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On the Absolute Nérlun d Summébility

of a Fourier Series. I. (%%

1. - Definitions and notations.

1.1, — Let z ¢, be a given infinite series with the sequence of partial
sums {s,}. Let {p,} be a sequence of constants, real or complex, and let
us write

Pn:?)0+'p1+‘--+pn7 P—1::p—1=0-

The sequence-to-sequence transformation:
(1.1.1) th == 3 Do, 8,/Pa (P ##0)
y=0

defines the sequence {t,,} of NORLUND means (1) of the sequence {s,,}, gene-
rated by the sequence of coefficients {p,}. The series 3 a, is said to be summable
(N, p,) to the sum s if lim 7, exists and is equal to s, and is said to be absolu-

n—» 0

tely summable (N, p,), or summable | N, p,]| (), if the sequence {t,,} ié of
bounded variation (2), that is, > |t,—t.— | <K (%).

(*) Indirizzo: Department of Mathematics, University of Allahabad, Allahabad,
India.

(**) Sequel to: . P. Dixsnir, On the absolute Norlund summabilily of o Fou-
rier series, Proc. Japan Acad. 40 (1964), 813-817. — Ricevuto: 4-I1X-1965.

(1) NorLUXD [4]. See also Woroxor [10].

() Mears [3].

(®) Symbolically, {tn}e BV; similarly by F(t)e BV (h, k) we shall mean that F()
is a function of bounded variation over the interval (L, k).

(1) Throughout this paper K denotes a positive constant, not necessarily the same
at each occurrence.
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1.2. - Let f(¢) be a periodic function with period 2z and integrable in the
LEBESGUE sense over (—am, 7). We assume, without any loss of generality,
that the constant term in the FoUrIER series of f(t) is zero, so that

(1.2.1) ff(t) dt =0,
and -
(1.2.2) ity ~ f (@, cos nt - b, sin nt) = i ALt .

We write throughout

! in (n — k)t
() = é{f(fv + 1) + flo—1}, Auall) = % 7
P, w© 1

1 .
Rn: (’)’b +1) pn/Pny S'n :]_?:”’2::0 1’ Cp == k%z(km'l‘ 2‘)‘Pk7

4

+

T = [nft], that is, the greatest integer not greater than zz/t; for any sequence
{0}y 40w = On— Onta -

2. - Introduction.

2.1. — Concerning the summability | N, Pn| of the FOURIER series at &
point, the following was proved by PATI.

Theorem A (5. If @) eBV(0, x) and {p.} is a positive, monotonic
sequence such that P, —»oco, as @ —>oco, and {R,}eBV and {8.}€BY,
then the FOURIER series of f(t), at t = @, is summable |N, p,|.

Recently, VARSHNEY proved the following.

Theorem B (8. If ¢(f)e BV(0, x), and {p,} is a positive sequence

(5) Pari [5], [6]. This theorem contains as a special case a well-known previous re-
sult of BOSANQUET, on the absolute CEsARO summability of a FoURIER series. See Bo-
sanqueT [1]. .

(®) VarsmNeY [9].
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such that P, — oo, as n — oo, {R,,}e BV and
(2.1.1) P,e, <K (n=0,1, 2,..),

then the FOURIER series of f(t), at ¢ = =, is summable | N, p, |

It has been very recently shown by Parr that in Theorem A the condition
of monotonicity of {p,} and «P, — oo, as m —> co» can be easily avoided,
that in Theorem B « P, — co, a8 % > co » is implied by condition (2.1.1), and
that the sets of conditions:

«{R.}€ BV and {8,}€ BV »and «{R,}e BV and (2.1.1) » are equivalent ().

Tt may be remarked that the case: «{p,} is monotonic non-increasing »
is the most important in view of the fact that it covers the case Pn =AY,
0 < d<1, giving the result of | C, 6| summability for the FoURIER series
of f(f) at ¢ = =.

We give here a very brief proof of the Theorem B for this case, i.e., when
{pa} is monotonic non-increasing.

2.2. — We require the following lemmas.

Lemma 1 (8). Uniformly for 0 <t<wm,

2 sin vt

2

v=m

<K,

v

where m and n are any positive integers such that n > m.

Lemma 2 (%). If {qn} is  nmon-negative and non-increasing, then, for
0<ae<b<oo, 0<E<m, and any n:

b

l Z qk 6i(n—k)t l < K Qz ,

k=g
where T = [aft], and Q, = qy + ¢, + ... + ¢n -
(*) See ParI [T].

(®) TrrcHMARSH [8], § 1. 76.
(*) McFADDEN [2], Lemma 5.11, p. 182; this is originally due to Hirte and TAMARKIN.
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3. - Proof of Theorem B for monotonic non-increasing {pn} (29).

As in Patr [5], it is enough to show that, uniformly for0<t<m,

n—1

Z El P P ! kzo (Pn Pr— Pa Plﬁ);‘n,k(t) l < K.
Now:
1 n—1 |
Z < Z ml ! Kgﬂ {-Pn Pi (If ‘%“ 1) == P -Pk (’)1, e 1)};"71,k<t) l
n—1
+2 m1 zo {Pn P (0 + 1)— P,y (k -+ 1)}2““)
= Zl + 227 say.
1 n—1
D= g (m+ 1, P, , ! 720 Py Sin (’n-—— k)t |
T 1 k)tl
"121 @ + 1) P, ] g Py Sin (B —

2

+n T+1 (')7’+1)Pn —1 l g phsul(n——"]‘)t{

= 221 + 222 y BAY.
Also, since
| sin (n— k)t | < (n— K}t <t

we have

i3 s 2

n=1 k=0

< Kir

< K.

(19) That the hypothesis: (2.1.1.) of Theorem B is equivalent %o {8.} € B, ie.,
{8,} is a bounded sequence, Wheneve1 {pa} is a positive sequence and {R,} € BV, has
been pointed out recently in: H. P. Dixsmir, Absolute summability of a Fourier
series by N érlund means, forthcoming in Math. Z.
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By virtue of Lemma 2,

222<KPTC1:<K1

by hypothesis (2.1.1).
Lastly,

1 n—1

2 2n§1 ®+1)P,, | =0 B (B = Ba) Ap(0) |

& 1 n—1

n—~1
=3 IR | ]go Py 2 z(2) Zk AR, |

n==1

] n—1 L
< z (n’ + 1) P’;,go l AR,, l lgo .Pk }‘-n,k(t) ’

1 1
AR, | P
n=1 (77’ + 1) P'n-l xgo I VI r?

by ABEL’s Lemma and Lemma 1,
:Kz! AR”I'PZ’C‘V
r=0
<K3|4R,|, by (2.1.1),
p==0

<K,

by the hypothesis {R,} e BV.
I wish to express my warmest thanks to Dr. T. PATi, of the University of
Jabalpur, for his kind interest.
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