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U.C Jaixv (%

On a Chain of Generalized La place Transform

Involving the H-Function. (*%)

1. - Introduction.

‘We write
f(p) = ) P
when
(1.1) fp) =p [ ¢ h(a) dz
1]

and

p(p) P h(z) ,
when
(1.2) @(p) = p [ (p2)™"% ¢4 W, (pw) Mz) da .

0

(1.2) is a generalization of (1.1) as given by MaIxra ([5], p. 24) and reduces
to (L.1) when n =% =—17 on account of the well-known identity

Wl/é —r,r(m) = ¢ he w%-r .
In (1.1) f(p) is called the image of h(x), which is known as the original.
(*) Indirizzo: Department of Mathematics, University of Udaipur (M. B. College),

Udaipur (Rajasthan), India.
(**) Ricevuto: 10-VI-1966.
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In this Note first we generalize two results of these proceedings ([7], p. 288;
[6], p. 285), by establishing a theorem concerning MAINRA transform. Later
on this theorem is utilized in obtaining a chain of relations for MATNRA trans-
form. The chain obtained by us is also quite general and includes as its partic-
ular case a similar chain given recently by Varma ([8], p. 287).

The following abbreviations will be used:

(@ +£b, ¢) =(a +0, ¢), (a—0, c); {(a’pi “m)} = (Ary )y eeny (@p, o).

2. + The H-function.

The H-function intloduced by Fox ([2], p. 408) will be represented and

defined as by Gurra ([3], p. 2) in the following manner:
¢ H’""[ @y, o)y ees (@, @)
e 015 Bi)s s (b, Bo)

(2-1) ] II I, — B; & H Il —a; + ;&)

20 015, 46,8  IIa,— o8

m-+1 n-+1

where x is not equal to zero and an empty product is interpreted as unity;
P, ¢, m, % ave integers satisfying Il <m < ¢, 0<n<p; o (=1,...,9), B;(j =
=1, ..., g) are positive numbers and «;(§j =1, ..., »), b; (j _1, .oy ) are
complex numbers such that no pole of I'(b,—p, & (R =1, ..., m) coinec-
ides with any pole of I'(1 —a; + o; &) (1 =1, ..., n) i.e.

(2.2) oy (by + v) == (“i—"?"*l) ﬂh;

ot

(9 =0,1, ...; k=1, ., ,m; <=1,.. n0).
Further the contour L runs from o—14 co t0 -4 oo such that the points:

(2.3) & =(br +v)/p (h=1, .., m;»=0,1, ...)
which are poles of I'(b, — f, &), lie to the right and the points:
(2.4) £ = (a;—n—1))a, (1 =1, .., m;3 =0, 1, ...)

which are poles of I'(1 —a; + o; &), lie to the left of L. Such a contour is pos-
sible on account of (2.2).
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8. - Theorem 1. If,

w

13 [

3.1) P <P(P ) m h((l?),

W
(3.2) 1(p) 5" P(@)
and

W .
(3.3) g(p) i f(),
then
(8.4) g(p) =op”™ "o

_ . -
o (7]:|:'r,o'),<aiy—}—c——a———,l),(l—l—c—ﬁ——l—;,l)
[s2

dx

5,4

h(z) 24 1
i x px® l 1
1] 1—}—0——-5:&:#-—‘,1,(05—}-/3—}—0*-0/-‘-~,1,(’)]+70,0‘)
c 7]

provided that R(p) >0, 6 >0, Rla—a 4y +pu—0 +2] >0, R[1—1—zy+
+r+o (1 +edp—0)]>0andthe Mainra transform of | h(z)|, | 2° p(x) |
and | o f(x) | ewist.

Proof. In a recent paper [4] I have shown that if

'

P o) —a— ()

s k, 7
and
W ¢
f(p) 5 4 & ¢ p(w),
then
— , B
l——-o wh(a,) (77 + 7, O’),(l +c——6_1~;’1>
3.5) f(p)=0p° f?ﬂgiz pa=e| ‘l .
0 (1—!—0——5:{:#—-—,1)(77_{_76’6)
g

provided that R(p) >0, ¢>0, R1—Il—n+7r-+o- A+ecdu—3] >0
and the MAINRA transform of | 4°p(z)| and | k(z) | exist.
Substituting the value of f(») from (3.5) in (3.3) and inverting the order of

10
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integration, we get:

mh(t) 2 —l = imae
9(p) = o [Tp f(p @) Wy (P @)
; g ~
(3.6) _

[

(77i7‘,0),(l +c_5—.,1__l,1)

de dt.

4
+==¢ 7y —
Wt HY wiTe

7
(l +c"‘61{:/""_’1>’ (77+ ]‘7’ o)
(o2

In order to justify the inversion of the order of integration in (3.6), we
observe that a-integral is absolutely convergent when R{p) >0, ¢ >0 and
R(@—o 4y 4+ u— 06 - 2) >0, the t-integral is absolutely convergent if the
MAINRA transform of |°q(»)| exist, and the repeated integral is absolutely
convergent if MAINRA transform of | #* f(z) | exist. Hence the change of order
of integration in (3.6) is justified by DE rA VALLEE Poussin’s theorem ([1],
p. 504).

Now evaluating the inner integral in (3.6) with the help of the result ([3],
p. 13),

—p1 N VAP ’ {(a s G )}J
s -~ Vs Paiiiaad (8@ wl H™" |5 00 D D do =
Jea) wripr® 9 &G 0> B}
(3.7) g °
== g m”’;+_2i_1 289 =1+ 0, {(ay, “11)}}
P+hq

{(bq .Bq)}’ n—1-+k o)

. by
provided that R(s) >0, ¢ >0, R(Z-—n +7r +1+4 ¢g-min ﬂ—’) >0 (h=1, ..., m),
h

»

A= z“i (o5) — 25 (ot5) + f:a' (Bs) — 25 (B;) >0

n+1 1 mt

and |arg z| <} A=, we arrive at the result.

Particular cases:

4

. I S S
1) On putting g =5 l:l—~ﬁo+37, ¢c=0, n=—7r, O0=—4u,

o=-— v and replacing k by k—3%, 2 by 2—3% and § by f— % in the above
theorem, we arrive at a result obtained earlier by SaxmENA ([7], p. 288).
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2) Againif wetakenp =k =—7r, ¢ =0, d =—py, a =—yp,l =1l—p-+o

and replace A by A— % and f by f— %, we arrive at a result due to NARAIN
([6], p. 285).

4. — Theorem 2. If

' 1 o TV
(4.1) PP ) = ),
W c
(4.2) f(p) S @(@),
w
4. ;,, —_— ™ x
(4.3) «(P) P o™ f(),
W
4.4 Ao(P) — 2 L(1/zx
( ) _(p)“zy ﬁz: 7’2w 1(/)’
w 4
(4.5) Ao(P) i As(1/m)
W a
(4.6) An(P) P I An-1(1/m) ,
then
(4.7) An(p) = o p*~*n.
- ) -
z 2n--3,n--8 pwc 1 ’
0 (l’nl" c— (Sj_—_,u - ; s 1>’ {(“n+ﬁn+A - -Am 1)}’ ("7+k’ a)

A i
where A = e, A; =Y a; (i=:1,..., n); R(p) >0, ¢ >0, R[1—1—75 4
1

+rt+o-QA+etpu—08]>6 RA;—a; y: Fpu+2—08) >0 (i=1,..., n)
and the Mainra transform of | M) |, |#° (@) |, [#™f@)| and |2 4a(1/z)]
(j ==2, ..., n) ewist.

Proof. Substituting the value.of 4,(1/#) from (3.4) in (4.4), interchanging
the order of integration and evaluating the later integral with the help of (3.7),
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we obtain

(4.8) Ao(p)= o p*T %

1 -
~ (77:{:7" a), {(a2i7’2+A—A2, 1)}, 1—]—0——6-——;v—~~—,1
_fh(a;) o] 1 po 1
14

@ 7,5 P %

’ I
o (1—*—0'—-6:}:,&—;, 1): {(“2'{_.82_*‘11”—‘42’ ])}5 (7)-{—7{),0’)

The change of order of integration here can be shown to be justified as given
in the proof of Theorem 1.

Repeating this process successively with the correspondences (4.5), ...,
we arrive at the result stated above.

A particular case. On taking I =0, ¢=0, a,=p—2, 5 =14,
d=A=—py, o=1, oy =pf=—yp, and o; =f; (j=2,...,n), we get a
known result given recentlv by VARMA ([8], p. 287).

The author is thankful to Dr. K. C.. Gupra for his kind help and auldance
in the preparation of this paper. Grateful thanks are also due to Dr. S. P. Kavu-
sHIK and Director Bamv SEN for encouragement and facilities provided by
them.
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