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On Laplace Transform.

1. - Introduetion. The object of the present Note is to establish two
new properties of the LAPLACE transform and to evaluate certain infinite in-
tegrals by their applications.

The conventional notation @{p) == k(t) will be used to denote the LAPLACE'S
integral

(1.1) D(p) =p J et ft) dt,

(]

provided that the integral is convergent and R(p)>0.
The following results will be required in the sequel.
GOLDSTRIN [3, p. 105] has proved that if

Dy(p) = Iy(?) and Dy(p) == hoft)

(1.2) f D) bt At = f hy(t) Doe) -1 dt

0

provided the integrals are convergent.
The operational relations [1, p. 238]

L3) TR +1)p (0 +a™ (p + B == 4= 58 Bl A+ p; (B— o],

(*) Indirizzo: Department of Mathematics, University of Rajasthan, Jaipur,
India.
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where
RA+w)>0, S +p) >0
and
(1.4) o Pt ii(p = )#t‘-’"lw + @+ 0
0, — 0, O

where &(g) >0, R(p)>0 will also be required.

2.~ Theorem 1. If

D(p) = 0(1) -

and
P(p)==(t + a)* (t + B) h(t),
then ‘
(2.1) D(p) = F(/.p, ) [ el s A+ s (f—a)t] (p RO (p + 1) Ay
(S ‘lt

provided the Laplace transforms of | k()| and | @ + o) (¢ + ) b(3) | ewist
KA+ ) >0, R(p)>0 and the integral is convergent.

Proof. We have, by hypothesis,
Pip) = + o)’ (¢ + B M)

which can also be written as

by virtue of a well-known property of (1.1).
Applying (1.2) to (1.3) and (2.2) we obtain

0

](3‘ at h(t) dt —
1 o
“Ta TR ft“’”@‘ﬂ‘lFx[M; A ps (B—ai)@ + 07 Pla + 1) dt.

0
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The theorem follows immediately on multiplying both sides by @ and rep-
lacing a by p
Corollary. If
D(p) = h(t)

and
plp) == 1% (L -+ B)* b(y),

then
o r Atp—t 7y
2. Dy e ! ~—r~ e T -1 I -
(2.3) D(p) T [zf Il A+ s — Btlp (p -+ 1) de,

;
p:ovzcled that the Laplace transforms of | It)| and (t + a)* (¢ + p)* h(t)| ewist,

RO +pw)>0 and R(p) >0 and the iniegral is mm(umt

When o = 0 the theorem reduces to (2.3) on applying the KUMMER’'S trans-
formation

¢ (e 05 @) == Fy(a; 05 —2) .

On the other hand if we take 4 = u in (2.1) it gives a result very recently
obtained by the senior author in an earlier paper [4, p. 183]
Example. TLet [1, p. 294]

])1~aa-—2

I'(2)

ht) =174t 4 o)~ F = B, ) ::ap) = D(p),

where (o) >0, R(p)>0 and | arg o | <z, we therefore have

(¢ -+ o't + BYat) =17t + "

pz af—-2

fya Bo, — 2 : fp) = P(p),

where &R(o) >0, R(p)>0 and |argf| <=x

15
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Using these values of @(p) and P(p) in (2.1) we find that

f HrEt (T e R s - (B—at]

0

(2.4) < Bloy —p By )] A&t =

T A=)

B Pw TR (6, At ap),

where (A L+ 1) >0, (p)> 6, Rla)>0 and R(P)>0.

3. - Theorem 2. If

P(p) = D)

and
pe [pt = (1 + )T B(p) = )
then
B Wi e gy ok 22 L —9—1/2’—9
(3.1) Pip) ==—0p=x crfh(t) ng(p : t]o’__a_ ol o—o—1 di

[
provided that the Laplace transforms of | D) ] and | M) | ewist, R(p) >0
and the integral is convergent.

Proof. By definition, we have

-]

P(p) =p [ e D(t) dt
0
and
pre[pt (1 )T D) =9 fc"’s h(s) ds
0

and therefore it follows that
Pp) = pfe‘“ et + @ + t)*}“z"fef” h(s) ds] dt.
0 ]

If we interchange the order of integration and evaluate the ¢ - integral
by (1.4) it gives (3.1).
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[5]
The interchange of the order of integration can be easily seen to be permis-

sib’e under the conditions stated with the theorem.
Example. If we take [5]

Pt )T D) =t [P (1 )t

N aep =i — i, E———[u .
e L —2p, %'";'*‘:“7

TrE—i4p

= h(t), where & — 1 +u)>0, RKip)>0,

we then have from (1.4)
Dty == t*Te it (1 4 p)F]petee

32— 4—p, 2~21—0p
) P(p),
Ll—A—9o—p—p l—i—9g+pnu-+o

=2t + o) G(p

where R(1 + 0) >0, R(p)>0.
Applying (3.1) we find that

[ 0
1
f-2—% —H g M R
[t EFE []—2”9 ’;’”—;'_i_:u', ]
3.2 'J WAty - 5 — @ dt
(5.2) G23<p+t!0,—0~g—1,0‘~g~1
_(rFo —ep el 22 ' }—i—0 i-1—0¢
,_( : )2 ré 7.+M)G23(29§0’_;~_9_ﬂ__6, i)

where R(E— 4 +pu) >0, KA +9o +1—20)>0 and |argp| < 7
In particular when A ==2u (3.2) reduces to

e p—1
e— 5 — @ )dt

{ )
-1
0 —g—p—~1, 0—p—1

ft—"u"% Pr{—p; 1—2p;—1) G§§<p i

(3.3) 4 °
4+ o\ 20 71———2;5—-9,1——2/1—@)
(PO o—mpyn 22 3
“( G )H re—m st(p 0,—~3u—p—0g,0—pu—yp/’

where R(1/2—u) >0, Ko +1)>0 and |argp| <m.
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