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On a Polynomial of the Form F,. (*%)

1. - We consider a polynomial S,(e, 8, y, @, ), for # a non-negative integer,

defined by

(o

(1) Suley, By vy @, y) = = Fol—n; B, v; @5 @, 9),

where F, is one of the APPELL’s functions, in general, defined as

Tmyn .,

\ , o & (Dmin (B (B')n
F1(“§ﬂ7ﬂ57§way):§§0%%‘)‘(i—

Putting ¥y = and using (cf. [1], p. 239)

ol

Fi(e; B, B'5 v; w, @) = Foer, B+B'; v;5 @),

) becomes

{2) 8oty B, Yy @y X) = “g‘!“zFﬂ"‘ ", /3+7§ o5 %) .
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From the definition (1) we find below the generating function.

We have
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z ( Salees By 7, @, Y)i» =
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— i (_Qf z (“‘”)ﬂ+q (B)s (¥)q P (;‘)n+ﬁ+q(/9)zz (7)o
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(*) Indirizzo: Department of Mathematics, I.I.T., New Delhi, India.
(**) Ricevuto: 12-VI-1967.
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Thus we arrive at the generating function

S (A —t —yt
(3) ZT- w( By v, @, J’)t"—(1~t)";I’<Z7 By v; % T Tﬁ)

Dividing ¢ by 4 and taking A — oo, it follows from (3)

@

tn
(4) z . Suley, By vy @y Y)=e€tu(f, y; o0; — @ty — Y1),

n=0

where

- < n I)n
ealBy B's s @ 9) = 2 2 M——-mmq",

et o M (V)i

while for A = « (3) becomes

B) 3 8uey By vy m Yt = @) (A=t )P (1t y 1)

n=0

2. - Special properties.

We rewrite (4) as

@By y; 5 — 28, "’"Jt)““etz "’“Sl (¢ By vy @ )

or
> 3 (Bar (¥)s et (g 1V — I)n¥
2.2 e St OIS 33 G, S B e
from Whi@h we get
n! (zx),, 2 1)*
(6) 2F1(‘f"”’: Vs 1—pB—mn; ylz) = B kg n——k)' (@ 8oty /97 Vs @ Y) -

Using (6) we prove:

@ (— 1) (2)
() ToulA; B, y; p; uw, wy) =2( F @,

k=0 ( )I

We By (A Ry o s Ty w) S (e, By @ ).
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We have: -
Fy(l; By 5 u; ww, uy) =

Mnte )

n=0 r=g0 nlr! (‘u)n+r

) (v y) =

< A')" )71
Zﬂ 7 (5' a® JJH(—n, y; 1—p—mn; ylz) =
(— 1%

amo (W e m&(a, By v, ®, ) =

< ("‘ 1 k (‘x)n-Hc <]‘)n+1

=353

n=0 k=0 ! () (ﬂ)n-H

wrE Sk(“, B, Vs By Y) =

S (= 1) (i)

= we By (A+Fy otk p+k; u) Sule, By v, @ ¥),
=0 (.u)l.: .

which completes the proof of (7).
For y =0, (7) reduces to

L2y B; ps wa) =

8
®) S (= 1)F (A (o)

T e i,

uk B4+ Fy o + k5 p ks ) JFy(—mn, B; «; @).

Next, let us consider an elementary identity
(L —p)ftf trtvi—a—al (] g Logg) P 0 (1 —t fy )" =
=(1— )ty (1—fap) P (1—t+yt) (1 — )8+~ (1 —t 4at) =P (1 —t +y8) =7,

With the help of (5) it may be expressed as
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n=0 n=0 k=0

from which we get

(9) Sule + “,7 ﬁ -+ ISI, y -+ 7,7 Ty Y) = 2 Sk(“s By, ) Sn—k(“ly ﬂl7 '}”7 &z, ?/)-

k=0
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3. - More generating functions.

Consider the series

Stk
z z( k )S"“'(“’ By vy ® y)ir ok =

=2 Buley By vy @ y) (¢t + o) =

n=0

— (1_t)ﬂ+7—-cx [1 + (x— 1) + ’U)]_-ls [1 +y—1) + 'U)]_y:
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' @ v |8 Y v |7
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from which it follows that

> [n 4+ k
z / + )Sn+k(°" By v, @ y)ir =

fopndl I

(10)

. o f\BFy—a—k - —B(1__. - m Y
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By means of (10), we prove the bilinear generating function

Ms
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(A1) 1 = @) +prr—e (1 — g fat) P (L — ¢ - y0)™" (L —¢ + 25)

x2t yet ‘)
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Starting with the L. H. S. of (11) we have

> F(—n, A; o5 2) Saley, By p, @ y) 7 =

n=0

> Z(”)L(——-z) Saley By py @, Y) 17 =

b Z),. & (n+k
=3 5

=0

)S’H"k(“y By vy ®, y)ir =

=@ —gftre —t L)y Pl —t 4-yt)T-

() @ v\ (=#
z ()L k(ay By ¥s 1—1 4+ at’ 1_t+yt><1—t) ’

k==0

which on using (3) yields (11).
For y =0, (11) reduces to

& (o),
Z il Ial—n, B3 oy @) Fi(—m, ; a; 2) " =

a0 7!

(12)

(1 __pAFB—a 1 —B1 -2 L. zzt
=1—1) (I—t+at)y P (1 —t4=1) 2F1<Z’ﬂ’“’(1——t+a;t)(1—t+zt)>'

(12) is due to WmISNER [2].

4. - Integral representation.

Now we shall find integral representation for the product

Suley, By vy ® @) Suledy B, ¥'s Y, ¥).
By (2) we have
Suley By vy @, ) 8ulet!, fy Yy Y, ¥) =

() ('), ) .y
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J— b ' 1 »n .
Pat+mIe +m 3 3 o T s =T T T i w3
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. (= DFF (B 4 ) (B + ') @ y°
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It is known [3]

:1/2
Ip +v +1) Zuty —0)0i v
(13) r(u+1)1’(w+1):—nf6m " cost 0 0 (tv>=1,
—-n/Z
so that

Suley, By vy @, ®) Suled!, By vy, y) =

7 / ¢
N Qutaltmtn—2 g o m) I'(e + ) [ ga—al) 0i+ (m-Fmpi
2 e + o' —1) /

—nf2 a2

(= 1 (B + 90 (B + s

wtsmin K1t m + 0 —k—s8)! (¢ + o — 1)pys

“cos* ' 20 gogming
[ €977 cosf secp]: [y e~ 0" cosh secp]’ dO do.
Therefore, we arrive at

Suley, By v, ®, ) Sule, By vy, y) =

72 wf2

atal - ., r
(14) :2 Feldmtbn-2 Py tm) I'e! +n) pfa—anbi +(m—mpi cosete’ =20 P——
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—aja —7[2

S manle o’ —1, By, B +y ,we® P cosh secp, ye~ P! cos O secp)dfde.
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