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A Theorem on the Absolute Norlund Summability

**)

of a Fourier Series. (

1.1. — Definitions. Let 3 a, be a given infinite series and {s.} the
sequence of its partial sums. Let {p,,} be a sequence of constants real or com-
plex, and let us write

Pn2?0+p1+---+2?n, Poy=p,=0.

The sequence-to-sequence transformation:

(1.11) tn = D Dnoy8,/Pn =2 P,0,_,/Pn (P, 0),

=0 p==0

defines the sequence {t,} of NORLUND means (*) of the sequence {s+}, generat-
ed by the sequence of coefficients {pn} The series > a, is said to be summable
(N, p,) to the sum s if lim ¢, exists and is equal to s, and is said to be absolut-
> O

ely summable (N, p,), or summable | N, p, |, if the sequence {t,} is of bounded
variation, that is, 3 |#,— tae |< 00, or symbolically, {¢,}€ BV.

In the special case in which p, =1/(n + 1), this method of summability
is called harmonic summability (*).

(*) Indirizzo: Department of Mathematics, University of Allahabad, Allahabad,
India.

(**) Ricevuto: 11-V-1965.

{(*) NorLUND [8]. Substantially the same definition is also due to WOROXNOI; see
WoRroNoI [7], which is the English translation by Prof. J. D. TAMARKIN of the original
paper of Woroxo1l: Proe. 11th Congress of Russian Naturalists and Scientists, St.
Petersburg (1902), pp. 60-61.

(3) Rimsz [4].
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1.2. - Let f(t) be a periodic function with period 27 and integrable in the
LEBESGUE sense over (—wm, m). We assume without any loss of generality,
that the constant term in the FoURIER series of f(¢) is zero, 50 that

(1.2.1) f}a)dt==o
and
(1.2.2.) (@) ~ }j (@ cOSBE + by, sinnt) = > A1) .

We use the notations:
D) = flw + 1) + flw—1t) — 2f(x)

alt) =3 p, coskt, B() == 3 p. sinkt,

k=0 k=0

e, = f D(t) e(t) cosnt dt , P = f D(t) p(t) sinnt @z ,
0 0
w(0) = the modulus of continuity of f(z) (3),
w;(0)==the modulus of continuity of @(t),
T =[1/t], that is the greatest integer contained in 1/,

Pu/n] = P(1/n),

K is a positive constant, not necessarily the same at each occurrence.
By F(t) e BV(h, k) we mean that F(f) is a function of bounded variation
over (h, k).

1.3. — With regard to the absolute harmonic summability of FOURIER
series at a point, VARSENEY proved the following theorem.

(*) Let f(#) be a function defined for a< « < b; let w(d) = Max | f(z,) — f(z,) | for
all ,, x, belonging to (a, b) and such that | #, — 2, | < 6. The function w(J) is called
-the modulus of continuily of f(x).
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Theorem A (Y. If fz)e BV(0, 2z) and satisfies the condition

| flw + h) —fl@) | < Klog™7°(1/h) (>0, 0 << 2n),

then the FOURIER series of f(t), at ¢ =, is absolutely harmonic summable.

This theorem has been generalised by SHAH in the following form.

Theorem B (%).

If f(#) € BV(0, 271) and is also continuous over (0, 27),
and the series

2,01 1
5o
—n N

is convergent, then the FoURIER series of f(t), at ¢ = #, is absolutely harmonic
summable.

In the present paper we establish the following more general theorem :

Theorem. If f({)eBV(0, 2x),

(i) w(,—ll—)z o(1) as - oo,

and
. *® 1 1
(i1) 21 - w(—) < o0,

then the Fourier series of f(t), at t= m, is summable | N, p, |, when the gener-
ating sequence {p,} satisfies the conditions

(iii) %ioc(t + A) = 0@/ for 0 < A< mf2 and 0 <it<wm,

(iv) {pa} is a positive monotonic mnon-increasing sequence such that
{4p.} is also non-increasing,

(v) >1/Px <K,
n=1

(%) VARSHNEY [6].
(%) Smam [5].
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and
s v
(vi) f}?z(l/t) dt = O(P*(1/0)-8)  for 0<< < m.
o
2.1, - We require the following lemmas for the proof of our theorem.

Lemma 1. We have
|Dt) | <2 (), w:(t) < 4 oft) .

The proof is easy. ;
Lemma 2 (°). If {p,} is non-negative and non-increasing, then for
0<a<b<oo, 0t m, and any n, we have

5 K P(1/t)
l 2 pk ei(ﬂ—k)f [ < .
f=a K p,lt for a > [t1].

Lemma 3 (). If {p,,} 8 non-negative and wnon-increasing, then

(ot Py + oo + P,) pafPu < P(LJ1),

1
for <.

Lemma 4. If P, oo as n— oo, then

zpn/(—Pn-Pn—l) = l/-Pm .
n==m 1

The proof is easy, since p, = P,— P,, and P, —> oo a8 1 —> co.

Lemma 5. If fl”(l/t) dt = O(P2(1/6)-8), then
jP(l/t) dt = O(P(1/8)-0) .

() McFappEN [1], Lemma (5.11).
() McFADDEN [1], Lemma (5.12).
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Proof. By ScEWARZ’s inequality we have

S
fP(l/t) ar<{ [ arj*{ f Pr(1ft) dt}*
< K 6% P(1/8) 6%

< K 8 P(1/5).

Lemma 6. If 3 ~aw(l/n)< oo, then
o

1
18

1

Proof. We have

P 2"z
1 dt 1
") — ay | & 1 .
olnf2e) =z o) [ T <o f (Lt) (1)
an=1fy an—=1fn
Therefore
2"z
So@Epn< L3 f A/t) o(1/f) dt
n log 2 ;&
an—1/yp ’
(2.1.1) < Kf @A/t) w(@/t) dt.

2fn

1
Again we have already 2; w(l/n) < co. Now

Therefore

105
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Thus

[ } ol < K.

1
Hence by (2.1.1) the result follows.

© 1 )
Lemma 7. If Y1/Px<K and 2 - o(l/n) < oo, then
ELECS 8 o

3 {0 @/2")}/Pr< K .

nesl

Proof. By ScEWARZ’S inequality and the result of Lemma 6, we get
-3 1 <« w
> X W (m[27) <{ > l/P:u}%{ > w(:n:/Z")}yz < K.
Ne=] n=1 =1

1
Lemma 8, If Z‘; w(l/n) < oo, then

(i) lim {e(1/z) log #} =0,
a—>
ant+lfy
: ® 1 1 -
(i) S 5 5 fwz(l/t) @Y < oo,
1 1/z

whenever > 1/Ph < oo .

n=1

Proof. The result (i) is due to SHAH (8).
We have, for a fixed n, (sufficiently large),

antlly af+lfn
[@*1/t) at = 0@1) + [ or1ft) dt
i/n Ty
on+lfny
di
= 0(1 K
m+x [
on
=0Q1) + K L

(®) SEa®E [5], Lemma 1 (i).
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Thus to establish (ii), it is enough to prove that

= 1 1 © 1 1 2n
2R 2o <

Now

“n Pyn n Y
- 1
by the hypothesis that > B <K.
1 Lan

Lemma 9. If {pn} is positive, monotonic non-increasing, then for all
positive integers n, we have

Pu[Ppm—1 < K.
Proof. We have
Pou/Pypn—1 = (Pyn—1 + Pgn—1yq + oo+ Pou)[Pon—
<1 + 271 pou—i1/Pyn—1 (since p, is monotonie non-increasing)
<1 + Ppu—1/Pyp-1<2,

since 7 P, < P,.

2.2, — Proof of the Theorem. From (1.1.1) we have

"1 [Py Py
tn - tn—l = z (E - Pn—-).) Qe

k=0

1 m-1

P,n.P Z(—Pnpk'_‘pnpk) Ay -

Alp—g
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For the FourIER series of f(t), at ¢ = u,

Gy, == A, (@) = .i./(f)(t) cos(n— k)t dt ,

0

go that

tn— n-—l = = /-@(t) { ! ni (Pn Pr— Dn -PL) COS(’)Z —— lc)t } dt

-Pn——l k=0

Joma ) - ke=n k=0

1 ‘1 N © o n-3
=P P f@(t) {( 2Pip— 3 Pupi— 3 pa Pk) cos(n — k)t} di .

Thus ;

7| by — "‘1I\P,,_1 ’/@(t)(zpk cos(n— k) ) di f

J==Q

1/n

+f,}— U(D(t)(gpk cos(n— k)t ) de ;

1/n

I / o) ( S P, cos( n—ic)t) ar ]

k=0

+

— , / (1 ( > pr cos(n— k)t + 5 EPk cos(n — W) di [

= Ty(m) + Ty(n) + Tun) + T,(n),  say.

Now, in order to prove our theorem Wé show that

n=1

T(n)<K (¢ =1, 2, 3, 4).
] H ’
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[91
“Applying Lemma 2, we have

1/n

ET2(7L)<2P_1 / | D(t) H zpkeos (n—k)t|dt
n=1 n=1 ;
i/n
® 1
<EY 7 / o(?) P(Ljt) d

1/n

K :21?‘1:} w(1/n) f P dt

<K i w(l/n) Puf(n Poy) (by Lemma 5) |

fi==]

<K z w(lfn) <

by virtue of the hypothesis (ii).
Also by Lemma 3, we get

1/n

[ n—1
2 Iym =3 5 L [cb 1) P, cos(n— k)t dt
n=1 k=0
ifn
© 1 Pyt Pyt t Py,
i . 100
2P o flow]a
1/n
<K o(t) POLJ0) dt <
Zr o0z

proceeding as in the proof of > Tyn)< K

n==1

109
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Applying Arer’s transformation we get (9)

@

> prcos(n—k)t =% p, + > Ap

k=0

sin(n — k4-3)¢
2 sin(t/2)

k=n

and

< n ! sinte—k 44t 1

kz=0 Py cos(n— k)t :kgopk W -5 Poes.
Therefore

R " |
T4(n)<_ﬁ;:; m Lg,,Apk sin(n—k-+4)t dt
i/n
Pa . o) nzl . e I
+ -Pn Pn*-"l 2 Sin(t/?,) kgo pk Sln(’ﬂ/ 7“ + %)t dt

i/n

[n &(t) at l

i/n

1 p, P,y
+ 5 -Pn—l <1 - P” )
= Tyu(n) + Ty(n) + Tin), say.

By virtue of Liemma 2, since here we have n > 1,

b4

Apn fewy| ., ,
T <K 52 [ g @ (v Avers lemma)

1/n

n
Ap,
~2 di
7. [ w(t) ¢

1in

<K

Adp,
e / w(L/t) dt .

ifn

=K

(°) McFappEN [1).
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Therefore

g Tuln) < K z Pp" ( +;§:1 w(%))

n=y " A1

it Ap,
<7,
0 pey n=1 k=1
<. dp,

<K +sz(1/k )Y 5

nefe n—l

o 1 o0
<K —}—cho(l/k)P IZApn
k=1 S a=k

- ; Pr
< 1/%
<K -+ Kkglw( /%) Py

hid ]-Pl—l
<K + KDY ol/k
o~ + kzl /)]“‘Pll

(since p; is monotonic non-increasing and therefore % P <

k pi <

N © 1 1

< K 4 Kk=1 70 %><K,

by virtue of the hypothesis (ii).
Now we proceed to consider > Ty(n).
Py 3 (t) 3 . 1
T(n) < 7.7 | Sn | }go psin(n—k + 3)¢| &

l.n

<K f o Pj)dt  (by Lemma 2)
Pn_l

1in

—g_ P ! 1
=5 w(t> P() - a

ifn

1 1
<KP Pn—1{K+ 2w ()Pkﬂ—kj}-

k=1

-Pk*l)

111
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{12]

Therefore

< & Pa o Pn 3 1 1
> Ty(n) < K + K > : > w(—)P. -
Ny * ( ) = n:an Pn—-l n=1Pn Pn_1k=1 k s ke i

) n © ] 1 ) .
<> - L1 KS %“’(‘)P L
n= 1

1 Pn Pn—-l k= k i n=kan Pn—l
1 1\ P,
<E+E3- w<70> P’“ (by Lemma 4)
=1 -1

by virtue of the hypothesis (ii).

Next,
T Ly A= ﬂn@ d
wn) =520 45— | [ @0 a1 |
ijn
1 1\ 1
1n
1 no ] 1
<Ep.d (Pn.) {K + 2,5 “’(75)}‘
Therefore

n=1

Ll o 1 2, 1 > V1
3 rym<x 3 7, A(PM) +ES p. A(P";)% “’(72) :

X 1 * 1
<nip 3 5] +En S 4 J<x,

n==] -P n-1

by Lemma 4 and hypothesis (ii) of the theorem.
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Now we notice that

k2
0

Ty(n) = 5 o0 ) 3 pe cos(n— k)t at

n—i o“ k=0
/ @(t){ > P coski cosmt -+ i Py, sinkd sinnt}dti

n~1 ke L=
/(D (t) a(t) cosnt dt‘ + m—i [ D(t) f(t) sinng dtl

n—~1

2.2.1) _ el 418l
2, —

And, by Lemma 2,

forwa< [Papu<k,

0

by virtue of the hypothesis (vi). Thus, since @(¢) is bounded, «, and §, are the
Fourier coefficients of an even and odd funection belonging to L2 The Fou-
RIER series of O + h) «(t + h) —D(E—h) x(t— D) is

=]

—= > o, sinnh sinng.
=

Applying PARSEVAL’S relation, we get (*)

> ol sinteh < K f{@(t +h) ot + h) —D(E—h) aft —h)}> ds -
n=1 0

<K ﬂﬁ(t + W) {P¢ + h) — Pt —h)}* dt

0

+ K f@(t_- 1) {aft + h)—alt— R} at

= dJy(h) + Jy(h), say.

(*y Cf. McFappex [1], p. 196.
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If @, @ lie in (0,27), then by definition |f(») — f(@)]| < w(l/n) for
|, — @, | <1/n. But, by virtue of hypothesis (i), we have, for sufficiently
large n, w(1/n) << ¢, anarbitrarily small number, and therefore | f(z;) — f(@.) [<e.
Thus f(z) is continuous in (0, 2x).

Now, since f(t) is continuous and of bounded variation it follows that @(t)
is also continuous and of bounded variation. Let V be the total variation of
@(t) over (0, 257). We start from the inequality

kzi{oc(t + %[)F{@(t —{—k-;) u@(t - —1) :;;)}

<KP2(1/t):§l{ (D(t -+ kl%) —~Q5(t 4 (B—1) '1?7) ]rz

(by virtue of Lemma 2),

2N

<K Pz(l/t)col( %‘) >

E=1

@(t +k§) —-@(t 4 (h—1) g)l

< K P(1}1) w1< §>V (by Lemma 1)

both sides of which we integrate over (0, 2:7), or what is the same thing, over
(—m, 7). Now, on account of the periodicity (period 27) and evenness of the
integrands on the 1.h.s. and the evenness of the integrands on the r.h.s., we get

2Nof{a<t + %)} {@(t + 2-%)-@(7:—5%> }Zdt

14

<K w(g,) ./Pz(l/t) dt <Kw< g),

0

by virtue of the hypothesis (vi).
Hence, for h =m/(2N),

Jy(h) = Ju(m/(2N)) < (E/N) w (/).
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Next, we proceed to consider J,(h). We have
To(h) = I [ @t — 1) {alt + 1) — st — 1)}
0
1 h
< K f @ t) a2t + 2Ry dt +~ K j Dt) o2(t) dt
—-n —h
+ K [030) {oft + 20) — )}
R
= dJu(l) + Ju(l) + Ju(h), say.
Considering these integrals separately, we have
3
Juh) < K f D2(t) a2t -+ 2h) dt
0
h
< K (k) f aX(t + 2h) dt,
]
3h

< K w?(h) fPZ(l/t) dt (by Lemma 2)
A

< K w*h) P>1/R) h,

by the hypothesis (vi).
Also,

Jo(h) = K fh@z(t) a®(t) dt
=K j ’;52(7:) o2(t) dt
< K w¥h) fth(l/t) dt (by Lemma 2),

< K w*h) P*(1/h) h,

by the hypothesis (vi).
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Next, by an application of the mean value theorem,

Jo(h) = K fn(.ﬁz(t) {alt + 20) — ()} &

< K he f@z(t) {o'(t + 2060)}> at 0<b<1)

h
<K hef ) 5 at
h

<by hypothesis (iii), since 0 << 20k <C g),

1/h
h? f w(1/t) dt

1z

Thus, taking, as before, h ==/(2N), we obtain

: 2N[x
@ 1 7 1 7 1 1 }
st < f3) + 2o 5) 215 o) o
2, % sl N))\K{N“’ v T\ T Pyl @7 dtj
ifn
Putting ¥ = 2*, we have
' ©
Sk < Zoc sin?(nm/2" ) <2 ¥ o sin®(ng/2” 1)
PETIAR NRT n=2v~141 a=1
2’+llnr
sol5) +o{z) + 2 for o
<Eizolg)+gel ) Pr + 5 [or;
ifn

Also, we have

1
< 2=
z Pz o KP21/—-1

n—1
n=2¥"143
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Therefore, by ScEWARz’s and MINKOWSKI’S inequalities,

av l & | o¥ 1/2 av 1 Jie
z Py < { z l o lz} }g}
3 =2 1

n=2¥ =141 =e¥—1lig

2v+11,.,

1 7T 1 7 1 1 2] oz
1/a{ T . = _ Z
<K{2wa @ (2v> + 9vf2 w(Zv) Py + 2v{ /w2<t>dt} ] Pyr—1

il

2 t+1m

1 = ] 1 g1 1f2
<K[P2vw1/(§;> +w(2_v>+2v/21?2v{ f“”(t’)dt} } '

Yn

by virtue of Lemma 9. Hence

2v+1lﬂ
oty |

ksd wll 2(mf2¥ e
2 n—~1

7 -3 1 1/2
— RO, 2
x +1Zl w( 2v> + vzl ST, {/ w(1/t) dt} }< K,

ifn

-
Nk

by virtue of Lemmas 6, 7 and 8 (ii).
Similarly, we can demonstrate that

and therefore, from (2.2.1),

> Tin) <K.
2
This completes the proof of our theorem.

My warmest thanks are due to Dr. T. PaTI, of the University of Jabalpur,
for his interest and advice during the preparation of this paper.
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