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B.D. Mavrnviva *)

The Absolute Riesz Summability

of Fourier Series. (*%

1.1. - Definitions.

Let Z a, be a given infinite series, and let 4, = A(n) be a positive mono-
tonic function of », tending to infinity with n. We write

Afw) = AYw) = 3 an, Alw) =3 (00— L) @, (r >0).
=0 S0

The series > a, is said to be summable (R, ., 7), 7>0, to sum s, if
Aj(w)fw" — s, as @ — co, and is said to be absolutely summable (R, 1,, 7),
>0, or summable |R, 4,, 7|, r>0, if 4}(w)/o"€BV(4, co) (1), where 4 is
a finite positive number (2).

The sequence { A, }is called the « type » and the number 7 is called the « or-
der ».

An equivalent definition is obtained, as follows, by a suitable extension of
the definition of the type A(x) at points other than those given by 2 =n (n=
=1, 2, ...), and a corresponding change in the variable involved in the « RTasz
mean» Aj(w)/w"

Let 1 = A{w) be a differentiable, monotonic increasing funetion of
in (4, oo), where 4 is a positive constant, and let A(w) tend to infinity with cw.

(*) Research Fellow, Council of Scientific and Industrial Research, Dept. of
Post-Graduate Studies and Research in Mathematics, University of Jabalpur, Jabalpur,
India.

(**) Ricevuto il 30-1-1963.

() By «f(z)esv(h, k) » we mean that f(x) is a function of bounded variation over
the interval (h, %). :

(3) OBrECHEOFF [8], [T].
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We write

e(w) = T { Mw)— in) }" a, (r >0) .

n<w
Then Y a, is said to be summable |R, 4, r|, » >0, if the integral
1

o<

[1afe@)/{ o) } 1|

4
converges.

Now, for r >0, m<<w<<m -+ 1,

d V()
= [edo) [{ M) ¥ = {—j@%g{ Heo)— Am) Y= Aw) an

Hence, the summabiltly | R, 4, 7|, » >0, is equivalent to the convergence of
the integral

f | [r A(0)/ { M) 3] 3 { o) — An) }1 An) a, | do .

n<w

Summability | R, 4, 0| is equivalent to absolute convergence, whatever be
the type A(w).
For convenience, we shall adopt here the alternative definition given above.

1.2. — Let f(#) be a periodic function with period 2z and integrable (L),
that is, in the sense of LEBESGUE, over (—uz, 7). We can, without any loss of
generality, write the FOURIER series of f(f) as

> (@, cos nt -+ b, sin nt) = Aa(t),

=1 nei

assuming that the constant term is zero.
Throughout the present paper we use the following notations:

o) = Q2 {flz + 0 + fla—1},
o) ={1T@} [t—wipw au  @>0), B =g(0),

) = e +1) 7 B ft)  (>0),

E)QE(Q,, ¥, {F@, n)}, = (%)QF(% n),

B, 1) = (at
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B(w, t) = X { e(w) — () }#~* e(n) cos n,

n<aw

Flw, &, 0, s) = 2{ e(w) —e(n) ¥~ e(n) ne (cos ni),,

n<w
(1/2) + 3 cos nt (0 =0)
1

8%(t, p)=the #™ CmsAro sum of order x of

(1/2) #* + ¥ (x—mn)*cosnt (g =0)

nlx

> (z— n)* (cos ), (0=>1),

n<x

S5 1, 0) =

T

I+ [d] —a) glo, w) = ; Wisl== B 7y dt

([#] = the integral part of w, so that, if @ is a positive integer, [#] = ),

z eV ()

e(x)

Flz)y =

u

Glw, u) = v) dw,

[ ¥ d (
I TRy @ 91
[

7 x d
H(w, u) :,./ {—F@;W ag(a), ) dv .

2. = Introduction.

In 1950 WAxG proved the following general result regarding the ordinary
Riesz summability of the FOURIER series of a periodic LEBESGUE integrable
function with period 2, using the rapidly increasing type

exp (log w)**/* (€ =1, 2,3, ..).
Theorem A (Y. If >0, and
D (1) = o(t*/log (1/)), as ¢-> -+ 0,

then the FOURIER series of f(t), at ¢ =, is summable (R, exp (log w)***,
o+ 1). :

(1) Waxe [12].
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The analogue for absolute summability of this theorem of WaxNg was ob-
tained in 1954 by PArI in the form of the following theorem, of which the par-
ticular case when « =1 had been proved in 1951 by MOHANTY (%).

Theorem B (). If « is an integer >1, and ¢/(f) log (kft) € BV(0, =),
then the FOURIER series of f(f), at ¢ =, is summable | R, exp (log o)+,
o +1].

Generalising this theorem of his, PATI subsequently proved the following
sharper result.

Theorem C ). If o« is an integer >1 and ¢/2) log (k/t) € BY(0, =),
then the FOURIER series of f(t), at t= , is summable | R, exp (log w)** ¥, a+4§],
for every 6 >0. .

The extension of Theorem C to cover the case of non-infegral positive values
of o was carried out by MarsuMoro, without apparently having learnt of Theo-
rem (. While the technique of PaTr’s theorem is a resultant of some of the
original techniques of MoHANTY and those developed by PATI in his proof of
Theorem B and some techniques used by WaNg in proving a sharper result
than the case =1 of Theorem A, in which the order 2 is replaced by 1 46 for
every 0 >0, one finds MarsumoTo using certain results and techniques of
Pari along with new techniques and several detailed order-estimates of his
own. Marsuvmoro’s theorem reads as follows:

Theorem D (}). Ifg,(t){log (k1) }"“~" € BV(0, ), then the FOURIER
series of f({), at t =&, is summable |R, exp (logw)?, f|, where f>a>0
and 4 >1.

It may be noted that, if 4 =1, the type considered by MaTsuMoT0 reduces
to w and Theorem D becomes equivalent to the following well known theorem
of Bosaxquer for |C| summability of Fourier series (°).

Theorem E ()). If ¢ (¢) €BV (0, ), then the FOURIER series of f({), at
t =z, is summable |C, f|, where f >« > 0.

(1) Momaxty [58].

(2) Pazx [8]; the constant & is taken, without loss of generality to be greater than
7 312 for convenience of analysis.

(®) Par1 [9]; the same remark applies to the constant here as in Theorem B.

(3) Marsoaoro [4]; the constant % is taken, without loss of generality, to be greater
than me*d-1+1 for convenience of analysis.

(3) This equivalence is due to the fact tath summability | R, », k|, k> 0, is equiv-
alent to summability |C, k|; see Hysvor [2].

(5) Bosanquer [1].
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We discover, however, that the technique of proof given by MATsumoTo
for establishing Theorem D does not seem to work if A =1 1.

The object of the present paper is to replace the type exp (log w)4, 4 >1,
by a general type ¢(w) and axiomatize the various conditions required to be
imposed on e(w) which suffice to ensure that the FoURIER series of ft), at

=, is summable |R, e(w), f|, for >0 >0, whenever the hypothesis
PO { F(k/t) }* € BV (0, ) holds.

8. — Our theorem, from which MATSUMOT0’s theorem follows in the special
case in which the type is exp (log w)4, 4 >1, is the following:

Theorem.

Let e(w) satisfy the following conditions:
31) (w)/w? is monotowic increasing, and hence, by (3.4),
(3.2)  e(w)/w® is monotonic increasing, for arbitrary 6> 0;
(3.3) o ¢Pw)fe(w)  is monotonic increasing;
(3.4)  e(w)/eM(w) is monotonic increasing;
(3.5)  o°elw)/ {a) e“’(o))}is monotonic increasing for arbitrarily small & >0;

(3.6)  ¢ax) :{e‘l’(x)/e(a)) }‘ e(w) + (@ lnear combination of sum of mult-
iples of this obtained by taking positive monotonic decreasing functions
of @ as multiplying factors) (i =2, 3, ...);

(3.7) {w ¢(w)]e(w) }"/m” = 0(1) and ultimately monotonic diminishing, where
A and u are both positive, but arbitrary, the emphasis being on large A and
small u, and, as a consequence of (3.7),

B.7)  ePw)fe(w) = O01jw'™%), as w —> co, for arbitrarily small >0 (®);

(3.8)  F(x) = w e(w)/e(z) is such that, with

d z  |®
D = — [a]—at1,
Alw) = i {F(k/x)} and Q) = A(z) » ;

(*) The idea of the type exp (log w)4 struck to Marsumoro, as admitted by him, es-
sentially on studying a paper by Kanxo on the Rimsz summability of FouRrIERr series
{KanNo [8]). And with this very idea, Sinma [10] had also given a theorem on the ab-
solute Rimsz summability of Fourier series which is identical with the special case
of Theorem D when o is integral, and is closely parallel to PATr’s earlier work (Parz [9]).

(3) (3.7)" follows also from (3.5).
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iy (g F(a;))/F(m) = 0(1), as & = oo

(i1) m"{lf"(w) }‘“/e (g F(w)) = Q(1), as & — oo, for arbitrary positive A

(k is a suitably chosen constant);

(ii) A(ts)/s** s a monotonic non-diminishing function for every
fiwed t, 0 <t<<wm;

(iv) [QePW] =0, 1<e<[«];

(v) QU@ is a linear combination of positive functions of 1, say H({)
(¢t =1, 2, 3, ...) such that, for each i,

HY@) is monotonic non-increasing,
(2)
1 HY(2) is monotonic non-diminishing,
1

1
79 (1) <.

Then, if tpa(t){F(k/t) }“EBV 0, m), « >0, the Fourier series of f(t), at
t = x, is summable | R, e(w), B for every >0 >0.

m 2=

“nE

These conditions on e(w) are stipulated to hold for all values of w, sufficiently
large, without any loss of generality, since e(w) may be modified over any
finite interval in any suitable manner and yet not affect the summability

process.
We shall require a number of Lemmas for the proof of the Theorem. These

are stated and proved in sections 4, 5, 6, ..., 12, 13.

Note: Throughout, we use e(w) in the sense defined in the Theorem by
the hypotheses (3.1), (3.2), ..., (3.7), (3.8).

4, - Lemma 1 (1.
S5 (¢, 0) :{‘Q(ny i %) }Q +{W(ny ty %) }Q (e=0,1,2, ..,

%1 5T RAVTS!
Y — g L T _
O(n, 1, x) =sin { (n F— ) t—3 }/ (2 sin 2) ,

0 o fore =0

where

{Wn, t, %)}, =
: O(m*r 7% for x =1, 2, ...

(*) Parr [8], Lemma 3.
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5. ~ Lemama 2.

As w ~ oo, for 0 <1<,

1) o) —elw—1t1) = Ot M(w)],

(i)  elw)—elw—t1) > 1 c‘f’(a) — -1y,

Proof. We have

e(w) — e(w — 1) = fc“’(a&) de = 0[¢®(w) fwd:v] = O[t1 eP(w)] .

This proves (i). The proof of (i) is easy.

6. - Lemma 3.
If 0> 0, we have when [B] =0, and as w ~ co, t —0:

(6.1) F(w, t, 0,5) :i Ot e(w) { eP(w) }P~ 2+ +§QO[z—9+’*ﬂ-1{ ¢P(w) YFaorrte
I=0

+ ED: O™ =0 o(w) { () PP~ wo+-1] + Ot~ ¢(w) { M) Y 0t (1);

and, when [ >1 (),
(6.2) F(o, t, ¢, 8) = [0071779) + 0(e~9)] { e(w) }P
Bl—1 o [l @

+ 2 22 2007 o(0) YL w oP(w)/e(w) ¥ ot

=0 I=0 g=1 i=1

[Bl—1 o [8]
~+ ﬁz Z z O[t—[ﬂ]~e+l—~1{ e(w) }ﬁ{ ® 6(1)(6())/6(60) }a ws+z_[,3]]

i=0 1=0 ¢=0

[l o
+ 2 20 e(w) }{ w eP(w)/e(w) o]

ge=]l i=]

8]
+ 20 { (@) 71 ¢P(0){ @ ¢ (w)fe(w) 1 o]

c=0

[Bl—1 ¢ [5]
-+ ]E Z ZﬁO[t——B—g+l{ c(l’(w) }5{ w e‘”(a))/@(w) }[ﬂ]{ e(w)/e‘”(w) }[B]+1 ws+z—~[/9]] 4

Je=0 1m0 il

. [
(1) This order term is also already there in the first order expression Z for 1 = .
: =0
(*) For the sake of clarity the indices of summations are always written irrespec-
tive of the fact whether the particular index of summation occurs explicifly or not.
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[Al-1 ¢

+> > O[t Bl—o+i- 1{ e{w) }5{ w eP(w)/e(w) }[’3] o
Je=0 T==0
[Bl—1 ¢ .

4+ 3 S o[timed =t o) {71 (o) 1P o eMw)/e(w) }P
Jux) [am0

Proof of case (i): [f]=0.

[w—-t"‘l] [w] 2

(6.3) Fo, 1, 0,8) = [> + 21{ elw) — e(n) }F~* e(n) n° (cos mt),~= ¥ Diw, 1, 0, ),
1 [w—t-1+1 i—1
say.

(6.4) — Dyw, 1, g, 8) = /S(’L‘ 1, g [{ () — e(w) P2 e(a) ] do
— [3 (cos n1) J{ e(w) — el — t71) 1 e — 171) (0 — 1)
nSw—i"t

[t

=—(B—1) [ 8a; 1, e){e(w)~—e<. z) }2 ¢V (@) e(@) o* dw

w—t-t

-+ fSO(x; 1, 0){ e(w) — e(@) }~1 e(@) &* du

w— it

45 f;S'O(a;; 1, 0){ e(w) — e(x) }p~* e(w) &> dw

— [3 (cos at),]{ e(w) — e(w — £71) }6=1 efw — 72) (@ — t71)°

nSw—

3
=3 0 Dulw, 1, o, 5) + O[t+ e(w){ e(w) 1= w2+,

teml

by Lemma 2 (ii), say. C denotes a constant coefficient attached to each term,
and is not necessarily the same at each occurence.

Now, by Lemma 1, 8%z; t, o) [sm{ ([2]+1/2)t }/{ 2 sin (/2) }],. Hence:

w— {1

(6.5) Dy(w, t, o, s j[sm{([z] +1/2)t }4 2 sin (1/2) }],{ elw) — (@) }p-* -

- eYw) e(x) x* do

w

—
cos (£/2) ) oy Silt - .
OW/ ([2] +1/2) cos{ ([=] + ]'/Z)t}{ e(cp)——e(w) }ﬁ o

- D (w) e(x) x¢ da

v M’°

o<m np—1)

4
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= z O[t=m1{ e(w) — e(o — 171 }6-2 ey — 171) e — £72) (@ — ¢71)*+1 -

I=0
—t1

- max 1[::{([50] +1/2)t }dw ]
£

1< E<w—1t1), by (3.1) and (3.2),

4
=3 O[t"“‘z{ =1 e — 1) }/3"2{ e — 1) }2{ e{w — 1=1) e e — 1) } .
l==9
*(w—t1)s], by Lemma 2 (ii),

= }Q: O[t8{ eD(w — 1) }8{ e(w — 171) /e — 171) Ho» — 71)5+7]

=20

= ﬁoy—m—ﬁ{em(w) 1 { e(@)/e(w) }ostT], by (3.1) and (3.4),

1=0

= z Oftev+6 e(w) { eM(w) 12w+,  since m < p—1;

1=0

w—tTt

(6.6) Dy(w, t, o, §) = f [sin{ ([«] + 1/2)¢ }/{ 2 sin (/2) }1,{ e(w) — e(w) }p-
' elx) x° dx

e t/2)47 1
= § 0 B [ 43 S ((0a] + 120} el o) -

eMa) o de
o<<m n<p—1)

= i Ot (0 — 1) (W — 12 ){ é(w) — e(w — 1) }5“

w—1t

- max ]/c‘:;{ ([#] +1/2)t } der|]
(1<n<w—t“1), by (3.1), ’

= za[t—m—~(w—t—1)l+s et (o —17) ){ 7t e —t~1) }6-1], by Lemma 2 (ii),

i=0

[4
= Y O[t-er=p-1{ eWe) }B ], Dy (3.1);
1=0

w—t-1

{cos Wz)}n [:1:] 12 sin { ([w] 1/°)t1

[+
(6.7) D13(C’)7 t, 0, S):zgoo W
1

-{ e(w) — (@) 1o e(w) oot dw
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= i Ot e(w — 172) (o — =) 1 { e(w)— e(w — 1) }p-1 -

1=0
w— it

"sin
- max | /GOS{([m]+1/2)t}dm|]
o
1<y <w—1i1), by (3.2),

e

=2 Ot e(w — 1) (@ — =) ¥-1{ =1 e — ¢-2) }6-1], by Lemma?2 (ii),
= i 0 [t"m—z{ el — 1) /e (e — 1) } (@ — t~1)tFs-1 t"ﬁ“{ eV (w — 1) }ﬂ]
1=¢

o

f

Ofter=5-1{ ¢(w)[éV(w) }w+11{ () Y], by (3.4) and (3.1),

I3

= é O[t-ert--1 g(a)){ e (w) }ﬂ—lws-H-—-l] ;

1e=0
[w]
(6.8) Dyfw, t, 0, 5) = > { e(w) — e(n) -1 e(n) n* (cos nt),
[w~t2]+1
[w]+1
= 0[ f {c(w) — e(®) }ﬁ—l e(z) we+e du]
[w—t"1]41
[w)+1
= O | {e(w)—el@) i1 eD(@){ e(@)/eV() } w++e da]
[o—t—1]+1

= O[{ e(w)/eP(w) } wo+e[{ e(w) — e(@) Pl 2 by (3.5),
= 0[{ e(w)/eM(w) } o+e{ e(w) — e(w — 1) }£]
= O[{ e(w)/e(w) } we{ t-1eM(w) }£], by Lemma 2 (i),

= O[i-Pe(w) { eV(w) }p-2 wete] .

Therefore, the Lemma 3 for the case [f]=0 follows from (6.3), (6.4), (6.5),
(6.6), (6.7) and (6.8).

Proof of case (ii): B>1.

69) P, 4 0 5) =— [ 3 4, 0 5 [{ o) —c(0) }o-* ef0) o] do

1



[11} THE ABSOLUTE RIESZ SUMMABILITY ... 57

Bl-1 1 # ‘ ©
! > [{(—1)”/;:!}8“(3:; i, 0) (57;) [{ e(w) — e(w) 161 e(x) a:s]]l (1)

w

+{(“1),w/([ﬁ]“1)!}./ S35 ¢, o) (dc) [{ e(w) — e(@) 361 (@) 2] da

1

M

[fl—1
= Z{ (1! Tl 9120 +{ (= DBl —1)! }u(w; 1, o), say.
x=1

Now, by Lemma 1, we have

[a]l—x—1
S*@; 1y 0) = A*t(m— n) 8% (t, 0) + 47 [z — (Jo] —=)]* 8% bl—n (& 0)+ .o +

n==1
+ Az — ([a] —2)]" S4,_o(t 0) + 4 [o— ([o] —1)]* 8}, _,(t, o)
+ (—[2])* 8} (& o)

- fw

-*..

S ¢ [sin{ ([#] —7 +j/2 + 1/2)t —zj/2 } ] { 2 sin/2) }7+1],

+ O[3 ([o] — jy-1 1o,
Fm= 1

iMa

whence

sin

(6:10) (@5 1, @) = € 5 03 0 [([o] ~ 2 +1/2)1 oo { ([a]—i2 *1/9>t—n7/"}
. {eos(z/?;)' }/{ 2 sin(#/2) } 14 1 O [wm1jtet?] 0<m n<o~—1).

Hence (2)

(6.11) 85 ¢, 0) = O[wYt+1+e~1] + O[wfier] (0 <1< o).

Now

(;;)/[{ e(w) — e(x) }P~1 e(w) %) :,2, .. (%)z{ e(w) — e(z) }p- (_(%)z"i{ o(@) 2},

where (’s stand for constants, not necessarily the same at each occurrence. Also
we indicate for clarity the variables on which ¢ depends in any special instance
by using suffixes like 4, #, etc., as in C,. -

(*) When [f] = 1, there will be no integration by parts, and hence this set of terms
will not occur in the analysis.
(?) Cf. MarsumoTo ([4], p. 227).
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Now by Faa p1 Bruxo's theorem (1) on the #-th derivative of a function
of function, we see that (d/dz)i{e(w) —e(w)}f~* is a sum of constant mul-
tiple of the terms of the type

{ e(w) — }ﬂ 1—'{ e(z) }“1{ e(3)(z) }fx, { e0)(z) }a,- ,

where the «’s are positive integers or zeros such that

2 i
o, =r<4, Sva, =1.
y=1 v=1

Also

dx

(d )Z" { e(@) ’l‘s} z CG,/’I x) pS-—#raFE

We write

T {0} ={ 00 {0 {00 o

y=1

Hence

(%>/[{ e{w) — e(x) }/3—1 e(w) 7] =

= éo C,,.{ elw) — e(a) }p1r E{ e () :2:00’“ £ () qr-rori
Using the transformation ¢ = ¢’ —4, we have
( )[{ (w) ~— e(x) }ﬁlc @] =

,’/{{’(w ——0 @ }5"‘1- H{e(") /r)} z Gq,y’ (6-—-1)('7/.) Ts—-/-}—g-

o'=%

I
g

(1) Fas o1 BruxNo’s Theorem. The n-th derivative of {F(z)}™ is a sum
of number of terms of the form

K {F@)} =" {FO(@)}= {FO@)}e ... {FO@)}e,

where the i’s are constants, 7< n, and the o’s are positive integers or zeros such that

1
i

n
@, =7, > va =,
=1

further, if m is a positive integer, then r< m.
This is a particular case of a result due to Fas p1 BrRuxo on the n-th derivative of
a function of function. See pPE LA VarLLge Powussiy ([11], p. 89).
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or, what is the same thing, dropping the primes,

ke [+3
Sasrte 3 0, el (@) { e(w) — (@) }1r H{ N

=0 i==0 =1

Now the terms corresponding to ¢ ==0 and from what remains, i =0,
are given by

{ ; ’—f’(a‘ }5— z 0 6(0' ’l’ f[»s—/—{g ¥ ”—:O’ if /[, :O )
Hence
(%)“[{ () — (@) Y- efa) @] ={ elw) — e(@) }p=* 3, € ee)(a) 2o 4
=0

L i C’{ e(w) — e(x) }f*‘l"' I_]_'{ () }“v zv C elo=(z) ps—*to
i=1 pe=l =1

Let us also consider the set of terms corresponding to ¢ =1, then this set
of terms is

_i C{ ¢(w) — e(x) }ﬁ;l‘f e(x) ﬁ{ ") }ﬁ"p st

z y=1

Thus, writing the terms corresponding to ¢ =0 and from what remains,
i =0; and ¢ = 1, separately, we have

(%)/[{ e(w) — e(x) ¥-1 e(w) 2] ={ e(w) — e(x) }ﬁ“’ogo C e () ws—#+o L

-+ i 0{0(0) —e(x) }ﬁ"l r e(a,) H{ (@) }“; e L

=1 p=1
Z Z C{ — e(x) }ﬁ—1~r H{ () }av eAo=i(z5) gyt
P osiha y=1

Then, by hypothesis (3.6), we have

n{ 6(1*)({1;) }“v —
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={ (@)} [{ (@)/e(w) }2 e()]* .. [{ e@)fe(w) 3 e(@)]* + [a linear
combination of multiples of this obtained by taking positive mon-
otonic decreasing function of x (*) as multiplying factors] ==

=={ eM(@) }* {e(w) }"/{ e(z) }* + (a linear combination of multiples of
this obtained by taking positive monotonic decreasing functions
of # as multiplying factors) =

={eM(@) }:{e(@) }* + (a linear combination of mutiples of this
by taking positive monotonic diminishing functions of » as multi-
plying factors).

Now

z C z C{ e(w)— e(a) }5‘1”' Ij{ e¥(w) }o» elo=N(z) we-x+o

=1 o=i+1

*® # .
=303 [{ e(w) — e() -1 { e(w) }¥ { efw) }—1 [{ e)(w)fe(x) Yot e(w)] werto
i=1 G=i+1
=+ (a linear combination of multiples of this obtained by taking pos-
itive monotonic decreasing functions of # as multiplying factors)],
by (3.6),

= z c Z O [{ e(w) — e(@) =1 { (@) Yo { e(w) }r=o+1 go==+o L (a linear
i=1 gmi$l
combination of multiples of this obtained by taking positive mon-

otonic decreasing functions of x as multiplying factors)].
Next

B, = 2 C{ e(w) — e(@) }p-1- e(x) ]___[{ () }“v gt

v=1

:i O [{ e(w) — e(w) }p-2-r { e(x) }’{ e(w) }r-+1 s+ 4 (a linear com-

bination of multiples of this obtained by taking positive monotonic
decreasing functions of » as multiplying factors)].

Now, the last explessmns of L’s and %, can be combined and written in the
form
z C Z C [{ e(w) — e(w) Y o(a) 1o { e(w) Jroettasie 4 (a linear

ie=1 =4

combination of multiples of this obtained by taking posmve mon-
otonic diminishing functions of # as multiplying factors)].

(1) That is, as z — oo.



{151 THE ABSOLUTE RIESZ SUMMABILITY... 61
And, by (3.6),

By ={ e(w) —e(z) }p- 2 C [{ eD(w)/e(x) }° e(x) v+ 4 (a linear combin-
ag==0

ation of multiples of this obtained by taking positive monotonic
decreasing functions of x as multiplying factors)] =

=1 elw) — e(x) -1 S C e(l)(‘x) o4 e{x) p1¢ ps~#to L (g linear combin-
=0

ation of multiples of this obtained by taking positive monotonic
decreasing functions of @ as multiplying factors)].
Hence, we have

d\= )
(a_a;) [{ ()(Cl)) i 6((0) }5—1 g({p) -’1/'8] —
- i c i C [{ e(w) — e(@) }o-17 { e0() }o { e(w) }r-ott gs#te L (a linear

combination of multiples of this obtained by taking positive monot-
onic decreasing functions of # as multiplying factors)] -+

+{ e(w) — e(x) }o- /Z O [{ (@) }o{ e(w) }-° w==+ 4 (a linear combin-

ation of multiples of this obtained by taking positive monotonie
decreasing functions of z as multiplying factors)].

Now z 2 =3 > .... Therefore, finally,
i=1 g=1{ =1 i=1
2 d)- f—-1 s —
(6.12) o) [{ elo) —e(@) }p e(w) ] =

- z C > C[{e(w)y—e(w) }p-17{ V(@) }o{ e(x) }-ot1 o=+ + (a linear
g=1 i=1
combination of multiples of this obtained by taking positive mon-

otonic decreasing functions of » as multiplying factors)] -+
P
+{ e{w) —e(w) }p1 3 C [{ eW(@) }o { e(w) }2-o a*~#+ + (a linear combin-
=0

ation of multiples of this obtained by taking positive monotonic
decreasing functions of # as multiplying factors)].

Now, for §>1, and = < [f]—1, since 7 < i< x,

(a%) /[{ e(w) — e(@) }-1 e(@) 2], =0.
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Therefore, by (6.11),
(6.13) [y, (25 8, 0)] = [0t 1-e) + O(t=e)]- O[{ ¢(w) }3—1] =
= [0 12rt) - O(to)]{ efw) P = [0(— 1) + O@2)]{ e(w) }F2,
since ¢ is finite and positive and so is I,
= [0 -+ O(t2~)]{ e() }F-1 .

For the estimation of J,(w; {, ), we use only the order estimate of Sifl-1(x;
i, 0) and the expression for (d/dw)* [{ e(w)— e(x) }3~1 e(w) 2°] for » = [f£].
By (6.10) and (6.12),

,sin {([#] — /2 -+ 1/2)— 7j/2 } - [{ cos (1/2) Y/{ 2 sin (1/2) }o+ven]

¢cOos
[{ e(w) — e(w) }p17{ e (@) Yo { e(w) }rott gotblte L

(6.14) Jows; ty, 0) =3 3

i
(-]
T
=3
Q
i
X
T
o

-+ (& linear combination of multiples of this obtained by taking posit-

H

ive monotonic decreasing functions of »# as multiplying factors)] dz +

w

[B1-1 o 8] o
+Z 23 C J(e]—ifz+ 12y
' c;n { (2] —3/2 +1/2)t—=j/2 } - [{ cos (t/2) }*/{2 sin (#2) }r+v+n]-
- [{ elw) — @) Y1 { e (@) Yo { o(w) J1-o pelote -

~+ (a linear combination of multiples of this obtained by taking posit-
ive monotonic decreasing functions of x as multiplying factors)] dz

o<<m n<pg—1)
il o ©
L2 30 f ~e2 P12 { (o) —e(w) J1 { €(w) jo{ o) rotae-Be da]
[8] o
z J {02 gl8 —z{ e(w) — e(x) }ﬁ~1{ 6(1)(;%’) }a{ e() }1~a ps—ifl+o dx] —
]-—1 Bl—1 ¢ 18]

i, 0, 0, ) +ete. (‘)-i*E z Z J;1(0)7 t, 0, 0) -+ ete. +

j=01=0 =0

u'Ma

{81
P

i M
E FM'°

] 18]
anz(w’ t, 0, 6, 1] + 0[2 J (w0, %, 0, 0)].
= G=0

(') By «ete. » we mean terms of a similar character with positive monotonic dimin-
ishing functions of » as multiplying factors.
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Jase It r<<[f].

All the terms of the type Ju(w, t, 9, o, ¥) involving positive monotonic
decreasing factors in the integrands ean be treated in the same manner, and since
the maximum value of the monotonic decreasing factors can be taken outside
and the second mean value theorem applied, the order estimates for them would
be the same as that for Jy(w, t, o, o, 7) on grounds of technique followed as
below. The remarks apply to J;l(w, t, 0, 0) also. We remember that 0 <m,
n<o—1 and 0<j<[f]—1.

®
Iulw, b, 9, 6,7) = J ([#]—ij/2 +1/2)

1

sin
- T "“{.’1;2 -+ 1 !2 —7 /2 . { /2 i f 0 j+i+m] .
cos L[] /2 =+ /20— 2 } + [{ cos (4/2) J/ {2 sim (12) }+2+0]

@
oo
Ot

=

- { e(w) — e(w) P { V(@) Yo { e(w) Jroott gk da

w

= Ot l-ert| [{ e(o) — e(w) =1 { () }o{ o) Jrott ws-tblie .
1

([e]—3d/2 +1/2 )‘- { [@]—72 + 120t —aj2 }dz|] =

= 0[1‘ —181- "TZ{ e(w) }5'1‘ {w ¢ w)/e(w) }Gf () }r+1 st .

. ma\]/ { ®] — /2 + 1/2)t—aj/2 }

1<é< <),

by (3.3) and (3.2),
= O[t-rere { o(w) 01 { w eD(@)fe(w) }o{ e(w) }ri o] =

= O[t—lﬁ1~g+z~1{ e(w) }ﬁ{ w ¢ w)/e(w) }a s8]

Case II: r=0=1[f§].

o=t

(6.16) I, b, 0, 0, 1) = [f -+ J]([Jﬂ]__J 12y
' Zi;}s{([m]——jﬂ + 120t —mj2 } -

[{ cos (#/2) }/{ 2 sin (#/2) }++0]{ e(w) — e(a) }p-1-101{ o) }'A o(w) 2° do =

= Jualw, & 0, 6, 7) + Juplw, t, 9, g, 1), say .

w—t-?

(6.17) Joa(w, 1, 0, 6, 1) = O[t-Pl-e+t| f { e(w) — e(w) Y10 { 5 e)() e () }B) o 18] -
. : 1 )
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{ e(@) Yo ([a] —j/2 +1/2)¢ ::“ {([@]—i2 +1/2)—mjj2} dz]] =

S

= O[t- et { e(m) — e(w — ) }1-01{ (0 — 1-7) e (@ — ) [e(0 — 1) }fﬁ] .
w— 7t

{elw—1) }51 (0 — e - max | (50 {([a] —jf2 + 1200 — 2 }do |
1<o<w—1t), b:* (3.2) and (3.3),
== O[t-Bleti=1 £ o — ¢=2) =1 }6-1-B { (0 — 172) e — 1Y) fe(w — ¢77) e -
- { e(w — 1) }BH1 (0 —¢-1)s+=01] | by Lemma 2 (i),
= o(t-[ﬂ]—a+z—1{ e —t-1) }5-&81 1,—(3+1+{ﬁ]{ (@ — 1) N — =) fe(w — 1) }LBJ .
{e(er — t71) e — 171) }{ e(o — t77) YOI (@ — 1)+ 1A
— O[z—ﬁ—a+l{ eM(w) }5-[5]{ w eW(w)/e(w) }{m{ e{w) /e (w) }{ e(w) }[ﬁ] s+

by (3.3), (3.4) and (3.2),

= O[t-F-2+1{ & D (w)/e(w) }o1{ e(w)/eN(w) }AHL{ eM(w) }6 e+ -T];

(6.18) (oo, 1, 0, 0, 1) = Ot 10| [ ([] — /2 +1/2)1{ e(e0) — e(@) }o=1-08 e ) -

w— 11

{ @ e (@) [e(w) Y1 { e(x) JII et (s}i;{ [@] —j/2 + 1/2)t—zj/2 Ydo|]=

= Q[t-lBl-e+| fo([x] — 42 + 1/2)1 { e{w)— e(x) }ﬂ—l—[ﬂ] eM(x) { @ eW(2) Je() }fﬂ]-l ;

- { e(w) B g 1B1+ Q] | =
= 0[Pt { & eW(w) fe(e) }1{ efo) O oo THt [{ e(e) — ef@) PG -]
by (3.3) and (3.2),

= O[t—m]—e+l{ e(w) }[ﬂ] {  (w)/e(w) }[B]~1{ eM{w) t-1 }ﬁ—!ﬁ] s

by Lemma 2 (i).
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When » < [f]:

(6.15) J (e, t, 0, 6) + (a linear combination of multiples of this obtained
by taking positive monotonic decreasing functions of # as multip-
lying factors) =

= O[t~[ﬁ]~e+l ] f{ e(w) — e(w) }13—1{ eW(x) }a{ e(w) }1~a o814 .

(]2 + 120 " (@] — 2 + 12— a2 Yo |] =

= O[tBe+tfe(w) Y1 { o e(l)(w)/e(w) }e e(w) -8t -

7]l

: maxl/iﬁl{([ﬁo]—j/‘? +1/2) t—zjj2 Yo | ]

(1<n<% <w), by (3.3) and (3.2),
= Ot et L e(w) 15 { w el(w)fe(w) }° w*++-0T] .

When #» =oc = [f]:

(6.16) Ty, 1, g, 0) = f + j?f([m]—jﬂ +1/2) -
| o] — 2 1) t— 2}

cos

- [{ cos (/2) }r/{ 2 sin (#/2) YeHe-1[{ e(w) — e(x) 11 { e (@) }o {e@) Yroge

+ (a linear combination of multiples of this obtained by taking positive
monotonic diminishing functions of # as multiplying factors)] dz =

= J;m(w: t, 0, 0) + J2’1;2(w7 i, 0, o), say .

w3

(6.17)  Jy,(o, t, o, 0) = Ottt f{e(w) — e() }p-1{ @ e (@) e(w) } o(x)-
- ([#]—j/2 + 1/2)t a8 zz:{([a;] —§12 + 1/2)t — mjj2 }dwl 1=

= O[t-B-e+1{ o(w) }6-2 { (w—17) e(l)(w—t;l)/e(w—t‘l) Y8 o(w—11) (o—t=2)e+ 1Bl -

v
. max]f:ls{([x]~j/2 +12n—mj2}ds]|] (1 <p<y <w—i),

v
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by (3.3) and (3.2),

— O[i-1Pl-e+=1{ e(e) 36 { weM(w)[e(w) }F1 os+-11] .

For J,,(w, t, ¢, 6) and similar terms with positive monotonic diminishing
factors in the integrand, we note that

(6.18)" Tnglw, t, g, 0) = O[t-11-e+t | fw{e(w)—-e(w) Y1 (@) [e(w) 3 e(x) -

([ — P2 + 12y e S (o] — iz + 120 —j2 bl 1=

= Ot e+t { e(w) — e(w — 1) Y- { & e(w)/e(w) }1 e(w) o+ -
ol
- max]] j;{ ([#] — /2 + 1/2) t—mj/2 } de ]
; ,
(0—11<0<0 <w), by (3.2) and (3.3),

== O[t—[ﬁ]-Q‘H*l e(w) { g(l)(w)/t }ﬂ—l{ w g(l)(a))/g(w) }[13] w-"“i‘l—[ﬁ]] .

For Jy(w, ¢, 0, 6, ) and similar terms with positive monotonic diminishing
factors in the integrand, we observe that

(619)  Tu(o, 4, 0, 0, )= O[t=e-* [ ali={ ofw) — e(a) Y1 { €0(a) J{ efa) }r=o* -

. gs-lEMo dg] =
=0[t-e-2 (aj{ e(w) — e(w) Y27 e() { & (@) /e(x) Yo {e@) }r at do] =

1

=0[t-e2{ w e(w)/e(w) }°~1{ e(w) Jor? }fw{ e(w)—e(m) e (@) de 1=
by (3.3) and (3.2),

=0[te*{ w eV (w)/e(w) Y1 {e(w) }r 0+ [{ e(w) — e(®) Lo

=0[te2{ w e (w)/e(w) Yo {e(w) } w=1{ e(w) }F1, since §—r >0,

=Q[te-? { w e (w)/e(w) }“‘1{ e(w) }ﬁ w1 .
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For the part J,(w, 1, 0, ¢), when ¢ =0, and similar terms with positive
monotonic decreasing factors in the integrand, we note that

(6.19) I (@, 1, 0, 0) = O[t-e-2 fu:{ e(w) — e() }6-1 e(x) -2 da] =

= O[l“e—z{ e(a)) }ﬁ-l e(w) w8—2fﬂdw] (1 < n < ,)7/ < (U)
n

= O[t“g‘z{ e(w) }5 w17,

and for the part J,,(w, ¢, 0, o) (when ¢>1) and terms of a similar kind with
monotonic diminishing factors in the integrand, we observe that

(6.20)  Jpw, 1, 0, )= Ot-+-* [{ (@) (@) Y1 { o) Yo { o) J1-v ario— da]
= Oft-e2 fw{ o) — (@) }1 () { @ () fe(z) }ot 2o dar]
=012 { () J#1 { )0~ H{ @ 0w)fe(w) Jo-1 [ da] (1 <o g’ <)
by (3.1) and (3.3), g
= 0o+ { e(@) }9-1 o) { & e o) }o-2 1]
Finally, collecting the estimates (6.13), (6.15), (6.15), (6.19) and (6.20)

in case r << [f], and (6.16), (6.16)" in case r—= ¢ — [A], the lemma for the case
£ >1 follows.

7. - Lemma 4.
If B>1, or, if f<1 and s + o +1 >0, then we have

F(w, ¥ 0, 5) = O[{ e(w) Yo wstefe ()] .
Proof. : '

F(a&, t, 0, 8) = Of ju{ e{w) — e(w) }ﬁ—l e(x) wste do] =
= O0[{ olw) — @) o (&) { e@)fe(e) } oo da], Dy (3.5),

= O[{ e(w)/eM(@) } w#+e [{ o(w) — e(a) }]°] = O[{ e(w) }'f’H wtefe(w)].
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8. - Lemma 5.

We shall prove that, for > [a] >1 and [a] —1 > g,

fw[e(l)(w)/{ e(w) }f’ﬂ] | E@(w, 7)| do << co.

Proof.

Now by Lemma 3, we have
E@w, 7) = Flw, 7, g, 0) = 0[{6(('0) }ﬂd] -+

{8l—1 {o—1 [B] ©
+ 3 3 3 30{ew) }P{w@)e) b +

i=0 1=0 g=1i=1

[8]—1 [0‘]—-1 8]
+ 3 3 So{eow)}#{w (w)/e(w) Lo -8l +

j=0 1=0 o=0

+ z Z O[{ e(w) }o{ w e(w)/e(w) }ot w™] +

g=1 i==1

81
+ > O[{ e(w) }p-1 e(w) { @ eV(w)/e(w) 1] +

ag=10

(B-1 =1 (8]
+ 3 3 30{eV(w)}{ e(w)/e (w) }EH {  o(w)/o(w) JET w1 +

701011

~1 [a]—1

+ Z 20[{6’(60) 1 { w e (w)/e(w) }B -] +

j=0 1=0

1 [a]—12
—{—ﬂ]z 3 Ole(w) { eX(w) 2 { o e(w)/e(w) }¥I 1] .

j=0 1=0

Substituting the estimate of FE@(w, #) from above in

[ (@) { (@)} | BO(w, m) | do,

1

we have
f[e“)(w)/{e(w) | E@(w, 7) | do = O(L,) +
1
[fl—1 [e]~1 (8] @ [A]—-1 [al—1 {f] . {8l o
+3 33 30@)+3 3 0L+ 3 300 +
F=0 1=0 g=1 i==1 i=0 1=0 o=0 g==1 i=1
(8]—1 [«}~1 18] {pl—1 [e]~1 [8]—1 [a]—1

+20L5>+2 S 30L) + Y 20L)+ Y 0L,

g=0 j=0 I=0 i=1 §=0 1=0 j=0 1=0
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where the integrals I, (r =1, 2, ..., 8) are defined as in the body of proofs,
given below, of their convergence, which is an immediate consequence, in each
case, of the inequality displayed.

L = 7[9(1)(60)/{ e(w) }o+1] { e(w) Y1do <K fw“”e dw
1 1(a< 1) (1), by (3.7) and (3.2) .
Ly = [ [e™(w)/ { e(w) }r11{ e(w) }2{ © e(w)/e(w) }* 8 do
= f[{ ® eD(w)/e(w) 1w ] 0Bt d (s < [B]—1)
< K fw—m““m dw, by (3.7).

Ly = f[em(w) /{ ew) Y11 { e(w) Yo { o e(w)/e(w) Yoo de .

The case of L, is similar to that of L,.

L = [ [69(a)] { o) 141 { o) J {0 €))7 do
= fw[{ @ eD(w)/e(w) }o/w] w2 dw < K fmw-2+a dw
(e<< 1), by (3.7).
Ly = | Fe(l)(w)/{ o(@) }11{ e(w) -1 ew) { @ e (w)e(w) ot dew
= f[ { @ e(w)fe(w) }o+ 0o+ do < K f o= dow  (s<1), by (3.7).
Lo = f [8“;@)/ { o) }p21{ () }{ e(0) oD (@) Y1 { o0 e (aw)o(0) Y1V ct~1P) Ao
- i [{1‘” o) fe(w) Yoot do < K [wpisedo (e< f—1— 1), by (3.7).
1 L, = f[e"’(w)/ { e(w) }p+11{ e(w) }{ w e(w)/e(w) B 181 doo

= f[{ @ eD(w)/e(w) JEI+ /<] e do  (e<[f]—1)

1

(*) K denotes an absolute constant not necessarily the same at each occurrence H
¢ is arbitrary but positive.
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<K fm Bt oy, by (3.7).

Ty = [1e0(@)/ { e(w) }5e@) { o(00) J{ 0 cw) ) }19 -7 o
= T[{ w eéV(w)/e(w) PP 0] o BHFre do (e < f + [f]—1-1)
<K [wredo, by (3.7).

Hence the Lemma is proved.

9, - Lemma 6.

glw, u) is of the same order as the combined order-estimates of Few, w, [«],
a— [o] —1) and Flw, u, [o] +1, a— [a] —2) as obtained according to Lemma 3.

I

Proof. Now

ut+lfn =
I + [e] — o) glow, u) = (f + f) (t— )= B, ¢) At =
v utifn
k u+t1/n e
= g{ e(w) — e(n) }p=1 e(n) [(cos 70)y, f (t— w)ld = d¢ + netd f I(cos nt),y dt]
a<w u u+t1/n

w<i<u +1/n) and (v +1/n<o<7)
71 (608 1Y) (4] }

= _ p-1 moa—lo}-1 Lope-fal &
3{ e(w) — e(n) }5-1 e(n) [.2 (cos nB),; -+ n {nﬂ(cosmr)[alﬁ

n<w

(v +21<<yv<7a).

Hence the result.

10. - Lemma 7.

For [f] =0 and §>1

[ e @)/ { e(e) }6+] | gle, 7) | deo < 00
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Proof.
For the case [ff] = 0, we have, by Lemma 6 and Lemma 3,

glor, @) =Ole(w) { éD(w) }7 0] +-0[{ e (w) }# =] +Ofe(w) { (@) }#-1e0=-2] +

z Ole(w) {e(l) }ﬁ— W] EO[{ e () }5 @] b

=0

+ zl Ole(w) { D) }ﬂ—~1 W3t

1=0

And for the case § >1, we have, by Lemma 6 and Lemma 3,

g(w, @) = O[{e(w) }p-1] +

[Bl1—-1[«] 18] @

+ 2 3 2 3 ol{e) }{wew)/ew) }o ol 4

Fm0 1=0 g=1 §==1

[ﬁ] 1 [a] M
S > Ol{e) }r{ o d(w)fe(w) } 7 o] 4

=0 1==0 g==0

I8l ¢
-+ z z 0[{ 6(0) }5{ w 3(1)(60)/6(0)) }0’—1 woc—[zx]—z} +

g=1 i=]

© S O0{e@) 1 @) { @ @) e(@) } we-a-1] 4

g=0

[B1—1 [a] [B1
+22 % 0[{ e (w) }ﬂ{ we(w)/e(w) }rﬁ]{ e(e)/e(ew) }(ﬁjﬂw“_[q]_lﬂ_m] X

§==0 1=0 im1

811 [a]
£33 olfe)}r {we“><w>/e<w)}wl o-ld-1H-] 1

j=0 1=0

B81—1 [«
+”Z [z] Ole(w) { eM(w) w) }51{ o eM(w)/e(w) } 1B qr-A-1i-lA] -

i=0 1=0

[Al—1 [al+1 (] "o

+ 2 Z z z O[{ e(w) }ﬁ{ w e(l)(w)/e(w) }o’ wa—[a]-—e-{-l—[ﬁ]] +

J=0 I=0 o=1 i=1

[Bl—1 [a] 41 [B]

+ Z > 2 0[{ }ﬂ{we(l)(w)/e(w)}ﬂ o -lad-2+i-l6] L

=0 ¢=0

Al o .
+ 3 3 0[{e) }#{ @ €(w)/e(w) }or 3] +

o=1 {=1

8 .
+ 2 O[{e(w) }p* e(w) { @ e(w)/e(w) }o=* 0*t1-2] +
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1811 [ +1 [B]
+3 3 0K V(w) }{ w e w) }lﬁ]{ )/eM(w) }[ﬁ]ﬂ - ld-2=(8]] -
J=0 1=0 i==1
[81—1 [a] +1
}{m i e L

-+ Z > O[{ e(w) }B{w eV(w)

§==0 leaQ

[5] 1 [a] 41
+ > > O[e(w){c(l) }ﬁ‘ {a) el (w)/e(w }["33 e ld-2+1-18T] |

j=0 1=x0

Substituting the order-estimate of g(w, ) for the case [f] = 0 in the integral

[ 1)/ { () 127 | glo, m)| oo,

1

we have

[ lew(@)/{ o(@) }#1] | glo, =) | do = O(IL,) + O(M) + O(y) +

+ Z O(IL,) + Z O(Ms) + Z O(My) ,

1=0 1=0

where M, (r =1, 2, ..., 6) are defined as in the body of proofs, given below
of their convergence, which is an immediate consequence, in each case, of the
inequality displayed.

M, = [ [e()/{ ef) }3e(@) { €O(@) }6-1 0% doo

— [[{ o e(w)/e(@) /o] @t do

< KTw—ﬁw—m do (0 <e<f— ), by (3.7).
M, = f [e(w /{ }ﬁ+1]{e(1)(w) }ﬂ w*t dw

— [T{ 0 c0(@)e(@) }r1ja] wrp-2rere do

@

E [ofedo  (0<s<f—a-+1), by 3.7).

1

M; = T[e(l)(w)/{ e(w) }ﬁ+1] e(w){e(l)(w) }p_l w2 do =
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I

f[{ w eNw)/e(w) }ﬁ/wa] w—Fra-2+e dgp

<Kjw—ﬂ+a-2+e do O<e<<f—a-+1), by (3.7).

1
]

ﬂ[ f g(l)(w /{6((0 },B'H.] 6(60){8(1 (CO }ﬁ—l W -2 den

—

I

f[{  ew)/e(w) }ﬁ/we] w—Frati=2te dgp

wa'ﬁ+l+“-2da) I=0,1;0<e<f—a—1+1), by (3.7).

1
©

= J‘ [6(1)(6())/ { e(w) }ﬁ‘*"l] { eD(ew) }ﬁ w2 dop

1

— f [{ w 6(1)(60)/8((0) }ﬁ+1/ws] —BHe—3+e dop
1
<wa—ﬁ+t+a—3+e do (1=0,1;0<e<f—oa—1-+2), by (3.7).

M, = f [e®(w)] { e(o) }#71] e(w) { () }o-1 w=+1-3 de
f[{w ¢(w)/e(w) B [we] w-B-stetite dg
1
< fw-ﬁ*3+°‘+l+e do (I=01; 0<e<<f—a—1+4+2), by 3.7
1
Substituting the value of g(w, ) for the case f>1, in the integral
[ [e®()/{ e(w) }#+1 | glw, 7) | do
1
we get

{fl=11s] [l o

f[em(w)/{e(w )] g, m) [do =0(N) + 3 3 5 3 O,

7=0 1=0 o=1 i=1

[81—1 [2] [B] g [81—-1 [«] [A]
+ 22 2 0, + Z O(N,) + Z ONs) + 2 2 3 Oy +
J=0 1=0 g=0 =1 =1 i=0 =0 i=1
[£1—1 4] [81—1 [«] 181—1 [sl+1 {81 o
+ZEO(N7)+220(N8)+Z 2 22 0l +
§=0 1=0 j=0 1=0 F=0 I=0 o¢=1 i=1
[8l1—1 [a]+1 181 8l o .
+ 2 2 20+ 3> Ol + }_‘ O(Ny) +
i=0 1==0 o0=0 g=1 i=1 o=0
{A1—1 [2]+1 [B] [Bl—1 [a]l+1 [8]1—1 [«]+1
+ 2 2 3 0 + E 2 0Ny + 3 X Oy,
i=0 =0 i=1 j=0 1I=0 i=0 I=0

where the integrals N, (r =1, 2, ..., 15) are defined as in the body of proofs,
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given below, of their convergence, which is an immediate consequence, in each
case, of the inequality displayed.

:7‘ [ () /{ e(w) }8+1){ e(w) 161 do <K fw—m dow (0< e<1), by (3.7)" and (3.2).

In integrals N, ..., Ny; 1=0, 1, ..., [«], and in integrals N, onwards | =
=0, 1, ..., [«] + 1; wherever they occur.

= f [etv( w)/{g(w }ﬂ*l]{ (w) }ﬁ{w e (w)/e( w)} we=led=1+1-18) dey
= [ o c@)o(@) }r#1j0] arid-sioctvise do (0 <e<[a] +1—at [F—)
< wa—[al—m*!ﬁlwe dw, by (3.7).
N, = [ [e9(@)/{ el@) }241 { e(@) }2{ 0 (o) fe(w) }* w2410 dep — I,
Ny = [ [69@)] { o) }#] { e(@) }{ 0 (@) Jo- o= o

= f[{ w ew)/e(w) }a/we] wo-lel-stte e,

o EStete dy (0 < e<< [a] +2—a), by (3.7).

=
H&ss

= j [0(@)/{ e(@) } P11 { e(w) }0-2 e{w) { @0 e (@) fe(w) } o~ 1ot doo

= T[{ w N w)/e(w) }“H/a)E] w-le-state do

< wa—[“3“3+°‘+8 dw (0 <e<<[x] +2—a) by (3.7).
1

j ()] { e(w) }1411{ e(@) }{ @ () fe(w) } 1] e(w)]
/e(l)(a)) }[/3]+1 w1181 qep

= T[{ w eV(w)/e(w) }ojw] - tebitte dy (0 < e< [a] —o + f—1)
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<K j w-ld-1eBrtie ey, by (3.7).
1

N, = 7 [e@(w)/ { e(w) }2+11{ e(w) }#{ @ e (w)/e(w) } B o*-T-1+1-181 dgy

—_ J [{ w ¢D(w)/e(w) }[ﬁ]+1 <] -lA-2a~{Bl+1+s gy
H .

<K [wrtiseinee do (0<e< [a] +1—a + [f1—0, by 3.1).
Ng = f[em(w)/{ e(w) I+t e(w) { () }5-1{ weV(w)/e(w) J @* -1+~ deo
— f[{ w eV (w)/e(w) }ﬁ+[ﬁ] Jw®] o led-1te-lBl-f+e dop

< wa“[“]‘”“—ﬁ“m]““ do (O<e<[a]—oa+[fl—1+48), by 3.7).

1

Henceforth 7 =0, 1, ..., [o] + 1.

W, — [ @)/ { o(@) P11 { e(@) {0 (@) fe(w) }* e G

e f[{ w () /e(w) }o+or] o-tA-sta-Blitte 4o

<K [ortseiiee go (0<e< [d] +2—a + [(1—D, by 3.7).
N0 = [ [0}/ { et@) }+1{ e(e) 10 o 0@)fe(w) }o we-th-on- doy = N,
Ny = [ [e0(@)] { @) }411{ efw) }{ 0 e(@)fe() Jot -3 do

= [1{0 Mw)ew) Jojo] 0@t do  (0<e< [d]+3—a)

<K [otiseedo, by (3.9).

1
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Ny == fm [ (w)/{ e(w) }o+1] { e(w) }6-1 e (w) { @ e(w)/e(w) }ot welE=2 qg

= f[{w e(w)fe(w) Yo ottt de (0 < &< [2] + 3 —a)

<K j w-l-stete dgy by (3.7) .
1

N = [ Le(@)/{ efe) 1 { o) }2{ 0 ctw)o(eo) Jo -
. { e(w)/eV(w) }[ﬁ}+1 w2418 dgp

[{a) éWw)/e(w) }ﬁ/a)ﬁ] o l-taprite doy (0 < e < [a] +1 —a+f—1)

Hti,g

N

K fartasisinse o, by G.1).
Ny = f[e‘”(w)/{ e(@) 311 { e(@) 1 { w el)(w)/e(w) YO or-t-241-161 deo
== f[{ o eV (w)/e(w) }rﬂJ+1 J0?] w-led=s+atplt+e dgy
<K fmw““]””“"w““ do O<e<[a] +2—a+ [f]—1), by (3.7).
Ny = f[e‘l’(w)/ { elw) }641] e(@) { et(w) }6-1 { 0 eV () fe(w) }O) cox-tel-2+1-161 dop
= T[{ w e (w)/e(w) Yo+ oe] -lel-2ta—p-lblitte dgy
<K fm w el Qo (0 < e < [o] +1 — a4+ [f]—1), by (3.7).

Hence the Lemma follows;

11. - Lemma 8.
For B>1, we shall prove that

f[e(l)(a))/{e(w) }ﬂ“] | B (w, 7) | do < co.
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Proof.

Now E(w, ) = F(w, =, 0, 0). By Lemma 3, for the case § >1, we have

Flw, =, 0, 0) :0[{05‘))}6_1} +

[8]—r [B] o

+ E Z Z O[{ e(w) }#{ w e)w)/e(w) }° 0B +
[8]1—1 [B]

+ E Z O[{ e(w) }p{ w eV(w)/e(w) }* 1B +

-+ z zﬁ 0[{ e(w) }5{ o e (w)/e(w) }0—1 w-1] +

g==1t=]1

18]
+ > 0[{ e(w) }1 eD(w) { w e (w)je(w) }*-1] +

[B1-1 13]

+ Z ZO[fem }5{w () fe() O o{w) e () YBH1 o-181] +
(p1-1

+ 3 0[{ e(w) }#{ @ e(w)e(w) YA 8] +-
i=0

+ 2 O[e ) { eM(w) }5-1{ @ e (w)/e(w) }¥I 01F1] .
Substituting the estimate of H(w, &) in the integral

[T}/ { elw) }511 | B, 7) | o,

1

we get
[Bl—1 18] o [81—1 [}

f[e“’ w)/{ e(w) }6+] | Blo, 7) | do =O0(Py) + 2 3 0P + X 3 O(P;) +
j=0 og=1 f=1 ji=0 g=0

(5] 5} -1 (81 -1
+2 Z (Ps) + 2 O(Ps) + X ZO(PG) +ZO(P7) + ZO(Ps

g=1 =1 o=0 i=0 i=1 . j=0

where the integrals P, (r =1, 2, ..., 8) are defined as in the body of proofs,
given below, of their convergence, which is an immediate consequence, in each
case, of the inequality displayed.

P = fm[e‘”(w)/ {e(w) }11{ e(w) }p 1A <K fm = dw (0< e<<1), by (3.7) and (3.2).

Pz = f[e(l)<W)/{ (3(60) }.B'f‘l] { 6(0)) }ﬂ{ 75} e(l)(w)/e(w) }o‘ w8 da =



78 B. D. MALVIYA [32}

° «©
f [{ w eMNw }U+1/ws] w-B-1+e o < K f w-I8-1+5 dey
1 1

(0O <e<<[f]), by (3.7).
P, = f[eu)(w)/{ () 111 { () 1o { & e()fe() }7 0 do> = P,.
P, —-f[e“)(w /{ w }51“1]{ (w) }ﬁ{w eM(w)/e(w) }"“1 w-! dw
= [ {0 d@)/e(@) }ojor] 0+ do < K [0+ do (0<e< 1), by (3.7).

1

P; = f[ew(w)/{ e(w) 317 { e(w) 361 6(w) { @ ) (w)/e(w) }°-! dew

1

= fw[{ o eM(w)/e(w) }o+ 0] w2+ do < K Tw—w do (0 <e&<<1),by(3.7).

Py — [ e¥(w)/ { ef@) }#+11{ d0(w) } { 0 60w} fe() }18
' {6((0)/6(1)(60) }[5]"1’1 w8 dw

f[{ weD(w)fe{w) }5/w€]w_ﬁ+€dw <K Ta)‘l3+5dw(0< e<< fi—1), by (3.7).

H

f o)/ { e(w) 111 { e(w) 1 { 0 eD(w)/e(w) }w} w181 deo
T[{ w & w)/e(w) }[ﬂ]+1/ws] w1+ o < K J‘ Bt dep

1 (0 <e<<[B], by (3.7).

— [ lew) { efw) 1411 e(@) { ée0 }7-1{ 0 e(0) (@) }1! 12

— F{ wei(@)o(w) )] 0P dw < K [ -t do
' 0 < e<p—1), by (3.7).

Hence the Lemma is proved.

12. - Lemma 9.

The Fourier series of the speczal even functwn QUA(2) is absolutely conver-

gent at 1 = 0.
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Proof.
Let

QUA(E) ~ 3 o, cOS 0t .
Then

T

/m«n(t) cosnt dt =

0

Un

ltillv

44

2 ~
== / {a linear combination of functions H(f) (i =1, 2, 3, ...) Y eos mt dt,

0
by (3.8) (v). We have

k13

2 2
f (1) cosnt dt = — — (j + > HP @) sinng df =— — (I, + 1), say.
7 nie
0
Now, by hypothesis (3.8) (V) (a), we have
1/n ijn
B sin nt W _l w1\ [sinnt B 1 wf} 1
Il..f —rEN A =2 HY(-) (B a =0l AV (= lo<e<;).
0 ¢

And, by the same hypothesis, we have

7
. 1
I, = HY (1) [ sinnt dt = O[i HY (——)]
wy w 7
i/n
1
— (1)
w=3 o= 6]

Hence the Lemma follows by virtue of the hypothesis (3.8) (v) (b).

Thus

13. -~ Lemma 10 () .

If © be given by F(kju)/u, then we shall prove that, for §<<1 and [a] + 1 >
>p>1,

[us/ { F(kfu) }] [ [D(@)/{ e(w) P+ ] glo, )| do = 0(1).
(1) This restriction on B for B > 1 under the overall assumption: p > « does nob im-

pair the generality of the Theorem in view of the first theorem of consistency for abso-
lute Riesz summability.
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Proof.

When <1, and hence [f] =0 and [«] = 0, by Lemma 6 and Lemma 3,
we have

g(w7 ’ll;) - O[G(w {6(1) }6—1 w““lluﬁ] + O[{ 6(1 )}5 w“—l/uﬁ-i*i] +

+ Ole(w) { e(w) }-1 w2 fupi] + z Ole(w) { e (w) Y61 areri—2jypmi1] &

+ z O[{ e (w) }B coeti=2fub-t+2] + z Ole(w) { e (w) }p-1 =+1-3/ub=1+2]

and when f >1, by Lemma 6 and Lemma 3, we have

{]((L), u) e 0[(’16”[31‘[“3 4 ’14—[“]'2){8(60) }ﬂ—l] -+

[Bl1—1 [s] (8] @

+2 2 3 301 ow) 1 o 6(w)/e(w) }c' le-1a-B)] 1

=0 l=0(g=1li=1 .

[8]—1 [a] [B]
+ 2 2 3 OB o(0) 1{ 0 é(w)/e(w) }° o-t-r-1] 4

i=0 1=0 o=0

8] o
+ z Z 0['2,(,"[05]—2 { 6((,()) }IB{ w 0(1)(60)/6(6()) }D’-—l wa—[az]—2] _};_

ge=1 §=1
8]

—+ z 0[7//—[“]_2{ 6(60) }ﬁ—l 6(1)(00) { w c(l)(w)/g(w) }0'-1 woz—[zz]—1] 4
=0 -

[81—1 [z“l [g O[u -t { ¢(w) }6{ o e(w)/e(w) }EI{ e(w)/etD (w) Yietet .

J=0 1=0 i=1
- -led-tH-18]] -

[8]—1 []

+2 2 OfwP-1e+-1{ o(y) 16 { @ e (w)/e(ew) J1BY qor—Td-241-161] -
[6)1 [o]

+ 2 2 O[w -1 o) { e(w)/u }p-1{ w e("(w)/e w) Y6 os—led-14-181] -
i=01=0

+ Of(u—Bl-A4-1 u*[a]—s){ e(w) }ﬁ—l] +

[8]1—1 [a]+1 [8] &
2 2 2 Oluwtti-a{ew) 1 { wel(w)/e(w) o wx-a-H-E1] 1

§=0 I=0 g=1 i=1

1A1=1 [a]+1 [8]
+ z Z z Oy Bl-led+i—2 { e(w) }f’{w e (w)/e(w) }a we-Td=a41-81] |-

j=0 1=0 og=0
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8] o
£ S 0 { e() Y{ o é(w)fe(w) Jo ot

g=1 i=1

8]
+3 O[u”[“]“‘{ (o) }ﬁ 1 el ew { o ¢V (w)/e(w) }““1 w2 L

gm0

[8}=1 [2]+1 [8]
+3 > > Ofuf-la+t- 1{ ) }ﬁ{ w eDw)/e(w }[ﬁ] { e(w) /e (w) }[ﬁ]+1 .

fe=0 §=0 (=1
- @r-lae-ip-2]

11—1 [x]+1

+ > z Ou-16- [«1+t—z{ e(w) }ﬁ{ w eD{w)/e(w) }[ﬁ) e EAH--2] L
§=0 1=0 :
{81—1 [a]+1
- E z O[H‘[ﬁ]—[“}i—l-? elw { g(l) //u, g~ 1{ w 6(1) (,())/6 }[ﬂ] w“—[“]-!'l-[ﬂ]‘ﬁ] .
i=0 1=0

Substituting the estimate of g(w, u) for the case [f] =0 in the integral

[ )/ { e@) 2411 glo, )| dw
we have ’

[/ { P(efu) 7 [ [e0(0)] { ew) 471 | gleo, ) | deo =
— 0(Q) + 0(Q) + 0(Q) + 3 0(Qs) + z 0@y + 3 0@y

=0 1=0

where the integrals @, (r =1, 2, ..., 6) are defined as in the body of proofs,
given below, of their boundedness, which is an immediate consequence in each

case, of the inequality displayed.
Q, =wPhT™ f [e(w)/{ e(w) }6+1] e(w) { eV (@) }P~* 0= doo

= vt [ [{ @ o) felw) Yo uprtedo  (0<e<f—a)

T

< K v ub [{ 7 e0(7) e() }B[ae] vhEet by (3.7),

=K [e(@)/{ue@®}P<E, by (3.8 @O

() We observe that
() {n e(_t)} = F(v)/(u7) = F {F(kju)fu} |Fkju) = O(1),

by (3.8) (i).

6
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Q, = w17 an[e(l)(w)/{ e(w) }ﬁ-n]{ e (w) }/3 w1 deo

== g% gp-1 f[{ o e (w)je(w) P w] o Pt dn  (0<e<<f—a + 1)
< K v w1 [{ 7 (1) [e(t) }BH1jre] vhra-tie, | by (3.7),
= K [eW(7)/{ ue(r) } P < K .

Qy =uPlg™ [8(1 (w)/{ e(w) }ﬂ“] e(w) { éw }5“1 0=t dow

== g% -1 T[{ w e(w)/e(w) }ﬁ/ws] w=Fre-2tede 0<e<f—a+1)
<K v wf1 [{ v e(T)/e(r) Y] vhttie . by (3.7),
= K (wz)~1 [60(z)/{ we(z) JP< K, Dby (3.8) (i) ().

In Q4 @5, G, 1 =0, L

Q == w1 = f [0(1) /{ e(w) }ﬁ+1] e(w){ e (e }ﬁ ~1 =2 e

= 7 w41 [ 0 69(w) (@) Jofoor] presi2te do (0< o< fmiiml +1)

T

< K 7= w1 [{ 7 e(7) e(t) }oe] vhretizite, by (3.7),

= I (ur)"= [eM(z)/{ uw e(x) }E< K , by (3.8) ().

Qs = uPH—2 g2 f [e (e /{ e(w) }ﬁ+1]{ e (w) }ﬁ w2 deo
= o -2 f [{ o e(w)/e(w) }o+Ywe] w-Brtt-tedn (0<e<<f—a—1-+2)
< K 7w b2 [{ 7 6(7)/e(x) }ﬁ“/z;] ghtat-zte - Py (3.7),

= K (ur)~1 [6W(x)/{uwe(r) } P <K, by (3.8) (i).

() We observe that w7 ==F(k/u), which is monotonic increasing, as u diminishes,
by (3.8).
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Q, = w2 p= f [e@(w)/{ e(w) }+1Te(w) { e (w) 181 x4 doo
=Ty | [{ o éN(w)/e(w) PloT] ottt do  (0<e< fma—1+2)
<K= u—ﬁ+:~2 [{ 7 e(z)/e(r) }B[7e] Thrett-ere by (3.7),
= K (ue)= [O@)/ {ue() JF<E, by (3.8) ().

Hence the Lemma is proved for f<< 1.
Substituting the estimate of g(w, %) for the case f>1 in the integral

[T @)/ { o) 12477 | gle, w) | dov,

we have
[ws/ { F(kfu) }] f [e(l) ) ]| g(w, w) | do = O(Ry) -+
[ﬂ]~1 [«1 I8l o [8]—1 [»] [8] Bl o (8]
2 2 20RB)+3 3 2 0B + 3 3 OR) + 3 O(Fs) +
3=0 1=0 og=1 {=1 i=0 (=0 g= o=1 {=1 o~0
[8]—1 [«] [8] [Al~1 [a] [8]—1 [«]
+2 2 20E)+3 YOE)+ 3 3 ORs) + OR,) +
Je==Q I==0 f=] =0 1I=0 i=0 l=0
[ﬁ]—l[a]+1 8] o [8]—1 [a]+ 1 [] {61
> 2 20Ry + Z Z 2 O(Ry) +Z ZO(Rn + > O(Ry) +
7 0 1=0 o=114=1 =0 g=0 o=1i=1" o=0
[8]—1 [«]+1 [B] [Bl~1 [«]41 [B]~1 [«]+1
+E > SO0RW + 3 3O0Ry) +Z EO(Rm
F==0  l=0 i=1 i=0 1=0 =

where the integrals R, (r =1, 2, ..., 16) are defined as in the body of proofs,
given below, of their boundedness, which is an immediate consequence, in each
case, of the inequality displayed.

By — v (- 4 umt4-9) [Lo0(@) { e(w) }1{ e(w) -1 doo

= v B [[e(0)/{ elw) }] do + 7 w2 [To0(0)/{ e(w) }7] doo

! "
=R, -+ R;; say.

1
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Now
R, = 7= gl fm[e“’(w)/ {e() ] do = 1= w66 { ¢(v) } 1 < K,
T by (3.8) (ii) (1),

R = ¢~ gl T(e(l)(w)/{ e(w) }?) dw = = w2 { ¢(7) }1 < K,

T

by (3.8) (ii).

In R,, ..., Ry, 1=0,1, .., [«], wherever it occurs.

R, = wtoent == [ [e00(w)/ { () J111{ o) }{ @ e)(w) (@) }o -
i . e—-1+1-18] dey

— v B [ 0 d()felw) Jo+1fwr] -t do
O<e<[e] +1—a+[f]—1

< K v w B0t [ 4 o0)(z) fe(T) Jorijee] T-la-te-Blte by (3.7),

= K [e(z)/{ u e(z) } 1o (uz) Bl-e < K, as Q.

By — v w1 [ [e0(w)) { e(o) 1#9){ e(w) J#{ 0 e(w)e(w) }o-
: . e-lE-11-08] do

<X, asR.

Ry = v w2 [ Te0(w)] { efw) 91 { e() J8{ @ e@)e(eo) o1 w2 doy
=7 u-w—;f’[{ w € (w)/e(w) }7jof] oS do (0<e< [d] +2 —a)
et [{ 7 e(a)fe(z) }ofos] Tt-te, by (3.7)

= K (ur) -2 [o(q)/{ w e(2) }]° .

(1) We observe that
= = 1B1=1e] {e(x)} 1 = {F(kfu)ju} = [e {F(lju)fu}]™* u=l1-1F] =
= {F(kfu)}—= [e {F(kju)fu} ] u~-10+= = O(1), by (3.8) (ii).
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Ry = 7=yl f[eﬂ)(w)/{ e(w) }11{ e(w) -1 e(w) { @ eV (w)/e(w) Jo-1 -

- w1 do

el (e f[{ w 6(1)(60)/6(60) }U-i—ll,we] w=lE-3+ate deoy (0<8< [oc] _*_2__“)
<K vy { T e(z)/e(7) }c+1 [1¢] pled-atate, by (3.7),
= K (ur)"-1+ [e(z)] { w e(7) } ]+ .

Ry = 7~ yB-ld+ f[e(l)(w)/{ e(a)) }ﬁﬂ]{ () }ﬂ{ o e(w)/e(0) }[,3] .
z - { o) e (w) JEH1 gr-led-11-i8) da}

= 7 y~A-ldd+ f [{ w e(l)(w)/e(w) }ﬂ/we] w-B-ledtati-1t+e dop

O<e< B+ [a] —a—1)
< K v w -l [{ 7 o (1) fe(7) }8j7e] gop-lodtative, by (3.7),
= K (uz) 1 [e(7)/{ ue(r) }JP .

Ry = v a3 [ o 9(0)) { ofw) 1 { ef@) P{ @ e0(w)e(e) J -
. @e-T-141-18) dgp
= 7= g~ IBl-led+-1 fo [{ w eVw)/e(w) }[ﬁJH Jw®] w~lE-2ra=iBlite gy
(0<e< [¢] +1—a+[f]—1)
< K o y-1f-led+i-1 [{ 7 69(7)/e(T) }Lfml [re] lad-tra-iplitte by (3.7),

= I (wr) 4 [e) ()] { w e(7) } 1001

Ry = 7% 16114+ f [et(w) /{ e(w) }IH-I] e(w) { eV {w) }ﬁ—l{ w eV (w)/e(w) }Iﬂ} .

. e-ld-1-18] 3oy
— g g=TAlledip T [{ @ () e(e) YHOe] o -rtab-tBlitse
O<e<[a]—oa+ B +[Bl—1
< K 7% 4 B)-led+i-p [{ 7 e(7) Je(7) }ﬁ+[ﬁ] [1¢] TA-lBl-ledhaiite | by (3.7),

= K (uz)~3+ [e¢0(2)/ { w e(z) }]p+14) .
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Ry =1 (0 B1-011 gy T09) [ [eD(w)/{ e(w) Y11 { e(w) }P~* dw =R, +R;, say.

Now,

R, =7y Bl-ld-1 [ [e(w)/{ e(w) }?] dw =T-uP-E-1{ o(7) 1< K, by (3.8)(ii),

T

Ry = 7 yld- f [eD(w)/{ e(@) }*] dw = T u~ &3 ¢(r) < K, by (3.8) (ii).

T

In Ry, ooy Rugy 1==0, 1, ..., [&] + 1, wherever it occurs.

R e ot g (Bl-led+i-2 j [e(l) { }ﬁ'i'l]{ g(w) }ﬂ{ W 6(1)(60)/6(0.)) }0‘ .
’ - oelel-241-18] de

= g~ - [Bl-ladti-2 f[{ w ) /e(wm) }”“/af] o~ lA-Stari-[Blre qg5

(0; e<[a] +2—a—1+[B])
< K v uB-ln-2 [ L3 c0)(7) Je(z) Jott[re] pld-sioti-iflie | Dy (3.7),
= K (ug)W-eto-1 [o0)(7) [ { 7 e(7) }]o+

Ry = vy~ B2 f [e(w)/ { e(w) P11{ e(w) }1#{ w eV(w)/e(w) }°-

. w“—[“]—g‘\”—[ﬁ] dow
< K, as Ry .

Ry = v fm[e“’(w)/ { e(w) }+11{ e(w) }P{ w eM(w)/elw) }o-* w12 do

= 7 a8 fw[{ w ¢D(w)/e(w) }"/coe] wld-tate doy (O<e<<[o] + 33— )

T

< K v= w03 [{ 7 e0(7)fe(z) }oj7e] vl-34=te, by (3.7),
= K (ur)" -3+ [eM(7)/ { w e(7) } 1° .

Riy = 7= 0 [ [600(@)/ { o) }#11{ (@) 44 6@} { 0 @) fe(w) Jo-1

- ™ doy

= 7% g 1e)-3 fm[{ w e w)/e(w) }°+1/w5] w bt e (0<e<<[o] +3— )

< K v u B [ { 7 eW(7)fe(r) }or/ee] vlA-stte, by (3.7),

= K (uz) -2+ [eW(7)/{ ue(z) }]o .
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Ryy = 7= ab-6040 [ 0@ { efw) 11 e9(00) Jo{ @ c(w)e(e) 101

. { g(w)/e(l)(g)) }[.5]"'1 e lod-2+1-18 dep

= o y—p-led+—1 f [{ w 6(1)(60) Je(w) }ﬁ /we] w-TE-2tat-pre dep

T

O<e<[a] +1—a—1+f)
< K v bt [{ 7 e(7)fe(r) }[ve] Tid-rteti-pre, - by (3.7),
= K (ur)" W1+ [e0(7)/{ u e(7) }}F .

Ry = v -0 [ [et(w) { e(w) 11 { e@) }{ 0 et(@)fe(w) J1 -

. @e-la-2 18] dep

= 7% yFl-lel+i-2 f [{ o ¢V{(w)/e(w) }[ﬁ]ﬂ JwF] w-Td-s+atite dg
T

O<e<[e] +2—a—1)
< K 7 B2 [ { 7 ¢l)(g) fo(t) YOI jpe] p-ld-ssative by (3.7),

= K (ur)~F-1+ [e0)(z)/ { u e(z) }JBH1

Rip =7 0001 [[e(w)]{ e() }+1Je(w) { (@) J-1{ @ e(w) e(e) }71
i - rla=-2+1-181 dgp

= % g lB-elH—p—1 f [{ » eV(w)/e(w) }ﬁ+[ﬁ]/ws] - E-2~p-Bl+itate Jgp
T

O<e<[e] +1+F+[fl—1—)
< K v w1 [{ 7 (O)(7) e(7) }BHB) 7] - ld-1~p-iflttate . By (3.7),

= K (ur) -1 [e)(7)/{ u e(z) }JPHE

Hence the Lemma is completely proved.

14. = Proof of the Theorem (cf. n. 3).

In view of Lemma 10 (ef. n. 13) and the first theorem for consistency for
absolute RiEsz summability, we take, without any loss of generality: << g <
<[«] +1, when f>1.
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We have

A (2) = @/n) fqo(t) cosnt dt .

Now we have to show that, under hypotheses of the theorem, the integral

I= f[ (8 €V (w)/{ e(w) }o+1] g{ e(w) — e(n) }p=1 ¢(n) A,(x) | do

is convergent. We have

I= T[ﬂ eM(w)/{ e(w) 3417 | 3 { e(w) — e(n) }6-* e(n) A, (2) | deo

n<w

= /) [ 18 @)/ { ow) 1811 | S{ elew) — e(m) Y6 e(w) [(t) cosmt b | dw
whence ‘
(14.1) I — @f) (1B e(@)/ { e(w) 1411 | [p) Blos, 1) at | deo -

Now

Fd [a] A
[9) Blo, ) dt = [3, (— 1)e D, (1) Be-d(w, )] + (— 1) [ Bpy(t) BlD(a, 1) dt.
o= 0

Iy 1
Algo

f Dy (1) B, 1) At ={1/I'(1+4 [«] — o) } f B, 1) { f t(t — w)l-= AP (u) } dt

— (1T +[e]— )} [ 4B, ) [ (¢ — w0 B, 3 at = [gw, w) ad,w),

whence

k4

(14.2) f B y(t) B (o, 1) dt = [®, () glo, u)]’;—fqba (u)a%g(a), u) du .

0 0

Further

F11 d 7 a d
I+« [ B, (u) = glo, w) du = / .(0) { F(k/u) }* {_1"77—;/%7}_ — g(o, w) du

0 o
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whence
(14.3) (1 + «) /:@ (%) 4 glo, u) du =
’ o . * duw !

0
Frs

= [pa () { B(hju) }* 6o, u)]’;h./wd[tpa(u){F(k/u) 39 6w, w).

4]

From (14.1), (14.2) and (14.3) it will suffice for the proof of our theorem to
show that:

(14.4) fm[e“)(w)/{ e(w) ] | BO(w, ) | do < 0o (0 < p < [o] — 1, when [«] > 1),

@«

(14.5) [ Te(@)/ { e(@) 3417 | gloo, @) | dew < o0,

(14.6) [ e(@)/ { ef@) 1 | G, @) | doo < oo,

and finally

D) [le@){ ) 1| 6o, 0] do = 00) O <u<m),

since by hypothesis ¢ (t){ F(k/t) }* € BV (0, 7).

Proof of (14.4). When f>[a]>1 and [a]—1>p9, we have to
show that ‘

[ L)/ { elw) }p11 | BO@, ) | deo < oo

1

The proof immediately follows by an appeal to Lemma 5.

Proof of (14.5). We have to show for §>1 or f< 1,

Jre@)/{ ef@) 11| glw, 7| do < oo

The above has been proved in Lemma 7.

Proof of (14.6). We have to show that

(14.6), [Tee)/{ ofe) +11| G, 7) | doo < oo
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Now, with the notation () =z ¢(w)/e(x), A(v) = (d/dv)[{ v/F(k/v) 1,
and £(1) = -1 A(t), we have
3 d
(14.6), Glw, m) = [ [o/F(Ef)I* £ glo, v) dv =

0.
n ES

= [{v/F(k/2) }* g(w, )3 — [ glo, ©) Aw) v = K g, 7)— [ glo, v) A(v) do,

o 0
b4

(14, 6 [g(wy ) A(w) do W) //1(1; (t — v)l—= E([az])(w ) dt}d'v_
o v
=K fE([a])(cu, t) tfoa]—o:+1“gc<—1 1 — s)[«x]*«x{/l(ts)/szx—l}ds] di =
[}

0
1

= K [ Bt(w, 1) el-= A(t)[ [ 5=t — syt ds} dt (0<p<1), by (3.8) (i),
o0

e

= K [ B (o, 1) 91 A(1) dt = K [ B w, 1 Q) ar
]

0

[ (— D)ot BE-o(w, §) Qe-0(@)]7 + K (— 1) f B(w, 1) QUD()

e=

= z EB-9(w, ) + K (—1)¥ 2 elw) — e(n) A1 e(n) fQ([“J) ) cosnt dt,

p=~1 n<w

by (3.8) (iv).

From (14.6),, (14.6), and (14.6), it is clearly seen that for the proof of (14.6),
we have only to show the following:

(14.6), J [e0)/ { ele) 1271 | glary )] deo < o0,

(14.6); {[em(w)/{ e(w) }#+1] | BO(w, 7) | dw < 0o for 0 < g <[]~ 1,
1
and

(14.6), f [e(w)/{ e(w) }p+1] | 3 { e(w)—e(n) }6-1 ¢(n) fm[al)(t) cosnt dt | dow < oo

n<w 0

Proof of (14.6);. This follows from Lemma 7.
Proof of (14.6);. This follows from Lemma 8 and Lemma 5.
Proof of (14.6);. By theorem of consistency for absolute RiEsz sum-

@ B
mability, the series > u,, where u, are the FOURIER co-efficients of the special
1
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even function QU)(t), is summable | R, e(w), #], since as shown in Lemma 9,
it is absolutely convergent.

Proof of (14.7). We put T = _F(k/u)/u . Now

3 W(w) : ()
(14.T) / {:(w)}c,oﬁﬂ' | Gleo, w) | do = ’{;%w—)}‘ajm |G, u) | do +
e (w) (1) _ |
+ f oy | G ™ — Hiw, w) | do < f iy | G ™ | o+

eV (w)

()
+f{e (;0“1 | Glw, u)|dw —{—f{( Py | H (0, w) | dow .
By Lemma 6 and Lemma 4, we have
g(w, u) = 0[{ e(w) }ﬁ“ w*teW(w)]

Now

Gw, ) g( w, v) do

] {11(]70/'0)}0c dv

¥ u d %
- [{F(k/ﬂ)}“ g(wy 'U)]o —f a,; {F(k/'v)}fz : g(w, v) dv
8 0 [ w® {e(w)}ﬂ+1 wa—1:l

{F(kju)}= e(w)

the first term in the integration by parts, being zero, since v/F(kfv) vanishes
at v=20.
Therefore,

(1) : (1) « B =
[{61(“’) | 6o, u)ldwzo[[ D) _we _ {e@}i o ldw]

e(w)} A+t 7 {e(w)} B+ {F(kfu)}e eW(w)
1 ,
= Q[z~* frw“‘l dw] = 0(1) O<u<m.
And
- ¥ we -
{14.7), H(w,u)= / {I’(k/v)}czd g(a),v)dsz glow, 7T)— W glw, u)+

+ K / [ Tk } -+ (multiples of this obtained by taking positive

monotonic d1m1mshmg functions of v as multiplying faetors)] glw, v), do.
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Substituting the order-estimate of g(w, v), we have, for the case [f] =0,

po— B = pe—-1 {6(1)(0))} f~1 G(w) w1
[{F(k/w}a (©, v)dv = OU{FW@)}“ ~ d@] +
r =1 {e(w)}F w1 v*=1 e(w) {eMN(w)} -1 w2
B [/ {F (&) }= B+l ] [[{F([t/v)}a: Y d’u} -+

+ (other terms arising out of the order-estimate of g{w, ») for the case
[f] =0 in Lemma 3).

In considering the order-estimate of each of the integrals above, we observe
that, by hypothesis (3.7),

(k/v)e] { F (ko) }“ (e is a conveniently chosen positive number in each case)
is monotonic increasing as v diminishes, and therefore, taking the maximum
value of this factor (which is obtained at v = u) outside the integral, each
integral is less than

[(kfuye/{ (kfu) }q [ o7 do

with appropriate values of ¢ and with the corresponding factors involving .
Integrating the last integral in each case, since the order of each such integral
is determined at the lower limit %, now, we have

(14.7); glw, v)dv =7= - {terms in the order-estimate of g(w, u)

/{F(k/”)}“
in Lemma 3 }

And for the case §>1,

pe—1 o1 1
[ {Fwo)}= gle, v) dv = [f {F(/0)}e v[ﬁ]HaJ + @[am) { e(w) }o- dv] +

‘[m—x ] 6] o SR 1 wed@)e
oy z 0[/ {F(tou) } e wlPI+Ia1— il elw) }ﬁ{ () } R d”] +

F=0 1=00=1i=1

vl o (o)

]z—-l l @, / 1 {e(w) 1512 ? or-td-1h-0) dp | 4
E Lot et {F k/»u)}cx plfl+{a]—1+1 e (w)

i=0 1=00=0

+{ other terms ansmg out of the order-estimate of g(w, v) for the
- case f>1}.
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Now following exactly the same lines of arguments as has been followed

above in the case <1, we have

(14.7), /{I‘(lc/v} glw, v)dv =717* - {terms in the order-estimate of g(w, u)

in Lemma 3 }.
From (14.7),, (14.7); and (14.7), it follows that
H(w, 1) ={ terms in the order-estimate of g ¢(w, ) in Lemma 3 }~
4. { terms in the order-estimate of ¢(w, ) in Lemma 3}
Hence to prove (14.7), we need only appeal to (14.6), Lemma 7 and Lemma 10.
Thus the Theorem is completely proved.
In coneclusion I should like to express my sincerest gratitude to Dr. T. PATI

for his kind guidance and encouragement during the preparation of this paper.
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