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Some Uses of the Basic Properties of Meijer Transform

to Integral Function of Two Complex Variables. (*%)

1. - Let

©
An, n, n n
n7z A% zz’

Bz, 2) =

P ; 1
Ry imeg Ty 1 1!

be an integral function of two complex variables z; and z,. Denote

M (r) = max | Flz, 2)

[22]+ |22} =7

the maximum modulus of F(z,, 2,).
M. M. DzrBASYAN [1] has given the following definition of order:

The integral function F(z;, ) is said to be of finite order p, if

. log log M (7
(1.1) lim sup glgl—(—):g << 0.
r=>c0 ogr
MELJER [2] introduced the integral transformation
(1.2) op) = [T Wiy, (o) (0)7 f2) 2, Rep>0,
o
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where W; .(2) is the WHITTAKER's confluent hypergeometric function and
(1.2) is symbolically denoted by

p(p) = M[f@); k + & m],

which is a generalisation of the integral equation

(1.3) Pp) = p | e f0) Rep >0,

0

the well known LAPLACE transform and is symbolically denoted by

@(p) = L[f(1)] .

The object of this paper is to evaluate some new type of integrals invclving
integral functions of two complex variables of order p, based on the properties
of MEIJER transform of one variable and the Fulerian integral of the first kind.
The particular case when the integral function is of order one has also been
studied.

2. - Theorem 1. Let || 0, |argl|<a/(20), j =1, 2, and let

@
a
Py, 2) = kI gl gl
! Ny My=0 '71'1! ’I?/.z!

be an integral function of two complex variables z, and 2, of order p(0 << o << o0);
then for arg {, == arg {,, we have

Jnl,n.:(é‘ly {o) =
2.1) 1 = [ [T IR G L) Wy (D L)) P, 1) Aty A
90

b"p"':

Ry My==0 (77’1 "‘}‘ '”‘2 +

1 Ny Fem Ry ] ‘
:"'Z, 1)151 * Cz Ty
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[3]
where (1)
Ny + Ny
Fx(v+ L “+]2:—’L_m)
0
bnl_n2 an1 , 7 - 7 3
I’( S SR k)
\ )

provided Re (v + % +m) >0.

Proof.
Let us first take Rep >0 and consider the integral

2.2) I, . (p) =

o o

= J’J’g“lvf_:z»(:c,+zz)9 (w1 + a’7z)w—2 Wk+’/-_».m(p(m1 -+ l’l"z)e) fvf‘ "B:g da, daw, ,
0

where n, and #, are positive integers. Changing the variables x; = #(1 — u),
0<u<l, 0<t<< + o0, we have

0

Ly == tu,
I, .(p) =

wl
k oy, @
n, Oy, ) / du

— [ — WptmFnatvp—2 17 , ey (1 — ny
/ .[6 ¢ Wity (PE) (L — )" 0™ =
00

o 1
= _” eI L (p10) (1 — w)™ " df du.
00

Evaluating w-integral with the help of the Eulerian integral of the first

kind (cfr. [3], p. 212), we obtain

©

gl ! 3pi0 ; »
. 2 —%pt@ gnydnatro—1 Tp 4
LondP) = (g - 0y -+ 1)1 /6 e Wiesr,m(P1%) dt
1 T e -
0
o
71'1! Ry ! ny+ne . ,771+’12
— = —v= —¥x g -1y y
= m' r e / [ ) TV,C+%’M(Q7) do .
£ SRR .
0

() The symbol I'y (u 4 v) denotes I'(u -+ v)-I'(n — v).
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Now evaluating a-integral with the help of GOLDSTEIN’S integral (cfr. [4],
p. 114) (3)

- v e Iyl +1 L m) L4+ 3+ m
pi—1 g~ P+ %) s e X e i P2 —]
./.l/'l le™? Wk:m(m‘) do = I’(l—}—l"-k) 21’1 I41—Fk 2 e
)
Re(l +4%+m)>0, Re(n* +-1)>0,
leads to
. I’X(v+ 11+m+ im)
©.3) I (p) = ny ! my! e p—”‘ﬁ?}
2. nyng o{ny, + n, - 1) r (v + Ny + Ny + % _ Ic) ’
[4

Re (v +~ % +m) >0, Rep>0.

Let argl; =argl, =« and if we denote p = €'*®, where Rep = cos
(xg) > 0, then from (2.1) we obtain

']n,,n._, (€1; 52) =

o O
—1% 2£9)€ - —2
[ [T (b E WL (G 1 2

©

a"x na n
. it diy dto
(2.4) nayiae0 M} 7!

© o

o plotrg—2) = 711:"2 —Yp(4]L, |+ te lCzI)D t __t ve—2
. el AEERAEY

!
Nyy73=0 ’)1/1 '”2

. W;,+y2,m (p(tl l (:1 I + t2 1 tgz dtl dt‘l *

(2) The symbol ,_,Flle +7 ; a,} denotesaFl[e_}— fro=1 ; a,j
g

g
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Replacing ¢, | {; | by @, and t,] &,

by ®, and evaluating the integrals, we get

T Gy &) =

a’"nﬂ: 1

— platio—2) .
yy15=0 ! mgl [ & [T g, [t

0
. — Vop{ory +2)@ : p—2
f 4 ! (@ + @) W, Yum (p(aﬁ + xz)g) @yt @yt Aoy das,
00
Ny + Ny
. r (v 4+ —_— 5 -+ m)
_ etoe—n =2 Dnyyng * ! * = P (nl—%.ng)/q

0 pyymem—o (Mg -7 4 1)! r (1} + Ny - Tty L1 k) Iz;l lm—Hi Ly Imetrs
e

T

Re(y +3% 4+ m) >0, Rep >0,

due to the relation (2.3).

Thus under the conditions || %0, arg(, =—argl,, |argl;|< a/(20),
j =1, 2 and an appeal to analytic continuation, we obtain

] o0

5 .
g7 Fng—1 So—ng—1
z é1 ' C2 ! ?

e Nyyng==0 (72'1 + Ty + 1) !

J,,l_,,z(a, 52) =

where

Ny - 1y
Fx(v 1: “—[—%im)
- == (l’ﬂx,ﬂg 7y A7, ] Re ('V + %ZL :}: "n) > 0 ’
T+ 21 k>
\ e

provided the change of order of integration and summation in (2.4) is justified.
Regarding the change of order of integration and summation in (2.4), we

note that F(z, &) is an integral function of the variables #;, and 2, and so the
series

0
Dymy

!

e,
ny ! m,!
Nysng==0 "1 " 2.
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converges uniformly for |z;|<R;, j =1, 2, for R, arbitrary large and the
integral converges uniformly and absolutely for Re (v -4 4 m)>0 and
Rep >0. Also on using ZEMLJAKOV’s theorem (cfr. [1], p. 258), we find that

N 1f(ny-+ng)
. UETHZ
lim  sup | —— 22 = A
nytny—> (g 4+ 1y + nt
where
My - Ty '
I’X<v oA - o-}-%i—m)
])n,,n,_, == (l'yzl,ﬂa g b My
f’(-v+ e k)
@
and therefore the resulting series
e b
s ¥ Fo—ng=1 g1
1 Me f g Ce RcFY

7y, 0970 ("Z’l + 7?'2 —:— 1)!

converges uniformly and absolutely for | ;| >4Ye, j=1, 2, where A is the
type of the integral function F(z,, 2,). Hence the change of order of integration
and summation is justified under the above conditions.

Now, since the right hand side of (2.1) is analytic function of {, and {, under
the conditions | &;| > A4Y, |arg ¢, | < =/(20), j =1, 2, therefore, by the prin-
ciple of analytic continuation, the formula (2.1) is true under the con-
ditions l Cal # 0, iarg ” ‘ <m7f(20), ] =1, 2.

If ¥ =—m =—1%, then the above theorem reduces to the following re-

‘sult:
Corollary. Let | ;] 0, |avgl; | <a/(20), § =1, 2; and let

< Uy, ng LR P
Bz, ) = — % &P

!
apiemo Myl Ml

be an integral function of two complex variables 2, and 2, of order g (0 << @ << 00),
then, for arg {, = arg {,, we have

w @

Toms Gy L) = [ [ 708 (0, 4 02) Bty &) dy dty

00
. r (v X 7y 4 'ng)

e —7y—1 a1
e @, ———— L prmTlpmmeml
0 agSimo MM (g oy + DI

provided Rewy >0,
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A similar type of result has already been obtained by DZRBASYAN (cfr.
[1], p. 261).

Particular case. If we take o =1, »=(3/2)—% in Theorem 1,
then for || 0, |arg(, |<m/2, j=1,2 and arg(, = arg{,, the value
of the integral

[ [e B b, & 4 1 L) TR Wy (0l + 1) Pl ) Aty Aty
o

0

J— 5: nyyny Iylng + 0y +2— 1k £ m) g =1 ety 1
= Lo
g (1 =y - D)L Dy A my + 2 — 2K) : 2

provided Re (2 —k - m) > 0.

If we take k = —m  in (2.5), then the value of the integral
[ [t By, t) aty At = 3 @, G
[ NyyNp=0

3. — Theorem 2. Let |{;| 0, |arg ;| <a/(20), 1 =1, 2, and let

£
a”l Mg n n
Bz, z) = 2 P 2t Ry
TR
Ryyna=0 1 72

be an indegral function of two complexw variables 2, and 2z, of order p{0 < o < oo0):
then for arg{; = arg{l,, we have

-

‘P"nng ({5 &) =

o

J

f exp ["‘}), (tl Cl -+ 1y Cz)g‘”" (t1 C1 + 1y Cz)—g] (tl f:l + 1 Cz)ng )

sy 1"’
W ojpomnnrom (0 lr 1 0)8) Flty, 1) db At
— 2K2m(2) < anvﬂe —ny—1 é“""g“l
[ Nyyfig=0 (ﬂ’l -+ Ty -+ 1)! ! 2 ’

provided the change of order of integration and summation is justified.

Prootf.
As in Theorem 1, we first take Rep >0, Rea>0 to compute the
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integral

(3.2) H,., (0 a)=

@w e
-1 Q —_ e -
== J.f e plies +g) alz;+ap) (w ,1_ mo) 2 W(llg)(nn_n )+2,m(p(£1+7}0 ) xﬂx m dxl qu .
00

Changing the variables o, =11 —u), o =fu, 0<u<<l, 0<I< + oo,
we obtain

'Hnl,n2 (p) a) =

w 1
a(wl * 9)2)

— e —e —
Z/ [6 pt e at tnl+”:+9 2 W(l/@)(m-}—nz)—%mm (p te)(l—* ’ll/)n1 ' m‘)‘- dt du

00

1

ff e 1/;:t96--at tnl—l-n a1 IVu/o)(nl——n V2,m (p 1/@) (1 o ’llx)"l /ang dt d’l(/ .

Evaluating u-integral with the help of Eulerian integral of the first kind
~(cfr. [3], p. 212), we obtain

H‘nl,n, (p) a) =

0

. ~Ypi? —at T2 njdngto—1 9
T (g oy 1) !f ¢ ¢ e W oo, + no+2,m(P 12) A2
0

My ! My !

o«

/”'1! 71’-"’-«! —at ,—~W%plr ,—y ) o2
- o(ny + ny 4+ l)vfe g™l g W<1/9><"z+"a>+2»m (p/x) d
1 2 *

[}

Now using the operational representation due to GOLDSTEIN (cfr. [4], p. 107).
2p™% @ K, (2(pa)#) = Lle™ %" W, . (pjx)e~] , Rep >0, Rea>0,

leads to

! My !

m' p% av("1+”2’/9+‘3’K2m(2(pa)1/2), Re p>0, Re a/>0.
1 2]

(3'3) H"lp"x(p’ a):

Let argl, —argl, —o and if we denote p =", a =e” "¢ where
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Rep = Rea = cos (zp) >0, then from (3.1) we obtain
[ —Pn,m (Cl y o) =

= [ [exp[—} (bl + 6L — (LG + 60 (b Gy + 1 )™ -
[l

< a"nn» Ny Mg
(3.4) ’ W(I/g)(n,+1z2)+2,m((t1 {itts Cz)e) > = e dd d,

1
gm0 T ! 951
o o

= gfre—® z Aoy, /[ exp [‘““'}Zp(t: IC1 ]‘Hz lCe ])e—a(t1 ]51 ' -+ | £

! 1 9
nyyme=0 Ty Mgl
o0

)“QJ .

'(tll €1‘ + 1t Cz

)9‘2 -‘V(llg)(nl-i-ng)—%-‘.’.,m (p(tl [ Cl l + by ! é‘? l)g) t:l t;zz dz"l dt? ‘

L] by 2, and evaluating the integrals, we

Replacing t,| ;| by 2, and t,

obtain
N
-Pnl,nz(gli C‘z) ==
o e
= ({M(Q-g) Nyme=0 ’12:1!1“:?1! | Cl ]"ri'll[ Cn I’”g-}-l [/‘e—' lf'ép(“:l+x3)g G—Q(xl+x2)-g (xl _*" wz)g_z '
1R = 2 < v
oo

. 4 Ny afz
W(l/g)(nx—i-nz)—}-:!,m(p(ml + @) ) o}y dey dw, ,

2ac e Dpa) K, (2pa) ) & a o0t
o e a0 (Mg + %y F 1)1 gyt gy frett

Rep >0, Rea >0,

due to the relation (3.3).
Thus under the given conditions and an appeal to analytic continuation,

we obtain

2‘K2’m(2) < Gy, C—nl—l é———nc—-l
gm0 (g + Mg + 1)1 ! 2

b

—Pnl,ﬂ2 (&1 ’ {e) =

provided the change of order of integration and summation in (3.4) is just-
ified.

14



202 H. N. NIGAM {10]
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