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Use of the Generalized Laplace Transform

to Integral Functions of Several Complex Variables. ()

1. — Let

(1.1) F(2) = F(z,

_ © ey +lo-+-1) oo (g -+ Ky 1) g k
veey Zn) = z aku oy Tl Tl AR
ki e By =0 1 e fop e
be an integral function of n-complex variables z,, ..., 2,. Denote
ﬂIG; 015 +e0r O (ry ) = max I Fr®r 2, ..., 19 8,) { 3
=2 E6 :

where @ be the closed polycircular domain in the space # = (2, ..., 2,) and

015 -y On Deing the positive numbers, then according to A. A. GOLDBERG [1]:
The integral function F(z, ..., #,) Will be called (G; g, ..., 0,)-0rder and
(G5 o1y ..., 0u)-type respectively, if '
lim sup

r—>aw {log 7 log log M, v Oy (r F)} =p
and

lim sup{r~¢log M, , . (rn F)}=0c.
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MEeISER [2] has given a generalisation of the classical LAPLACE transform:

@

(1.2) p(p) =p [t g(t) d, Rep >0,

[

by means of the integral equation
(1.3) p(p) = p [e™ ()T W, oy, w(P1) (1) O, Rep>0.
1]

We shall denote (1.2) and (1.3) symbolically by

e(p) = Llg®] and @(p) = M[g(t); & + (1/2), m]
respectively.
The object of this paper is to obtain a new type of relationship between the
integral function F(z, ..., 2,) and the associate function by the help of MELIER
transform, on taking the (G gy, ..., 0,)-order to be one.

2. - Theorem 1. Let

i “ (g - Jog - 1) oo (boy - oee by - 1) z’;‘ s

n

(2.1)  F(zy ooy 2a) =

=0 e tn kgl kgl

be an integral function of n-complex variables z, ..., &, satisfying

(2.2) lim sup {»—*log M, , , (r F)}<o,
r—>-o0
and let
© . 17, . . .
2.3 Biy oney Bp) = 1 n B CamtD | el dD
(#.8) sy v 2} kx,..%,::(l oy 4 oo + ko - 1)1 FaeenFa 71 n

where (*)

ky 4+ % 4+ m)

bk = pm+(1/2) (C& _J‘___ p)—(V+k1+...+kn+m+1/g) ‘PX (v + ]‘:1 - -+ ; :
. ‘ T + By + o + oy L —F)
vtk AR, L Lm, m—k a
. LS W n 9 T > . 1
'1[v+701—{—...+70n+%—70 boaxpl Retr+idEm>0,

(1) The symbol I'y(a - b) is used to denote I'(a + b) I'(a —b) and

b b, a—b
o [a + H z] to denote oy [a oo ; z] .

[ [
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be the function associated with Flzy, ..., z,) and is regular for |z,| >0 (j =1,
ey ) Then ’

(24)  fRry ooy 2) = f f(zltl e Ry ) e (2 Y A 2y 1)1
0 0

: Hp,a (Brly oo 2, 1,) Flty, vy Bn) diy L. Ay,
where

sz,a (zl tl + + Zn tn) -
=T Pyt e b 20 ) Wy m [P (Ra b 2 1)] (B fy b+ 20 8,) 2,

provided the change of order of imtegration and swmmation is justified and the
series involved converges uniformly and absolutely.

Proof.

Let I'(z, ..., 2,) be an integral function and satisfies (2. 2) Then for Re z; =
=g;>0>0 (j =1, ..., n), we have

’ o o
Ik,, By (p, @) = f J-e_{(a/mﬂllz)}p(z‘ otk S ty) Wk+(1/2), m [p (#r 8 +...+ 2, tn)] .

0 0

bt R ) e (Rl 2 BT (R b 2, B TR By, ey 8 Ay L A=

_ i @ . (Fy-+-To+1) oo. (Byt-eo +- K, _1—'—1)[ /6-—{<a/4a)+(1/2)}a>(z,t,+ gt
k1, oy Ep=0 By eees o 1' b kn!
o o
(2.5) *Wiramm [P @rtr e 20 t)] Rty +ooe F Zaca tag) o (21 g - 2 £) 2

(Bt A Rt T L Aty L A2,

= i a (By 4 kg + 1) cs (g + ovv = Topy + 1) D =l 41
Ey eins B,y =0 Far oo By E okl 1 n
[~ =]
J‘ e—lamrama + ..+ T;Vk+(1/2),m [p (C1 + .o + Cn)] .
o o

(Gt Cn—l)_l e (81 ) (& 4. + Cn)vuz Cfl Cﬁ” ag, ... az, .
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Regarding the change of order of integration and summation in (2.5), if
we replace @, , by |e . | and
(ot + oo F B b)) e (Bl Rt H o (Bt e % )
by
l (frty + oo F g tng) e (Bt 2T Hp,a (Bt + oo 20 ly) ] ’

Re(z;) =2,>0>0 (j =1, ..., %), and noting that

Wk+<1/2).m (2) = 0(| 2 I:i:m+(1/2))’ for lz 1 small
and
Wisajm,n (@) = O(| 2 [FH/0 e7HEED)  for [2] large,

then, for Re p > 0, Re a > 0, the resulting series converges uniformly and all
the terms are positive. Hence the change of order of integration and summation
is justified and f(z, ..., 2,) is regular for |z |>¢ (j =1, ..., n) and
Re(» +4+m)>0,Rep>0, Rea>0.

Let us first prove the above theorem for the case when the integral function
is of two variables.

So when

Gy + Lo = Uy, Lo = Uy, 0 <u, <1, 0 < uy << 4 00),

we have
Ik,' k,(p: a) =

w o

S/ T TS —k — _
. 1, K 2 (ky4+1) % (kg+1) [ [e {(aly)+(1/2)}y(:,+;,)(é-1_!_Cz)v 2 o m[p (51““:2)]’
by, im0 iy ! Ry g :

0 0

P e dsdd,

«© 1
0
Dy ks =G+ 1) =ty + D @D+ A} puy kgt Ryt r—1 P %
= Tos 1 K A ’ ¢ Pyt B4 a/o,m (P uy) uyt-
%y, kz=0 foy « I0g < »
o ¢

© (1 — )™ du, du, .

Evaluating u,-integral with the help of the Eulerian-integral of the first
kind [38], and making a simple transformation, we can replace the double in-
tegral by

[+=]
170
Foy ! By ! — bR tRy f P O R T R R e

i (z) de .
(Fey + Ky + 1)!

&4(1/2), m
0
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Now evaluating the w-integral with the help of GoLDSTEIN’S integral ( ([4),
p- 114), we get

=N

T+l +Fp+5 & m)

Crys &y mt o\ =Ry g b w14y
I . a) = 2 a-+ 1T Ry 7
ote (2 ) kl,?::o TSR (@+p) P-+ly-+ly 1 —F)

—y+ 1D Ut D
zl 22 ?

.7 v—}-kl—}—kz—}—:l_,;—km,mmk. a
i Y ARy A "a+p

Re(y + 4 4-m) >0, Re(p +a)>0.
This shows that the theorem is true for two variables.

We next prove the above theorem for integral function of three and four
variables.

Let
G+ 8 + & =u, {1+ &y == 1y Uy, Lo == Uy Up Ug;
we obtain '
< by + By + g 1)y (g b D) e ey b D)
Ikx, kg, 3 (p’ a) = z Ky, Ko ke g, V! zl %y % )
Iyt ly ! B!

Ry, B, By=0

<«

. fFJ’6—{(a/p)+(1/2)}p(C;+Cg+§3) (Cl +- é—) -1 (514‘5 -+ Cs)v— et [p (Q_;_ Cz‘f‘ Ca)}

' g g g 37, AL, A,

@
— P by +ky +1 Gy 1) Z7EAD —(k;,+1) .
Ry, kg, k3=0 F1. e, ¥ ]‘ 'k 'k ! !

© 11 i
. f f f e—{a/m +a/Dpu} uil‘{“kz‘*‘ka"“”—l'ﬂfk.*‘%,m(p %) ugﬁkz(l_uz)ka rld;a (1——u3)"1du1 da, du,

000

— i _g.lfl.‘_’f%.. pnri-% (a+p)—'(v+k,+k2+k3+m+%)PX(v+k1+702+k3+%f + m) .
ko, Eay Ry =0 (B Byt og 1) ! D(vtloy+loy Ty +5 — )
., v+7£17—7xo+70 +E+m, m—Fk . a a7t D gl D) i D

”+k1‘»‘k2+ka+g—k ’a.—{—p 1 2 3 ’

Re (v -+ 1 4-m) >0, Re (a 4-p)>0.

This shows that the theorem is true in case of three variables as well.
Further, in the case of four variables, if we put

LH+6G+6G+0= Uy Gl la=1ty Uy GoHlo=y Uy Uy,  Cp=Uy Uy Uy Ugy
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and proceed as in the case of three variables, we get

©
By, kg, Bo, by

Ly by, s Py @) = khkh% bymo (g Hlog+ g Tog +1) ! '
Tulv 4 kg 4 by 4 kg - Ty + 4 = m)
Iy by + ky + g+ Uy + 5— 1)

m+s ey bRy Bt Ry gt V)
7 (a+p) 1 3 4 Yo

P

3 1 —
< By ”+k1+k2+k3+k4+"2+m” mn k. i oD y—(latl) Uit ) gD
vl eyt ey gt — ! 2 3 4 !

Re(v + % +m)>0, Re (p -+ a)> 0,

which shows that the theorem is also true for the case of four variables.
Similarly, we can deduce the result in the case of an integral function of
n-complex variables.

Corollary. If we take a = 0, then under the conditions of the theorem:

ow

. ar, , —(Fy 1. —(k,, +1)

o ) = 10 e By C D e 1

‘f( 1 ’ ") 3 z —o (B 4+ ... k 1! By e By 71 " ¢
Ey ek o 1 n

where

= p_(v+kl+ s By FX(V+I‘:1+"'+7‘7n+}Zi’))'L)
n Iyl bl -3 — &) ’

ki, ook
Re(v + % £ m)>0, Rep>0
be the function associated with F(zy, ..., 2,) and
f(Byy weey @) =

- J . f (2 b1 eve 2y Bpeg) L (Be f 2 b)Y H (2 8y oo 2, ) F(l .00y 80) by Ay,
. ,

=

where
Hp(zl tl e -2, tn) ==

- e—yzp(zltx+...+§ntn> Wepy, [Pleity + .o T 2ata)] Bty + .o 2, t)' 2.

Yosm
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3. - Theorem 2. ILet

be an integral function of n-complex variables zy, ..., 2, satisfying
(3.2) lim sup {»~*log M, , o, 1 ) <o
>
and let |
(3.3) (e, -vey ) :k,,..%ﬂ i “'»+ll+ I

where
Vi, =2ptab~ &t | (2p¥ o'ty Re p >0, Rea>0,
be the function associated with F(z,, ..., 2,) and is regular for |2,|>0c (j =1,
.oy M); then
2y oy 2) ‘:f...f(zltl Foee F gt
0 4]
e Bty Gl Sty e 20 t) Pllyy ey 8) Aty e A,

where

Spalrty + s 2, 8,) = et @ aTdn ) o hipitib Lt )70
*

C(et R R, Gy) RO Wittt tom [P (Bl + e F 20 )77

provided the change of order of integration and swmmation is justified and the series
involved conmverges uniformly and absolutely.

Proof. The proof is similar to that of Theorem 1, except that we use
GoLDSTEIN’S operational representation ([4], p. 107)

2 p* a* % Ko, (2 p* @) = L% Wim(p/2) 2], Rep>0, Rea>0,
instead of ([4], p. 114).

I am greatly indebted to Dr. S. K. BosE for his help and guidance in the
preparation of this paper.
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