —7; 1/),
Dra [z  Fy(a; e; 1/z)] = (—1)" (@, )

B (e, 7)

ar Dr [ao—c e~V Fy(a; c; 1/@)] =(—1)" (c—a, r) 2~ e~ Y= Fy(a —r; ¢; 1/w),

g e 415 ¢ 1, 1m),

Drar [z e~ Fy(a; ¢; 1/m)] = (L —¢, 7))z~ e~ Fy(a—7; c—7; 1/w),
o .

Drar [ot e~V Fy(a; ¢;1/2)] = (C_(—c—_%i) wr-te” ¥ Fi(a; ¢ +7; 1/2).
E si ottengono le altre formule:

(#D—a)™  Fya; ¢; 1/z) = Zr (—1)y K, . (a, 7) (et ;s e; 1),
1

(D & —a)™ Fy(a; ¢; 1/z) = D, (— 1) Kopia, r1a (@5 7)1 Fil@ + 75 ¢; 1/m),

OME

(0—D @)™ Fy(as 03 1/a) = 3y (—1) Ky (1 — 0, 7)1 Fy(a; c— 75 1ja),

1

(c—a D)= Fila; ¢; 1/z) = zr (——-1)’K,’n+1. 1 (I —¢, 7)1 (@5 ¢—7; 1/z),
o

——

{a, 1)

(e, 7)

(—1)" (z D)™ Fi(a; ¢; 1jz) = Zr Km,r o Fya +7; ¢ +7; 1/m),
1

g——

i a/’ 3 .
(L0 D) Pu(as 05 1fo) = 35 Hon,ris ol 07Tl 75 0 475 1o,

0

(@D +a—c)m [V Fy(a; ¢; 1/w)] =

=0 S, (— 1) Ko, (6— @y 1) Fu(a—7; 0; 1/2),
1
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Da +a—o)m[e™ Fya; ¢; 1/a)] =

—~g—

= S, 1) B s 0=, 1), Pua— 5 05 1/0)
(e=D o) [¢7F,Fy(a; ¢; 1/a)] =
oS (1) K, (1 6, ) i Fa—r; o—r; 1/a),
1
(¢c—aD)» [e="* . Fy(a; ¢; 1/2)] =
= o3 1) Ko s (L, ) B0 — 75 075 1)

(—1)m2 (mi)_)m [6‘1/”117'1(0,; c; 1/50)] =

(¢—a, 1)

=Y (— 1)K, . o Fy(a; ¢ + r; 1),

1 (c’ rr)

(1 —az D) e~ Fy(a; ¢; 1/z)] =

———

K (¢ —a, 7)

=e Y, (—1) Kusg, r4a ) o Fi(a; ¢ +r; 1/@).
0 ]

Dalla (9) per @ uguale all’intero negativo — # si ha

Do ,Pi{—mn, b; ¢; 1/z)] = (9:) vl @ Fy(—n -1, b; ¢; 1/x),

e si ritrova che i reciproci dei polinomi ipergeometrici ,#,(— #, b; ¢; x) appar-

tengono alla classe di APPELL.
Se si fa @ = n nella (12) si ha la formula notevole

{(— )" P (x— 1)evtntr,

Ll—n—r, b; e; 1/z) =T

‘Dr [zt (@ — 1)~ By (—mn, b; ¢; 1/w)],

dalla quale si deduce con operaziohe limite

— r
=1 gt gUe Drfgre=n ¢ =Y F\(— m; ¢; 1/m)].

Fi(—n—7; ¢; 1/z) = )
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E questa, introducendo i polinomi di LAGUERRE

15
o) =S5 o115 ),

si pud scrivere nella forma

!
: —G— - (c—1
e getntr gV Drfgen ¢ ~Ue L1 [i)].

(c—1) e (1Y
LeTP(1)w) = (—1) TRy

ntr

5. — Passiamo alla seconda parte del lavoro e ricerchiamo formule di deri-
vazione di funzioni di GAuss ad argomento x2. Esse seguono dalle formule su
operatori differenziali [4]:

2m _ 92 m pem—1 )M am ___ 9em TYM m2m-tkl )™ p—1
D" =2y DL 1D, DI =22 Do o Dha,
DML = 2emtt DT ekl DIHL DI = 2wt g DIFL gamil DT

con procedimento che non riportiamo ma che pud essere facilmente ricostruito.
Otteniamo:

(33) Dem g1 Fi(c—m + %, b; ¢; 27)] =
= (1— 2¢, 2m) z2~2»~1 ,F (¢ + %, b; ¢c—m; 2?),

(34) D2 [@ Jy(—m + 3%, b; ¢; a%)]=

(b, m)
(e, m)
(38) Dem [g2e=2  Fy(c—m— %, b; ¢; 2?)] =

=(—1)=22m (—L m)(3%, m) @ Fy(m+ 3%, b + m; e+m; a?),

= (2 —2¢, 2m) o222, F(c—%, b; c— m; @2,

(36) D Fy—m + 1, b; ¢ 02) =

(b, m)
(e, m)

(37) Deam+1 [$2c—1 2F1(0—m—%~, b, ¢; mg)] —

= (—1)»22» (}, m)¥ Iu(m + %, b 4 m; ¢ + m; a?),

=—(1—2¢, 2m + 1)g*2m2 Fi(c + %, b; ¢c— m; a?),
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(38)

(39)

(40)

(41)

(42)

(43)

(44)

(46)

(47)

L. TOSCANO (12]
Dezmt [97 oLi(—m + 3§, b5 ¢; mz)} ==

(b, m)

(e, m)

= (—1)" 22 (L, m)(3%, m) Iim + 3%, b+ m; ¢ + m; a?),

Demt1 [ch—:zE 1(0‘—77’1,——-.1;, b; ¢; ma)] i

=—(2—2¢, 2m +1)a-2m-3,F(c—%, by c—m—1; a2),

Dty Fy(—m + 4, b5 05 #°) =

. (b, m-1) ;
=(—1)m22m (%, m)(3%, m) m 4 2F1(m+ 35,b+m +15¢+m +1;m2)’

D @ Fy(a, by 3%; %)] =

= 22" (a, m)(b, m)x F(a +m, b + m; 31; @),
D= F\(a, b; %‘5 o?) :22771("’; m)(b, m) Fi{a + m, b+ m; ’}12‘5 %),

D41 [, Fy(a, b; 3%; )] = 22n(a, m)(b, m) ,Fyfa +m, b + m; &; o),

Denet Fifa, b5 45 o) =

= 2242 (g, m +1)(b, m + 1)z Fy(a +m +1, b +m +1; 3%; a2),

D [w2et (1 — a2)o-ctm—2% B (m— %, b; ¢; 0%)] =

= (1 — 2¢, 2m) g2e—m=1 (1 — g2)o~o=m=~Y B\ (—m — &, b — m; ¢ — m; x?),

D2m [ (1 — g?)ttm=eia .1 (¢ + m— 3%, b; o5 27)] =

(c—b,m)

(e, m)

=(—1)m22m (—L m)(3%,m) & (1—ag2)r-m=SP 1 (¢— 3%, bie+msa?),
Dem [g2e-2 (1 — ap2)o-ctmty, By(m + %, b5 ¢; @%)] =

= (2 —2¢, 2m) g-2m2 (1 — g2)o—o—mt% P (— m-+%, b—m; ¢ — m; a?),



3]

(48)

(49)

{50)

(51)

{52)

(53)

(54)

13
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D [(1—a?ptn Fife +m—3, b 0 0%)]=

(¢ — b, m}
— 1Ym 22m % m)2
(—1)m 2}, mp

(I —a2)o-m—3t ,Fi(c— 3%, b; ¢ -+ m; 22),
Demtt [g2e- (1 — geyo-ctmtss By (m 4 %, by ¢; @?)]=
=—(1—2¢, 2m +1) gre-tm-2 (1—g2pp-om=% Fy(—m—%, b—m; c—m; a?),

Demtt [ (1 — a2pim=t , Fy(e +m— L, b; ¢; a?)] =

(e—Db,m)

(em)

;(__1)"! 22m (El).’m)(3i1z‘)m)

(1—a2)p-m=Gia 'y (¢— 3%, b6 +m; a2),

Demt1 [w%wz (1 _ a;z)b—c—{-m—i-}/.., 21771(/"2’ "IL %, b; e; w2)] —

—_— (2 — 20’ 2’"’1/ + 1) qpRe—2m—~3 (1 J— w‘.")b—c—m—% .

s (—m—%, b—m—1; c—m—1; 2?),
Demt+1 [(l_mz)b-}-m—y__ oF(e - ,m___%_, b; ¢; xz)]:

(c—b, m-1)
—= (— 1)m 22m (1 1 —
(—1) (5, m) (3%, m) @ m+ 1)

a _ p2)p-m—ts/2) .
oFile—3, by ¢ +m 15 27,

Den [p(1 — a2)etv-ala  Fy(a, b; 3/2; #?)]=

— 92m (__ a + 31 m)(____ b —+ 3]?’ WL) @ (1 _mz)a+b—2m—(3lz) .

<ol —m, b— m; 3%; %),
D [(1 — 22)et=% ,Fy(a, b; §; a%)] =

=2 (—a 4§, m)(—Db + &, m)(L—aF)er-rny.

< JFla—m, b—m; L; x?),
D2t [(1— @)%  Fy(a, b; 3; a?)] =

— Q2m+t2 (___ a -+ %_, m 1)(__ b+ %, m + 1) xz (1 __wZ)a+b—2m-(3/2) .

oFy(@—m; b—m; 3%‘“5 %),



(59)

(60)

(61)
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Denit [.»; (1 — a2)en=cin Fy(a, b; 3%; a9)] =
— 2 (—q - 3L, m)(—b + 31, m)(l — a2)ere-2n=tln .
(e m—1, b—m—1; }; x?),
D2 [(1— a?)» 7y (1, b; §; 2%)]=
= (—1)m22m g1 (— b + &, m) Fy(m -1, by §; 2?),
Dem[(1 — a2)otm=1 Fi(a, a—%; 45 #%)]=

= (—1)m 22 (a, m)(L— a, m)(1— a2)e=n=1,Fyla, a—%; }; o9,

Demtt [(1— a?)m+1 (1, b3 35 a¥)] =

= (—1)m+12emi2 (L 1)1 (—b + %, m 1) &, Fy(m + 2, b; 3L; 2%,

Demit [(1— a?)etm Fi(a, a + %; §; #2)]=
= (—4 1ym12m+2 (g m +1)(—a, m + 1)@ (1 —z2)e-"1-
(e 1,0 + 45 345 @%),
Dem[g (1 — a)otn1,Fy(a, ¢ + %5 3%; #°)] =

= (—1)m 22 (g, m)(L —a, m) @ (L — a2 Fy(a, @ + & 33; 22),

PDamt+l [m 11— gr)etm=1, 1(“, @ — %, 3%; (172)]2

= (—1)m 22 (g, m)(2 — a, m){1 — a2 T (a—1, a—%; §; o?).

Tutte le precedenti formule si possono specializzare per funzioni di KUMMER.
Basta porre @/4/b in luogo di @, osservando che D,y =+/b D., e passare al
limite per b — co. Si ottengono le seguenti formule, solo in parte stabilite
nella Nota [7]:

Dem [t Fy(e—m + %5 ¢ @%)] = (1—2¢, 2m) a*~*=1 Fy(e + &5 ¢— m; o),
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Dam [W1F1("' m —}-3%_; ¢; {I}z)]:

(_ %’y 7”’) (3%’ 7"’)

e (1 Ym Q2m
( ) (¢, m)’

@ Fy(m + 3%; ¢ + m; 2%,

Dam [mzc—z IFI(C — g — JZ; ¢; wz)] —
= (2 —2¢, 2m) 222 F(c—%; ¢— m; x?),

DemyFy(—m + %5 o5 a%) =

1ym 22m (JZ’ m)? 7 4 1. . m2
:("“)-’ mll(ms§7c+m:w)7

Demt+1 [mﬂc—-l 1—Fl(c"’— m — %_7 ¢ mz)] —
=—(1—2¢, 2m 4+ 1) @222 F(c -+ §; ¢— m; x?),

Dt (g Fy(—m + §; ¢; a?)]=

(3, m)(3L, m)
(¢, m)

= (—1)m 22m Fi(m +3%; ¢ +m; a?),

Denit [g2-2 Fylo—m— &; o5 a%)] =
=—(2—2¢, 2m + 1) g2-2m=3 P (c—%; e—m—1; a?),

Deamt+1 11171(__,_m + %_’ G; mz) —

(%, m) (3%, m)

— (__1)m 22m
(e, m -4 1)

@ Fh(m + 345 ¢ +m +1; %),

D[, Fy(a; 315 @?)] =22 (a, m) @ Fy(a +m; 3%; %),

D Ty(a; 4; 02) = 2% (a, m) Fy(a + m; §; 0%,

Dt [ Fy(a; 3%; 0%)] = 22 (4, m) Fyla + m; §; 22,

Demtr Fiy(a; §; 0%) =22+ (¢, m + 1) @ Fi(o +m +1; 335 a%),

Dem g1 == | Fi(m— 3 ¢; #%)]=

= (1—2¢, 2m) g¥-2*»1 "\ Fi(—m—}; c— mj; 2?),
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Dem [me™ Fi(ec + m—3%; ¢; o)) =

_ 9m (:: %, m) (8%, m)

o we ™ Fy(c—3L; ¢ + m; a7,
3

e e Fy(m + %5 ¢; a)]=
= (2 —2¢, 2m) g2 e™™ | F\(—m + &5 c—m; a?),
Dem [ (e +m—1%; ¢; a?)]=

— 92m (%’:’ m)
{c, m)

e JFi(e—%; ¢ + m; %),
Damtl [g2e~1 ¢~ Fi(m -+ §; ¢; #?)]=

=—(1—2¢, 2m 4 1)gte-2n-2 e~ Fy(—m—1%; c—m; a?),

Dt [ e~ Fyfc +m—3%; ¢; @°)]=

am (‘12*: 777’) (3'1‘, Inl’)

(e, m)

-2 e™* Fy(e—3%; ¢ + m; #?),

Demtt [g2e-2 e~ Fi(m + %5 ¢; %)=
=—(2—2¢, 2m 1) g3~ F(—m—%; c—m—1;8%),

Demti [ Fy(c + m—3; ¢; 2%)]=

%, m) (3%, m)

(e, m + 1)

—__9m

e File—%; ¢ +m +1; 27,

D2 [we ™ Fy(a; 3%; #°)]=

=(—1)2%(—a + 3%, m)w e~ Fy(a—m; 3%; x2),
D [e™ Fo(a; §; %)) =

= (—1)m 22 (—a+ 4, m)e™™ Fia—m; §; 2?),
Dewtt[e~ Fy(a; &; o?)]=

= (=122 (—q + L m +1)@e™™ Fia—m; 3%; a°),
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—a? . o op2y]
Dentigpe™® Fi(a; 31; 2?)] =
= (=12 (—q + 3% m)e " Fy(a—m—1; L; a?),

D2m Fy(15 §; »%) =22 m! Fyim + 15 &; a?),

6. — Proseguendo nello stesso piano di ricerca si potrebbero caleolare de-
rivate, rispetto alla variabile #, di funzioni di Gavuss ad argomento #® E ba-
sterebbe applicare le nostre formule su operatori differenziali [5]:

Dim - 33m g2 D;’; p3m—1 D:‘; q3m—1 D;';,

3 1 m m 1
D:m+ == 3smti D;’; p3mtl Dxa 3w+l Dms—r ,

Dim+2 = J3mi2 D;’Z 32 D;’;+1 p3m2 DZ“;”.

La ricerca & stata fatta per funzioni di Kummer nella Nota [7] alla quale
rimandiamo; e lasciamo allo studioso la ricerca pilt generale per funzioni di
GAUSS. ' ‘
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Summary.

In this paper some differential formulas on the hypergeometric functions of Gauss are
established.



