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E. C. DaAx1EL (%

On the Absolute Nérlund Summability Factors

of Infinite Series. (**)
1.1. — Definitions.  Let > a, (!) be a given infinite series with the sequence
of partial sums {s,}. Let {p.} Dbe a sequence of constants, and let us write
Py=py +pr s Py, Pyo=p, =0,

The sequence-to-sequence transformation:

(1.1.1) ty =3 Drorfy (P, 5 0)

defines the sequence {t,} of NGRLUND means (*) of the sequence {s, }, gene-

rated by the sequence of coefficients {pn}. The series Y a, is said to be ab-

solutely summable (N, p,), or summable [N, p, |, if the sequence {t,,} is of

bounded variation, that is, z [t,,—«t,,_ll < K (®). Absolute harmonic summa-
1

bility is the particular case of the summability |N, p,| for p, :M—l.

(*) Indirizzo: 3t. Aloysius’ College and Dept. of Post-Graduate Studies and Research
in Math., University, Jabalpur, India.
(**) Ricevuto: 1-IX-1964.

(1) Throughout the paper > denotes > .
1

(?) NOrLUND [6]; see also Woroxor [9], where substantially the same definition
was given. This is the English translation of the paper of Woroxor (in Russian) due to
TAMARKIN.

(®) Mzars [5]; K denotes here, as elsewhere, a positive constant, not necessarily the
same at each occurrence.
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For any sequence {fm,} depending on # and », we write

A'p fn,r = vfn,vm :fn,v-i-lg

and for any sequence {fn},

Afn - fn — fn—H. .
A sequence { s } 18 said to be convex () if

A2, >0, ‘ n =1, 2
where
A%, = A(AX,) = A4, — Alny
and
Ahy = Ap— 2piq -

Cal - O(log »),

It z

as n — oo, then Y «a, is said to be strongly bounded by logarithmic means with
index 1, or bounded [R, logn, 1] (%)

We generalise the above definition in a natural way as follows. We say
that > a, is bounded [R, P,, 1], if

n

(1.1.2) z P, lsy l = O(P,),

p=1
as n—oco.

1.2. - Introduetion. In 1962, ParI (°) proved the following as a factor
theorem connecting boundedness [R, logn, 1] and summability |C, 1.

Theorem A. Let 4, be a conver sequence such that 2 w14, 18 convergent.
If 3 ay is bounded [R, logn, 1], then 3 lua, is summable | C, 1].

Now absolute harmonic summability implies summability ] ¢, 0 [, for every
6> 0 (*). Naturally therefore, we would expect the factors to be heavier in case

. . . . 1
we were interested in getting the result that > 1,a, is summable
b= &

N,
n

This idea led LaAw (8) to the following theorem.

() For properties of convex sequences, see, for example, Zyamuxp [10], vol. I, p. 93.
(®) See PaTtI [8], p. 293.

(®) Pat1 [8], Theorem 1.

(*) Mc Fapoex [4], p. 175.

(®) Lar [3], Theorem 2.
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Theorem B. If >a, is bounded [R, log m, 1], then the series
> log (1 +1)A,a. 0, wlm'e{ . }lé a convew sequence such that > n='4, is convergent,
. - 1
is summable | N, 1
%41

2.1. — The object of this paper is to establish the following general theorem,
which contains as a particular case the result of Theorem B, when one takes

Pn =

w417

Theorem. If ¥ a, is bounded [R, P,, 1] then the sevies > PoApatts 18
summable | N, p, | under the following conditions:
(a) {Z,,} 8 o positive, conver and bounded sequence such that the series
> Duln s convergent and the sequence {}} P, A)Ln} 18 bounded,
(b) {pn} is positive monotonic n,(l)'n-z'ncreasing,

(¢)  there ewists a monolonic increasing function of n, say p, (<n—1,
for sufficiently large m) such that, as n — co,

(i)a Pn'_Pn_an = 0(1) (9)1 (i)b 7)1;_0” = 0(pn)’
(11} 7)on = 0(’2%)7

Pn

— =0
(d) Prti ( )’ :
(e) z 7772; < o0,

Ap, -
® =0,
(g) - (i—~ ! )pv:O(]) for 1<y<0,—1.
- pn pﬂ—‘l'

2.2. — We shall require the following lemmas for the proof of the theorem.

Lemma 1. If the sequence {p,} satisfies the conditions

. Apn .r ’ n
Q) o =0, and (i) pz:ﬂ =0(),

(°) Throughout the paper 0, denotes the greatest integer not greater than u,.
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(a) A 1 0@1) and (b) Ao bocy om), 1<r<n—1).

z
Pn Prn—v

Proof. We have

4l 1 1 4p,

Pa Pn Pann Pn Putr

=L oy =of ”") — o),
Pn Puta

by hypotheses (i) & (ii).
We also have 1 <r<<n—1)

A, Ppev _ Po—v ™ Prn—y-1 _ Pa—y—e1 ™ Pn—» . p?z-v—l

3 2 > 3
Pr—v Pa—y Po—v Pr—v

= 0(1)-0(1), by hypotheses (i) & (ii),

s 0(1) .

Lemma 2. If p,>0, then

5 Dn <K.
n=1 Ln Prey
Proof.
$om Gl 11
T P, P 1 P, P, P,
. SN .. o 1y, . . 1
Smce{P,, }1s monotonie increasing, B is monotonic decreasing. Also — > 0.
n m
1. ‘ . 1
Heuce {F} is convergent to a limit, I, say, such that 0 <1 <F’ Hence
n 1]
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Lemma 3. If the sequence {2,,} is non-inereasing such that the series
> Duln 18 convergent, then

(a) Py 2 == 0(1);

(b) S P, 42, = 0(1),

==

as m —> oo .

Proof. We have

(22'1) ;’-m -Pm = }vm z P = O(Z Zn pﬂ) = 0(1):
0

ne=0
as m — oo, by hypothesis.

Also, by (2.2.1)

b
m— m

” 1 n
SP, A% =3 AP, S AL + P, S 42,
3 v=1

n=1 n= =l

m—1 m-1
= z (_' 27114.»1)(21“ )‘n+1) "%" Pm(zl'— zm:‘-l) - Z Pnta )‘n+1 + 7-1(290 + 271) - Pm ]Hn-i—l
n=1

n=1
= (1)’

as m — oo, by hypothesis.
This completes the proof of Lemma 3.

Since, if {}{n} is convex and bounded, then it is non-increasing, therefore
the following result follows from Lemma 3.

Corollary. If 2, is e convex and bounded sequence such that the series
> Duka is convergent, then

(a') P’l‘ll A"'”) = 0(1):

(b) , S P, A2, = 0(1),

n==1
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as m -+ co (19),

Lemma 4. If Ya, is bounded [R, P,, 1], and {).,,} is non-increasing
such that the series E«pn An 18 convergent, then

z )*n, P I Sn I = 0<])'
ne=1

as m — oo.

Proof. By AsgL's transformation, and definition (1.1.2),

m m-1
Z ;vn Pn l Sn } = 0[2 Pn A;vn -+ }~m Pm] - 0(1)7
n=1 =]

as m — oo, by Lemma 3.

Corollary 1. If 3 a, is bounded [R, P,, 1], and {1,} is comvex and
bounded such that the series 3 p,i, is convergent, then

> 2 Da| 80| = 0(),
n=]

as m — oo,

Corollary 2. If ¥ a, is bounded [R, P, 1], {p.} is positive monotonic
non-increasing such that the series > pi/P, is comwvergent and X, (< n -+ 2, for
sufficiently large m) is a monotonic increasing function of n, then

< P
Z P ls[z,,]—1! = 0(1),

n=1 4L n—1
as m —>co.

Proof. TUnder the hypotheses of Lemma 4, we have,

2 Ayio1 Pl Sp-1]=00Q),

n=1

(1) In the particular ecase: p, = (n -+ 1)~1, compare (a) with Caow [1], Lemma 4,
and (b) with IzomMr e Kawara [2], § 1 and Pat1 [7], Lemma 3.
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Lo
[
e

as m->co. We observe that Z{i" satisfies the hypotheses about An . Hence

n

m

2
Piyn]—1
St e ] =0Q)
Ta=] 'P[Zn]‘“l ’ [/'n] ' l ’

as m —> oco. Hence

n

=o0(1),

as m-—co.

Lemma 5. Under the hypotheses (a), (b), (d) and (f) of our theorem
n==]

o1
Z - -‘Pn n —= 0(1)
=1 Pn

as m —> oo (1),

Proof. We have

m m—1 n
3 P,ZA L=y a4 2 4, Du S pog,
n=1 n= 1 Prn v=1 pmn=1

m—1 P P
= A n'Aln—r - Aﬂ,,, e Aﬂ- A = +"Ln
z n ' P - * {ngl Pn pm}

l—l

_ {Pnd""“—]}dln-‘i "O()“—O()

m—1
=0[3 Py Adpss] + O(h) + O(1)

n=1

= 0(1),

as m — oo, by hypotheses, Lemma 1(a) and Corollary to Lemma 3.

(1) In the particular case: Pn = (n + 1), compare with Pavr [8], Lemma 2.
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Lemma 6. Under the hypotheses of owr theorem (%)
01‘)
zli AP, —P,_ ) pu_, P,p, 2 35,1 = 0(pa) .

Proof. By hypothesis and Lemma 1 (b),

oﬂ
E I A { (Pn“ 'Pn—v)p”——v PV pi’ ;"V }S” l
pe=l

P

2 Oy
< K z p:—-v Pv pl' ;"v 81' ! + If Z (‘Pﬂ - ‘Pn-v)p:—v ‘P1' pi’ 2’1/ ]811 l
vesl

=1

0y On
- K (-Pﬂ _Pn—v)pn- ¥ Pv pi ;‘v i 8, ] + K Z (P" __—Pn—x/)pn—v ‘Pv P, sz !Sv {

y=1

y=1

4
=KYd,, say.

r=1
Now
of by
2
c’1 < K T’n—O,,'POn z P, )'v [Sv [

ve=1
< K p, P,
by hypothesis and Corollary 1 to Lemma 4.
oﬂ
32 < (Pn—wPrp—-B ) :f;—v P'n pv 7‘1’ ssvi < I{z pfs—vPv pv }"v i Sv]
y=1

< K p. P,,

(12) Hypotheses (c) (ii), and (g) are not used here. Also it would be sufficient to
take {A,} as non-increasing instead of convex and bounded.
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as in J,. Now, since {p,} satisfies the hypotheses on {4} in Lemma 3,
Popn = 0(1), as n - co. Thus J, < Kp, (r =1, 2).

By Corollary to Lemma 3,

oﬂ
I < K(Po—P,_g WPuy 2 Vs
p=1

5, < Hp,,

by Lemma 4 (on putting A, = p,), and hypothesis.
By hypothesis,
P =3

oﬂ . Bl‘l o
34 < K(Pn“Pn—o,,) pﬂ-—ﬁﬂ z ‘Pv pv A}"v I Sv l < K(Pn—Pn—on)l’nwn z p; l Sv !
pe==1

< Kpa,
as in J; .
This completes the proof of the lemma.

Lemma 7. Under the Tiypotheses of owr theorem (**)

0y
Z I Av(Pﬂ—-a»Pv pn—v z‘v)su l = O(prn)'

p==1
Proof.
011
z l Av(‘Pn—v 'Pv pn——v }“v)sv [
) =t )
<EK>pi P, A]s,| +KE>P, D, Do, Als, |+
ye=1 =1

072 07&
+ K Z 'P““‘P 'P‘V p::—i’ }'1’ ] 81’ ] + K Z Pﬂ—v P'v Y)n—u Alv I SV I? by Lemma’ 1 (b)7
pe==]

v=1

1
=K Y J], say.

re=1

Now, by hypothesis and Corollary 1 to Lemma 4:

7] 0
. " R | 1 n
51 < ¥id p;_a“ PON z . pv }’v ] Sv [ < K pi—O,I‘PGn ? 2 pv ;“1' | Sv l
L 6, v=

=1 Py =3

KK p, Pa;

0y ’
g; < K Pu—l pn—()q z pv Z’v 81’ ! < K P“ p” ;
ve=1

it O
g;<K“P"“1‘PO pz—o Eipvlvlsvl<KP"—1P6 2"'121-0 i zpvxvisvl
ki 113 pe=1 pv n n on pe=1
<K P:p,.

(**) Hypotheses (¢) (i), (e) and (g) are not used here. Also it would be sufficient to
take {2,} as non-increasing instead of convex and bounded.
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Also, by hypotheses,
' 071 . 071
Sj4 < K P"-i pn——On Z“Pv A)'v J Sv l < I’ Pﬂ'l pn—o” z ?)1' l Su ,
v=1 =1
<KP,,p,_, P, <KPp,.
This completes the proof of the lemma,
3.1. - Proof of the Theorem. Since

[ P 'uo'll“Pn“Iul'{" +P26"

P ('u’n - Pn Pa An an)a
we have
fi—31 P I) 1 n-—1
bty —= _—”~_”"1)u_ = Py Pr—paPYu,_,
! vgo (Pn Pn-—l ney PnPn—l v=0 (p‘ p Y n
5 (L P,p, 7
PP Z’,,—l VZ Boy Po—pnP,_,) 2 Y —1 g (; 7),,..,) Py 5 73 4,

Thus, in order to prove the theorem, we have to establish that

(3.1.1) Slo—tea] = 3 2 7|<E

71

where

* (P P,_,
T.—.Z(—"—— )p”‘P A a,.

y=1 \Pp pﬂ—v
Now
on_'l n P“ Pn_,,
(3.] .2) T = ( Z + z ) ("‘ —— )pn—v Pv pv lt' (li'
y=1 =0, Pa Pr—»
1 6,1 6,~1 1 1
= — pP,—P ) ,,_.P,) y) a, - (__”' >29,p,._,,P,,_,,P,,1v(l',,
pn }gl ( ”“3) p ¥ ¥ 71’ b4 ¥ {h— vgl 2]71 Zjn——jl .

o 3 (s Pa—paPol ) Py, dyty = Ty Ty - Ty s,
=0
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Now, by ABEL’s transformation,

1 (%2
Ty = —| 2 4{(P.—P, )p._, P, Py 2},
n =1

+ (P, — Pn~0n+1) Pup, 41 Pon—x Do, -1 Ag,—1 Sg —1

Hence by hypotheses and Corollary to Lemma 3,

—2
(31.3) |T| < K— 2 AP P _)pu Pop, 4 }s, | + Kpals, |
1

<K + Epu|sg,s]
by Lemma 6.

- )pv} = 0(p,) by hypotheses,

1 1
By ABEL's transformation, since A4, {(
(3.1.4) V [ T,

0, ~2 )
+ If Z ‘ Av (pn—-v Pn—v Pv )“1) Sv l J'— K pn—0”+1 Pn-On+1 ‘PO,L—I 2’0“—1 ! 80”-—1 t

y=1

0,,—2
< If Z pv pn—v—-l Pn—v—l 'P1'+1 }"V—i-l‘ Sv l T
r=1

< K p, P! +Kp"Pn[son_1[,

by hypotheses, Corollary 1 to Lemma 4, Lemma 7 and Corollary to Lemma 3.
By ABEL's transformation,

1 7=t ;
173 = p_ zo Av{(pn—v P"_p“ Pﬂ—v) 'Pv pv )‘v}sv

1

— p_ (pn—oﬂ P,—p, P"_671) Po,, Do, 29,[ 8,-1 + (po Pp—pn Py) P, L8,
= Ty — Ty + Ty, say.
Now
1 n—1
(3]5) } TSI! \p_ z lAvpn-vl‘P" +7)ﬂ pn-—v) Pv p,, 2.,,'8,,[
=0
1 n—1 R
+ p— —{?0' (pn—-v—l ‘P"'_p" Pn—u—-l) p; Z’v l svl
1 n—
- _20: pn—v-—l 2 Pn—v-—l)‘Pv ps A’v ! s, l

’ 4
+ K_ z (pn P — 1'P p 'Pn-—~v-1)'Pv pvdlv l'gv! ::Kz Talr’ Sa'y-
razy
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Now by hypothesis we have:

n—1

1 1 n-1 )
Ton <E— 3 00y PuBypy 28,1 < =P pg > pa, P A s,
Pan " p=0,

n 1’=0‘n

a1
< K'P" zpi—v ‘Pv Zvl Sy i?

y=1

T312 KW S‘ pn-—v“P pv}‘v‘gl K P pﬁ z pn-—vz'lgl

719—-

n—1
<K-Pﬂpnzpn—v }'vlsvl;

p=1

1 n—1
T313 K_ an—P‘vallS‘ K;Pnpgnzpn-vPﬂ)“vlsvl

n y=40 n v=0,

n—-1
<K-Pnpnzpn—ypv;"vlsv[;

y==1

1 nl
Kp— Z Ppey Pu P, 0, A2,]5,] < K;Pn Po. 2 DPaeyw Py 44,158, 1
n v=49, Pn n v=9n

n—1
<KP,>p,, P, 42, ]s,].

pe=1 .

By Corollary to Lemma 3, we now have,

(3.1.6) | T

1 .
< K E‘ p”—eﬂ- -P" _Po" ZO;L peﬂ , 86"_ i ! < K Pn pn l 8671_1 2
n

by hypothesis.

Also,

(8.1.7) | Zoo | <K P22y 8a]

Hence, collecting the results (3.1.3)-(3.1.7), we have from (3.1.2),
(3.1.8) | T| <K + Ep,|s5_4]

n—1
91r{+ K Dn P" zpn—v }'v | Svl

p=1

n-—1
+ I po Py + K pu Po|sy |+ EPu2 5,
v=1

f7n—1 n—1
+ Ep, Po >, Py A s, | +EP, > p, P, A4, |s,| + K P, ulsal-

pe=1 p==1
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Now, from (3.1.1) and (3.1.8), we observe that for the proof of our theorem it
suffices to show that
(3.1.9) I, <K for r==1, .., 86,

where

& Pa 2 P P
Ix'-‘:Zf;*”“, I, = Pa Py

>
n=1 nPn~1 ﬂ=11nP'n"1

w0 p <0
I3 oy zl P P"_lz)" I) ;60 1 !, 14 ‘:——“nze ]; Pn_l Pn z ?)n-— 1 v ]S l ?

]
it

I f:n=2 PnPn_.x P, z Puoy P, A2, |51, Iy = E 7p . P P2 o 1Sl

n=1
We proceed to prove the inequalities (3.1.9).

I, < K, by Lemma 2

P © o«
=3 nps=Su(l )< Siar,
P n==1 I)n—l 11:1 i
by hypothesis.
e pl
Iﬂf‘z ,80—1K<K?
n=1 anl »
by Corollary 2 to Lemma 4.
& 2)11 nl 2 S m“ 7)71. 4
L= 2 20 Py A s, =2 P2, |8 > S,
N==2 Pn—l pe=1 p=1 fi==v41 -Pn—l "
<E3 P |52 3 g <w 3 g0l <K,
1 n=p4-1 p=1
by Corollary 1 to Lemma 4.
I5 - z P z pn— P A) ! Svl (7n - OO)
n=2 n—1 p==1
m—1 m ) m
=ZPnanls] 3 e <3 a0 3 om,
p=1 n=yp41 L gp_3 y= fn=y+4+1
m 1 J 1 .
K3 (=44,)p, s, < zP 4 Aﬂ,, + — 44, P,
y=1 pv ]l=1 pv m

m-—1 l
<x'3 P {p A2, + A4, (5)} K

K}_‘P»—A"Z +K§PAA,+1+K <K,

v=1 v=a]
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by hypotheses, lemmas 1(a) and 5, and Corollary to Lemma 3.
T < E S patalsa| <K
LES]

by Corollary 1 to Lemma 4.
This completes the proof of the theorem.

The author is indebted to Dr. T. PatI for his kind interest and guidance in
the preparation of this paper.
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