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Infinite Integrals Involving G-functions. (*%)

§ 1.

Generalisations of the classical LAPLACE transform
(1.1) p(s) = s f e-st f(1) dt, Res >0,
0

have been given by various mathematicians. Some of them are as follows:

(i) The generalisation due to MEIJER [8] is
(1.2) p(s) = /2/m [ 4/st Kulst) f(2) At .
[{]
(ii) The MEIJER transform [9] is

1.9) g(s) = s [ =5 ()™= % W,.,,, (s1) f(t) .

(iii) The generalisation due to Boas [2] is

o

(1.4) ) = [ g6s, 70z,

1]

(*) Indirizzo: Department of Mathematics, University of Windsor, Windsor, On-
tario, Canada.
(**) This is a part of my Ph. D. Thesis, submitted at Banaras in March 1963. I wish
to thank Prof. Br1s MomaN, who was my supervisor and suggested this research. — Ri-
cevuto: 8-X1-1965.
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where g(s, ) in some sense is «nearly » e=¢t.

(iv) The WmITTAKER transform due to VArmMA [11] is

(1.5) P(s) =s f("éf)“”'x W, m(st) f(2) At .

[}
(v) The generalisation due to VARMA [12] is

(1.6) @P(s) == 8 f ()™ eT RSt W L (st) f(8) dF .

(vi) The generalisation due to BHISE [1] is
g
P1 ‘i‘ G1: Do + Qo s oees Zm i~ qm
1.7 $ G {st/ } b dt .
@7 7 = / 2 Prs Do Dy O 1o

[

(vii) Recently Maixra [6] introduced another generalisation in the
form

(1.8) @(s) =s fc B (s1) TR Wpy, W (80) 1(2) A2,

called the generalised MEIJER-LAPLACE transform and is denoted symbolically
by

(1.9) ps; k-3, 4, m) = W[ft); £+ %, 4, m],
where @(s; &k + %, 4, m) =¢@(s), while (1.1) is denoted symbolically by

(1.10) @(s) == 1(2) -

Tt is evident that (1.8) reduces to (1.3) if A =% and to (1.6) when
A =—m. Turther, when A =k =—m, (1.8) reduces to (1.1), due to the

identity .

Yz
.

me W}-{,_m,m(z) =6
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We shall call ¢(s; & + %, 4, m) the image of f(f) or the generalised
MEJER-LAPLACE transform of f(f), and f(?) shall be called the original of
o k+4%, 4, m).

In this paper we have obtained & theorem for this transform and have ap-
plied this in evaluating a few infinite integrals. Most of the integrals evaluated
involve MEIJER’s G-function. The importance of the results obtained lies due
to the fact that a great many of the special functions, appearing in applied
mathematics, are particular cases of G-function, and so the results obtained
are quite general. From these a number of results can be deduced for BESSEL,
LEGENDRE, LAGUERRE, WHITTAKER functions, their combinations and other
related functions as particular cases.

§ 2.
Theorem I. If
(2.1) WIfe); & +%, 4 m] = o)
and
(2.2) WL/ @1f0); & + %, 2, m] = g(s),
then

Qk—A+1
— s
Ve

(2.3) Wife); b+ %, 2, m] = s (B2) + %, A2, m/2),

provided Re s > s, >0 and the generalised Meijer-Laplace transform of
[ | and | f(t2)] ewist.

Proof. From (1.8), we have

-]
P(s) = s f eT S () AR W, (sw) f(w) A
0
Therefore ,

QL) = (Lft) [ ™% @ty "% W,y (@) fla) do
[}

and

@

1 Lo i —hY
= P = o | e @y Wy @]t fl) d

L
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w0

" i 1
gls) = s [ 7B (st) TR W, L (s0) o7 P a

0

[+3

=8 / e (s) AR WL, L (st) dt

0

=

— 4o »/'84/2 (g g) P Wt rom (2/0) {() dev.

[

Changing the order of integration, which is justifiable, we get
gls) == s [ (s)™*7% f(@) [[ 17302 e TR Wy (80) Wy, w(2/t) A1) Ao
0 o

valuating the integral with the help of a known formula [5], namely

o«

01 px v P ,
f.% texp [5 (O—‘ - E)] kau(w/oz) W, (Blx) de =
(4
1—k 1~4A—¢
= ge @0 [E/ ’ ,
ﬁ 2’4“ %"‘]_.u’ Jg"—”’ '}2“9_’_1” %"‘Q"‘V}
where Reg >0 and Ref >0, we get
: t—Fk 1—%
- ) AR Y 40 2 »
4(s) 8.,/ (s2) oG [sw Y4om f—m 1 +m, 1~ m} flw) d,
0

provided Res>0 and Rez>0. On writing s?/4 for s and 2® for
we get

s2? [~k F—k

gls2/d) == ‘S—; f (sa/2)%1 (sz) Gj;:[ J fla?) da .

4 i, —m, ¥4+ m, L-—m
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By a known relation [4], namely

hde, h—e, hte+3%, h—ec+ 3

a, o + % -
4,0 2 2 ~k ph=1/4 5~ 9
G [m / ] /72T e Wyeo24/),
where %k =14 2h—2¢, we get

$ .7_5_ ~ 17 —2Rm 1, 2
g(s?/4) = 21+—\2k/_~2—3 e (sp) T e W o 1 am(S®) f(2?) 2z,

o

ie.

g(s?d; b +=4%, 4, m) = V” W[f(ta), 2k + %, 24, 2m].

21+"k—2}

Writing %/2, /2 and m/2 for %, A and m respectively, we get

(2.4) 945 (Rf2) + 4, A2, mf2) = LRV W) &+ %, 2, m].

9k—~2+1

Hence the result.
The inversion in the order of integration is justified by DE LA VALLEE
Poussin’s theorem [3] under the conditions stated in the Theorem.

If A =k = — m, the Theorem reduces to a well-known theorem in LAPLACE
transform (1.1) given below [7]:

Corollary. If

and
9(s) = (1/4/2) @(1/t) ,
then

g(s:[4) = (v/7[2) f(t9)

provided Re s > 8,
For illustrating the Theorem, the followmg exa,mple is worth mentlon
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1) = = QL | Bt /“1, s oc,,] )
o = el /505

Adofm, A4o—m, o,.., a,,}
3
Buyos Bas A+ T+ 0

Then, we have [10]

p(s) = s° @2

Tp+3,0+1

where  Re(f,—po +1— 2+ m)>0, j=1,2,..,1, | arg (s/h) | <
<(l+n—3%tp—3g—3Hax and p +qg-+1<2-+an). Hence:

— 1ty =t % G“‘"

?+2e+1

{” Aot m, A4 o—m, e ocp]
ﬁl"--’ﬁq, Z+Q+7‘7 )

Thus we have

g(s) = glk P @lnte z[h }J—l—I—Q—%—m, 7+2TQ my A4@+m, A4, o5 vy a”]
p+dya+ ﬂl,__,ﬁq,).—l—g—f‘k,;~+Q+k+%’ ’

provided that Re(f,—p +3+—21+m)>0, j=1,2,..,1 |arg(s/h)|<
<{I4+n—3%p—%g—%m, Res>0 and p +q--1<2(0 +n).
Now, Theorem 1 gives that

-2p ln 2 7 se l,n+4 4ﬁ
A g ) B b= e O 5

(2/2) %04 (mf2), (A/2) +4% +o—(m[2), (A/2) + 0+ (m)2), (A/2) + e—(m/2), o1y, ..., ocp]
Biswes Bas (A2) + (B/2) + 0, (32) + (k/2) + % + ¢ "

provided that Re(f;—po—3— A+ m)>0, j=1,2,..,1, |arg(s/h)|<
<(@+n—3ip—3%g—31m Res>0 and p +q+1<<2( -+ n),

©

s | (st)=*te W, Ly (S8 TGN Bt /s eens %] di ==
j( ) n(5) Lﬁ Bisees By

[

(2.5) s Lt 413
- '\/4:5 920+ A—k P a2

(A/2) + 5+ o+ (mf2), (42) +5 +o—(m[2), (A]2) 4o+ (m[2), (A/2) + 0—(m[2), oyyens 00,
L Brseens Bos (A2) + 0 + (B/2), % + (A/2) + o + (%/2)
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Thus Theorem 1 is helpful in evaluating infinite integral involving MEITER’S

@-function. Some interesting particular cases are given below

(i)

If o=0, we get

o

[0y 5 ey acp} at =

—A1 — Yy st lyn
[(st) e W, m(88) G [ﬂt B B

0

. 1 Gl ghd 4_.18
’“ ,\/ﬂ 22—k " PH4EF2 | g2
(A/2) + & 4 (m/2), (4/2) ~{— 5 — (mf2), (Af2)- (m)2), (A/2) — (mf2), oy 5 uuy 2 ]
s Bas (2/2) + (B/2), % + (A/2) + (B/2) '

2.7)

By

(i) When A=1F, we get

=<
Oy 5 Uy s veey Oy
di ==

s / — st ( t)—;.—-zl Wk_*_%,m(st) t_Op Gzﬂ [ﬂtn ﬁl R ‘Bo y ooy ng

s Qlntt 4/9
_‘\/52‘1@ :0+1(l+

]

(£/2) + % + o + (mf2), (k/2) + % + o — (m/2), (8/2) + 0 — (m/2), o , ...,oe,,]

~ﬂ1:"':ﬁa’k+ga%+k+9

we gef the following:

(iii) When A=k and o :0,‘

—lst (opyTETR W ) (st) Gl’ [ 12 %a e %] dt =
[ ot sty s ( 'S

s
v

1 Lnsd 4
= ettt L/

2.8) |
7

- (m/z)v (k/?') + (777'/2)’ (k/2) - (771'/2)’ g s eees Uy

#/2) + % + (m)2), &/2) +%
| Bis wos Bas s B+ 5
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(iv) When A =—m, we get
: -5 m= — +1,n o Oy 5 veey &
sv/e A ()™ Wy, mlst) QG;qtﬁt ﬁi ﬁj dt =
0
(2.9) 4 . s%e Gl,1z+4 i@
- ’\/5 920—m—k ~ PFLA+2 | o2
Yo b H+o—(m2), 0 0— (m2), a,.., }
Brsows Bos 0 — (mf2) + (5/2), § + 0 + (B[2) — (m/2) }
(v) When A =—m and p =0, we have
s [ e B sy W i1, m(51) t“/ }
[ 67 W olpe
(2.10) 4 °
1 ey 4_/? T, d—m2), 0, —mf2), ap,..., «,
§ \/72“’""” PELEER g2 [ By ey Bos — (M2)F(R2), F+(R/2) — (m)2)] "
(vi) When A=k =-—m, we get
s /ﬂe—stt‘% Gun [[)’ o i “"} dt =
. »a / ﬁl y sers ﬁq
(2.11) °
. s% 1nt2 4'5 l + 0, 9, &y, 2
L o V/E 229 riia ﬁl LIRS ﬁll '

(2.12) )

(8]

5, P. SINGH

(vii) When A =k =-—m and ¢ =0, we get

s [ —st Gln[ 12 Oy 5 eees am] dt —
/ p Bises By
0

1 ;71.;_2[4:8 0, §. ofl,..., o,
'\/7 riea ﬁl: ey ﬁfl
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If we write & in place of % + % in (2.5), we get

/t—l“"/é—"a — 1,5t T/V] m(st Glﬂ[ﬂ iz 1y ooy aﬂ] dt o
Bis vs By

0

”\/522g+}.+%_-—k pH+a,e+2 ] oo

2.13) | A [45 /

(22) + %+ 0 £ (m/2), (42) + 0 & (m[2), o,y o, ]
Busewes Bos (A2) + @ + (B/2)— (1/4), (3/2) + o + (B/2) + (1/4))

Now, using the formula [5]
Wiua(st) = 27% (2s1)"* Dy, _, (24/5)

n (2.13), we get

/t7~~1/4—2g D27»—1/(2‘\/3—t) e~ Vst G;‘t {ﬂ 12 %y 5 vy Oy } dt —
0‘ ) ’ ' ﬁl b .5 ﬁq
(2.14) s20+i— /1) s 45 .
(M2) + 0+ % & (1/8), (A/2) = o £ (1/8), oy sy &, }
Buseens B (212) 0 o (k2) = (U4), (412) + 0 + (B/2) + (1/3) |

Again, using another formula [5] namely
Wo,m(8t) == (st/m)" K,.(s1/2) ,

in (2.13), we get

r ©

/t”"ﬂi’e %est | (s1)2) G—“‘[[)’ tZ/

o

Oy s enes O]

{ =
By o Bo)
(2.15) ¢

g2o+i—1 S [4[3 (A2)+ 1+Q + (m/2), (1/2)+ oL (m)2), o, ..., zx,,]

T ORREER Tt @ [ B, fuu (32) 0~ (1), (32) + (1/4) +

16



234

S. P. SINGH

Further, using the formula [5

W

mk-tYy,m

in (2.13), we obtain

(2.16)

0

¢

(1) = (— 1)} k! (st)™F% ¢~ ot L2m(st)

(___1)7: %! /Nt'm—-l—zg e~ 8t L;:’"(st) G:)_n [ﬂ 22 Xy g vens Otm] dt =

]

82

go—1-+A—m Gl.n+4 [4_‘8 /

= \/E 920+ A~m—k p+4,q-+2 9

(3/2) 4+ % 4 o + (mf2), (2/2) + @ & (mf2), o, .

&p

H ﬁl"“’ ﬂq_’

f1o]

Bisews Bas (A2) + 0 + (m/2) + (k/2), (/2) + 0 + % + (m/2) + (7;/2)} '

Using another relation [4]

o™ W, (8) = A/stfm 257" Gé;ﬁ{

in (2.13), we get

o fsfm [T Gl
o

£

s22 /(1/4)— Lk, (3/4)— Lk
[T 2 4 (m)2), £ (m/2) |

g2otA—Y e [i@/

_,\/;229+A+1/g—k pra,a+2 | on

(A2) + % + 0 & (f2), (4(2) + 0 £ (mf2), oy, o, ...
Byseews Bos (A2) + @ + (K/2) — (1/4), (1/4) + (2/2) +

ie.

@

fesfe/

0

(2.17)

Oy 5 eees Ofy

.Gl,n{ we }d;”—-
ne P Buvews Bu)

] alpw

s21 /(1/4) — (B/2), (3/4) — (%/2) ]
4 ,,/ 1; 4+ (m/2), + (m/2)

Oy 5 eees Oy

ﬁl ERARRE] ﬂq

(k/:z)] ’

— (1/4) — p — (4/2) — (k/2), (1/4) — (k/2) ~ (%/2) — g]
— (4/2) = 0 & (m2), — §— (4/2) — ¢ £ (m/2) )

}dt,__.
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g [:419 [ G2 d o n2), (22) + 0 E f2), oy, ap}
s TR T [ g By — (U4) b Ao (16/2), (L/4) +(4)2) -0t (1/2) |

This is & well-known result given in [5], p. 422.
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