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Some Theorems

on Generalized Laplace Transform.-1mx (**

L. - Introduction.

A generalization of the LAPLACE tramsform
(1.1) D(p) =p fe““ () dt,
. 4]
in the form of the integral equation
(1.2) D(p) ==p f e=HPE (ptym—t Wi (pt) h(t) dt, -
]

where W;,(t) denotes the WHITTAKER’s function, was introduced, about a
decade earlier, by R. 8. Varua ([7], p. 209).

We define @(p) as the operational image of h(f) and h(¢) its original in the
generalized LArLACE transform defined by (1.2).

Recently in my previous papers [4] and [5], some theorems for this general-
ized LArLAcCE transform were proved and the images of certain functions oc-
curing in applied Mathematics were also obtained. The aim of this paper is to
obtain the originals of certain image functions with the hope that these results
may be useful in electromagnetic diffraction problems, as indicated by
F. M. Racas ([8], p. 119). Moreover we shall also establish certain relations

(*) Address: Department of Mathematics, University of Jodhpur, Jodhpur,
India.
(**) Received September 27, 1961.
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between the generalized LAPLACE transforms of different parameters. These

results have been obtained by utilizing the integral representations of the

WaITTAKER functions and are stated in the form of two theorems. The

theorems may be used to evaluate integrals involving MuIyeErR’s G-function.
When &k -+ m = 1, (1.2) reduces to (1.1) by virtue of the identity

—1, T =1
ot W V.)-—m,m(fv) = eTR0

Throughout this paper, the symbol

Cht)  or () —

k, m k, m

D(p),

P(p)
will be used to denote (1.2), whilst the notation
Bp)=ht) or k() == Dp)
represent the LiapiAcE transform.
9. — Here we derive the original of the MEIJER’s G-function in the

geperalised LAPLACE transform. The following results are required in the sequel
([1], pp. 209, 216, 221 and 222; [4], p. 401).

oo 1% e a; + o']
@; 1 — b,
p ar-% 3 - i B ;
(2.3) G;" g(n;§ a, b) = 2pliatd K, (2\/5:)’
l—Fk -1
2.4 (v:‘.o @ T 1 — l-l T . ‘
(2.4) . 712[ l+m -+ .}2., I—m & })T, € e Wh’m.(m)’

B . B-14+1 , .
(2.5) Gi;[a}‘l-—- w1 ZJ~m+—J =Id—k+my I}y —k—m) X

X ml 61/2:: Wk,m(‘”)?

sy 1o 10 L TOTO) by
[a’\ 0, l1—c¢ } o P(C) QFI(a‘} b, c, ——-m)



[3] SOME THEOREMS ON GENERALIZED LAPLACE TRANSFORM-IIT 137

and
“ﬂ( (s veey @y 0 (L= ) B Yoy~ 140)
(2.7) GMV: p | == @) TR X
I)l’ very 5
lal @, +s—1
PR ;
T 3 1ynpom 14,5~ &,y 87 Yol |
% 8{"'1’5 ~gy+,_,, ,_«5(—1}X Gi;: zg 2 Ss(/ 6>I . (1)7

P by by +s—1
S_ ] >
K s

where ¢ is a positive integer.
In a recent paper ([4], p. 402) the author has shown that

@y s eoes @ v ‘ 14 (a— P —
> y} .ZJ'I)"(“ 1) 7?/Q % ‘mt 2] X

by, ooy bg) by om

(2.8)  p° G4 [2)”‘

= .

Uy oos Ggs Dyy ey Dy Appgs s @
byy vens Dpw Wis ooy Wans bygrs oo Ug

o

’

tn
na, f4n
X Gy+n,6+2n [n"

20 42k —2m + 20— 1 o+1

— il ! i = :

where Digq = o s Wi = o3
2 '

(1) For the sake of brevity, the following abbreviations are used throughout this

paper;
Sa, = ay + ay + o o4y Sbs = by + by + oo + by

o+ ) =TIl + ) I'loe— fB);

I 9 a, + s—1
P g —
Griix | . =
o b, by +s—1
[ ooy == 5 weey A T
i 8 8
|
a ay -+ 1 a +s—1 a, a,-+1 a, +s—1
s T s 2 .3 3 3 T ) 5 3
$ 8 s K s s
j— Ghl @ .
b
ar b, b 41 by +s—1 by by -1 by +s—1
2 T > ’ 3 2 T B 5 3
8 8 8 8 8 s
vy @y by, 4y by, ey, @, £ b, .
Griig 7 v e
qr
L vy 0 Hdy, € dy, .., 05 R ds o, .

oy Oy Ry, @ — by, ay £ by, Ay — by, o, @y D, a.',—by, }

!
+
¢, +dy, 6, —dy, ¢+ dy, C—dy, ..., €5 F ds, €5 — dy, ...

aey

= G;‘ﬁ[w



138 R. K. SAXENA [4]

o—2m 41

Vi1 == - for ¢ =0, 1, ..., n—1;
R(min (b, +m fm +1—0)) >0 for h =1, 2, ..., «; R(p) >0;

1 1 1 1 1
[m‘gz[<[o¢+ﬁ—~§y~§6—§ n]n and oc+/)’>§y~‘r 6+ n.

&

BN |

On using the property of the MEITER’s G-function (2.7) it can be further
written as

(2.9) pe G;g [a_p—nls

Ayy ey Q| ¥
o V| s T8 (2m) N e
byy ooy bs) E, om

—8)(x S VPTIN V —Xa,, Ly,
X (QTZ)U" Sia 4~y —148) S.Z‘bé Lay.,_/ ,_(H-IX

ay a‘ﬁ-}-s—l aﬂ+l ayi,—s——l
— ey ———— Dy, ., D
ns 3 3
. as it |s 8 s s
5 G sf+n (2)
sy+n,s6+2n S— 3} 1]
’ sV mM, by +8—1 by + 1 by 4 s — 1
— PR | S .
s aeey R an 5 ey
S & s 8

where IR(min (nb, + ms f-ms +s—s0)) >0, h=1,2, ..., a; R(p)>0
1 1 1
larga,8[<[soc s — 58y —580—3 n}n, a+pf>-y+

and @’s and ¥’s have the same values as defined in (2.8).
When #n =1, (2.9) yields

e (:ZS_Z)(I—S)(0<+5——‘/§;/ 1y X

@.10)  prEs [ap"’s

Ay vees a;,] v

b ves bs) ky m

i .
iy a, + &— 1
R AL NS 4+ k—m—3%
b — Fa - Vyms— 1, . ast § §
X o=ty o gy | @1 | ,
A FE Gt RN bs +s— 1
A=y ey e 0.0 — 2M
s s

where R(nb, + ms + ms + s

sp) >0 for h =1, 2, ..., o; |arg a’| <

< (so +-sf—Lsy—Lsd—L)w, at+f>L(y A0+ (nfs)) and  R(p) >0.

(*) For the behaviour of the MEIJER’s G-function, see [1], p. 212.
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3. - Some interesting particular cases of (2.9) are given below. The results
obtained supply us some new integral representations for the WHITTAKER'S
function. In what follows » and s are positive integers.

(i) In case we pub o« =09 =2, f =9 =0, b =2, b, =— /2 in (2.9)
and use (2.3), we get

v
(3.1) 2p9 Kﬂ(ap—n/ﬁ:s) — Tk (Qn)’/z(l—i—n—m) e

k, m

®,, ..., O,
" aEs
28," —
X G o 2o v 25 Lv—2 ’
:t Ty ey —— ) lIj:[_} A II]"T&
2s 2s -

where R(1 + m - m - n(v/2s) — p) >0, |arg a® | < ((2s — n)/2)7, 25 >n and
R(p) >0.

[

(i) Taking a=10=2, f=0, y=1, ay==1—4, by=4% +p, b=
in (2.9) and using the formula (2.4) we find that

—u

(3.2) p® exp(— § ap=) W, (ap=F) =

ra| s

— 23, .
Xt QGs+:,2s+2n fll."sé 1 ﬂ‘:2,u 284—2/1,-——-1

where R(n 4 2nu—2sp + 2ms 4 2ms 4 2s) >0, R(p) >0, | arg a® | <<
< ({8 — n)/[2)m, s > 0.

On taking A ==0, u =% in (3.2), it gives

v

(2m) 0 g% peFom e
k, m i

- (3.3) p° exp(— ap—/°)

Dy, ooy, Dy ]
b

(ys’" t’ll as
X s tom 0,y (s —1)f5, Posover Pan)

n" s

where R(l—o--m 4=m) >0, R(p)>0, |arga®|<((s—n)2)m, s>n.
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[6]
(i) If we take ¢ =2, f =y =1, 0 =2, ay =1+ 1, b =%—p and
by =1 - in (2.9) and use (2.5), we obtain
: ~ (2.‘)1 (2 +n—38) Glo— A po—k—m
3.4 pexp (Fap=nls) W, (ap="/s
(3.4)  pPexp (zap™) W, (ap™/) == ETG—7 T X
1 4+ 2 s+ 2
I e , Dy, oy Dy
o
X G23,<+'n
M PEIS E R 2p 28 L 2p—1 ’
s e s Wis vy W
28 2s ! h

where R(n -+ 28 -+ 2ms - 2ms -

L 20— 280} >0,  R(p) >0, | arg a® | <
< ((35 —n)/2)x zmd 38 > n.

(iv)  Applying (2.2) and taking f =y =2, a =0, § =1, a; =1

s
@, == % -~ p and b, == 4, replacing ¢ by 1/a, we get
_ . v _ . e
(3_0) p@ exp (_._%a)pu/s) W} H(a/zjnjs) - (276)1/;1(" s) SZ’\“’/: e N
b e, m
1—12 s— A 1-—op n—g 1-42m—p n4-2m— o
s e , s e , s eves
o e @m0 as | 8 s n n % %
sEmBstnlis |1 L2 2s+2u—1 322m—2k—2p 201 - 2m—2k—2p
2s 777 e 2 .
where R(p) >0, |arga®| < ((s-——n)/2)m, s>n.
For 1 =0 and u =% (3.5) yields
v . / _ —
(3.6) p? exp (— apris) - (2r) e ln—9) ¥ po—k—m y—o
5, m
I—p n—po 1 +2m—yp n - 2m— g
s vees , y ey
(ws 0 as nt T T K2 7w
Tensdn | T o s—1 3L 2m—2k—2 In4142m— 2k — 2p
3 sres s » on v oeaey o
where |arga®|<<{(s—n)/2)w, R(p)>0, s >un.
(v) We now put f=y=2, a=0=1, by=—2, ay=5% +u, =% —u

and apply the property of the MEIJER's G-function (2.2), then on using the
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formula (2.3), it gives
b 5

» (Qn)l/g_(ﬂ +2-39) go—2 po—t—m

3.7 p° exp(d apni®) W, (ap*!®) = - X
(3.7) I Pz ap™’*) W fap™) Ly, m ri—itmte
144 s4+2 1—p n—g 14+2m—p n - 2m— g
e iy s ) eees , 5 ey
25bm,s asn® 8 8 s n H b1
XG3+2n,2S+n . Yt < *
ssin il +2p 28-+2u—1 3-4+2m—2k—2p 2n4-14-2m—2k—2p
2 77 2s ’ 20 T 20

where R(s -+ ms =4 ms — ni—sp) >0, largae®| < (35— n)/2)w, 3s>n and
E(p) >0.

(vi) Lastly take a, ==1, @y ==, by = A, by =, f =1, a =9 == =2
in (2.9), replace ¢ by 1/e and use the relations (2.2) and (2.6), we then obtain

F(i)) (2:{)&;(71-}«1— 2s) s).‘l"[l-—-‘ll pe—k—m

3.8 2 (A, g vy —aphl® X
(3.8) PB4, p; v it )k, — ) TG0 @
12 §—4 l-—n s—p 1—p n—p 1-L2m—p n4-2m—g
E——-,...,—)—*,——;—,..., — y e T s sens -
e asnrl S s s s . n " n
KOs ionastn|— P Y . oy P O ; !
i s—1 34-2m—2k—2np In 41 42m—2k—2ng 1—v S—v
10, i _ . R
s 2n 2n s $

where R(s -+ nd 4+ ms -+ ms—sp) >0, R(p) >0,
28 >n, B(s + nu + ms 4~ ms —sp) > 0.

arg a® | < ((2s — n)/2)z,

When ux =, (3.8) reduces to

v (251)}{) {n+1—2s)

. 2 (1 -+ apris)y™?
(3.9)  p2({l +apr) kB, m ')

ghpeThmm e %

1—4 s—2 1l—p =g 1 4 2m —p n -+ 2m— @
3 ey T, 3 awey T, PEET
et s unt S 8 I e " n
X ng —— i
SEERIED ) T yn §—1 3 42m— 2k—2p 20 + 1 4 2m — 2k — 2p
0’ sees ’ s eeey
s 2n 2n

where R(s —sp -+ s 4 ms --nd) >0, R(p) >0, |arga®|<((2s— n)/2)x,
28 >n. '
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4. ~ Theorem 1.

It
v
4. @ ) 7:
(4.1) (») o (1),
and
g](p) t(seln)—l h(tsln)
then
(4.2) P(p) == () Hn2) gl am)+ (so/m =1 gy —k—m g1 (sola) = (s/m) 5
N | Olgy ey oo
Gzi—{;nos [T’ 1> 3 a,_nJ @t dt
f ‘ mastn s ﬁl’ sty ﬁes+n () !
0

provided that the integral is convergent, R(p) >0, s >n and the generalized
LAPLACE transforms of |A()| and |¢C9™=1pht"")| exist, where

n + 2nu 4 25 4 25p — 204 - 2nv

“v-{»-l: ’

2ns
2 41 2m -} 2 -1
Usgipr = T Logntitr == o )
s + 2np - sp + ny s 4+ sp - nv
/Dv+1 - e ’ ﬁs-}-v-{-l = s ’
5 4 2m — 2k + 2i
ﬁ2s+i+1 - on ’

for ¢=0, 1, ..., »—1 and » =0, 1, ..., s—1.

Proof: Applying the PARSEVAL-GOLDSTEIN theorem of the uenelahzed
Lapracey transform, namely if

v
D,(p) e Iy(x) and @, (p) = ho(2),
then
(4.3) fo@l hy(m) 21 dvmf () Dy(w) 1 da,
]

2s0 -+ 2np — 0

5 ,we obtain after
8

to the relations (4.1) and (3.5), replacing ¢ by
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a little simplifications

e e n =2 oxp(— Latrie) W, (at#l) h(t) At =

°‘-‘v8

— (Qn)‘/:(ﬂ—- 8) gkt (ogin) - (shn) g e (sl —(puin)— (sofn) p~T—m~1 o

o

$ n
X GZS +n5,0 an
stemestn | in

]

Fre v Estam |y gy
.31’ vees ﬁzﬁ-";l ()

‘We now put ¢ = u*/» in the integral on the left, so that

L=-]
f%(seln)%'u——(alﬂ) g~ Yean LVZ’H(CL’U/) Mus®) du =
)

— (2n)3@(n-s>Si.+u+(sln)+(591n)-—1 V=) —u—(soln) X

©

~—k—m 28+n,0
X [Gs+2n,2s+n

]

Cys vevs Ogran

/319 cnts ﬁ2s+n

{ as nt

SS in

} D) dt .

The theorem follows immediately from above, on multiplying both sides
by a**% and replacing « by p.

Some interesting particular casés of the theorem are given below:

Corollary 1.

If
D(p) == h(t)
and
Y seim)—1 sin
Y(p) mt h(tei),
then
(4.4) P(p) = (20)/40=) ghbutlaln)+ (eln)=1 =6 ) 1=Celm)=(oln) 5

Xj Q)(t) G2s,0 [ps ne

8+4n,28 8s In

Oys eees Qyin
di
Bis wes o } ’

under the conditions of the theorem.
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Corollary Il

If
v
1] Rt
(P) =5 10)
and
Wip) = 19 higerm),
then
(4.5) a[j(p) . (0,5)”(" 8) gls/m)+(spfn)— 1% -t~ m,}l“(sa/ﬂ)—(sln) X
- 2 n 4+ 1 2m + 2 2m 4+ n 1
psankn” 7 e T o 7T n
D) Gy dat
/ ek s gn g +el4p0 1 1+4p s=1542m—2k 20-+3+2m—2k| ’
0 s = ey — peens
7 n s i s 29 2n

under the conditions of the theorem.

Corollary I and Corollary IT can be derived from the theorem on taking
E+m=% and A + u =} respectively.

A particular case of the theorem, when k -+ m =% and A -+ p =% was
recently obtained by the author in an earlier paper ([6], p. 60).

5. — Theorem IT.

If
B(p) = h(1)
s, M
and
(p =1 =),
then
(5.1) ‘I’(p) — (gn)‘/g(n—-S) 81‘-+n+($9/ﬂ)-(8/n)—1 j“1#‘.~(5/n)—(solﬂ) ¥

" ps

N® 8| Oys veey Oagpon

0
X ,}?I——I:——-rn / (yii: 25.{_9"{ ’}}1: Ty ls-rn ] {D( ) di,

% 4+ 2nu — 204 - 250 — 28 - 2nw
where Voar = v ,
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2k —2m — 3 - 2i P sp + 2npu— s -+ ny
+<+ = [ 2 g
Ve 2n vt ns ’
5 sp— 8 -+ my s i—1 s i — 2m — 1
1 s e 25474 TR e . 984t IIID me—————
s+vtl ns ! e n e n ’

for i =0,1, .. n—1and v =0, 1, ..., s—1; provided that the integral is
convergent, R(p) >0 and the generalized LAPLACE transforms of | 2(t) | and
[ 4™ =1 =) | exist, s >n and R &= np + so - ms £ ms - s) >0.

The proof of the Theorem II follows on the same lines as that of Theorem I,
if we use (3.2) instead of (3.5).

We now give some interesting particular cases of the theorem.

-

Corollary I.

If
B(p) = h(t)
and
v
P(p) s= =1 (i~ ",
i, i
then
(5.2) Y(p) = (Qn)‘,é(‘-’—ﬂ—-S) g Attt (sein) —(s/m)—1 7)1+(Sln)—(s0/n) %
o Popt ol vy, e Vs
25,0 s 3
Xf D(t) Gs,zs%—n LN_L—S_E O1y wees Ongrn d,
0

under the conditions of the theorem.
Put & +m =} in (5.1), then we obtain Cor. 1.

Corollary II.

= B(p) = (1)
k, m
and
P (p) == 10 p(e ),
then
(5.3) Y(p) = (gn)%(%n—ﬂ glsalm)—(s/m)~1 p(SIn)~(sa.’n)+1 %

2k — 2m — 3 2n 4 2k — 2m — 5

in ps 2n 2n

ntsslp—1  o—1 s—1 1 n—2 2m-+1 n—2m—2

«
=@ [ o) 631,

0 EAREE) T 3T T aerey 3 3eety

n 7 s a7 n n

under the conditions of the theorem.
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To obtain Cor. IT put 2 + =1 in the theorem.

Corollary ITI. ~When k +m =% and 2 -+ pu =1, then the theo-
rem can be enunciated in the following form:

If

D(p) = 1)
P(p) <=0 (i,

P(p) = (2)A0mns) Celn=(sfm)= 15 1+ orm)=(ein) =% 5,

«©

" ps — 1 — 1 8§ —1 1 2w -— 2
xf@(t) @0, {—i ezl estsmt L0 sz,

ntst | w I 8 n i
0

under the conditions of the theorem.

When # ~1 and ¢ -1 in Cor. III, it reduces to a result given by
H. C. Gurpra ([2], p. 142).
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(5]
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