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S- I{. B OSE and S. N. h‘ RIVASTAVA (+)

On the Means of Products of Integral Functions. (*%)

1. — Let fi(¢), fs(2), ..., (=) be s integral functions of orders p,, 0., ..., 0
respectively and let

(1.1) polry fufe o f)) = };/} falre™) fo(re®) ... f(re) |* @8.

(1.2) polry 1 f0) = 2%[ 11f§"><ref”> £re’®) ... fre’®) |2 ag.

(1.3) My 1y Fufa e £) :;_rlTﬂji/?fﬂwe“’)fe(xe”’) oo fo(e®) P a* dw dG.
o0

@) gy fOF L ) = ;1—;[ 4/2',!}‘1"’(%“’) f(we™) ... £ ae™) |* wk dar 40,

where f(z), 1), ..., {™(z) are the n-th derivatives of £,(2), ful2), ..., fs(2) Te-
spectively, and 6 and % are any positive numbers.

(*) Indirizzo: Department of Mathematics and Astronomy, Lucknow University,
Lucknow, India.

(**) This work is being carried out under the Scientific Research Scheme of the
Uttar Prade h Government.
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Also let

r Vieg r
L, , = Hm sup W..ﬁzﬁ.ﬁ)_ * .
o M (75 [ fa oee f)

>

Here we have considered the mean values of products of two integral func-
tions and have obtained some of their properties. The results can easily be
extended to s integral functions.

2. - Theorem 1. For integral functions fy(z) and f.(2) of orders o,
and p, respectively, both not polynomials,

log La.k = MaX {01, o) -

‘We shall first prove the following Lemmas.

Lemma 1. Let

log log mays (7 fuf)

1 o .
o ==Mm sup OM y  f =lim sup
T © log » re» log 7

Then o == f§ = max (g, 0.).

Proof. If M(r, f;) and M(r, f,) denote the maximum moduli of fi(2)
and f,(z) respectively for [z] =7, then

2

(2.1) plry ufo) »:;—A/; folre®®) P A0 <{ Mr, 1) Her, 1) 1.

Further, if f(2) is regular in |2| <R, and if z =", 0<r <R, §>0,
then [1, p. 192]

1 v (R?'—— _7.2) l]‘(]\‘)efq)) Id d(p
8
< — .
1)1 < 52 | 557 cos O—p) =
[}

Let ]‘(z)A: f1(2) fu(2) . Then we get

8 (P- — 1) [[{Re™®) f,(Rei?) {8 dp
Ul fZ z)l gn,/ B? — 2Br cos (0 — ) + 22

(]
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Choose 2, such that

{ M, 1) | ful ey [}° R4
< -

{!fl()(w) | ‘u‘ f)}é = ‘LL&(R flf)

according as g, > g, or p; < g,. Taking R = 2r, leads to

Y3 { M0, f) | falre®) |}
is(27, fifs) = ;
2.2) Hal27s 1) 13{] fulre™ | Mir, 1.

From (2.1) and (2.2), it follows that o = max (01 02)- Since u,{w, f,f,) is an
increasing function of 2,

2us (1, fifs) 9# (r, fuf)
’)ﬂg,k(?-, fif2) ey /,Ur;("b“, fiofo) 2F de < _571%“ e ,;G d 11

o

and from this follows g < «
Further,
- ar
2 i 2
Mg (27, fifa) = W&/ sy fifs) @t de > @kﬁ/ﬂa(fv, fifa) 2% dw >
’ r
Qus(r, fufy) (r)EHt — phtl
(29)"+1 1 ,

which leads to > «. IHence
o = f = max (p;, g,)-

Lemma 2. log u,lr, fifo) is @ convex function of log r.

Proof. We have

A& _

1) P < [f1(@) fa(2) l" < |f) %,

where | f| == greater of (|f,
From this, it follows

f] ) for || <v

(2.3) ) S sty Fofa) < pags(ry 1)
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Since log p,(r, f1), log us(r, f:) and log u,;(r, f) are convex functions of
log r, therefore, it follows from (2.3) that log u,(, ff.) i8 also a convex func-
tion of log r. Since we are considering f,(2) and f,(z) to be integral funections and
log ps(r, fi)y log py(r, f.z) and log u,s(r, f) are increasing convex functions of
log r, therefore, log 1(r, f,f.) is an increasing convex function of log r for r > 7y =

= 7(f1, o) -

Lemma 3. If § and k are any positive numbers, ¥*1 u (v, f,f,) is a convew
function of 1 mg (v, fifs)

Proof. Since

1
af_{,zn«l Mg (7 fif) } o { [/[ fme™) folwe®®) |® at ,,Idg}
co

= 51.;/‘]7{1(7'31'0) fa(re®®) |° A0 = 2¢% uy(r, fifa),

we have, therefore,

4 {1 us (r, fifa)}
(Y g (o, fife)y o C o

afrks g, fula)} S a

o fpEAL S7, f11s
dr{ M5, 1 f17-)}

(b + 1p* ps ( /J o+ L (7, 1)
= F4+1
57 s (72 L) {( + 1) + 7

/16 . fufs)
Hs (7’ flf‘z

which increases with 5 for » > 7,, because, by Lemma 2, log u,(r, f,f,) is a convex
function of logs. In fact it is an increasing convex funciion of logr for » > r, .

Lemma 4. logm, (r, fife) i an increasing convew function of logr
for 1 >1ry =14(f1, fo) .

Proof. Since

; 2
1
10 16 [4

{ — j[]‘lw ) folre™®) |° 46 —

g 17y fifs)

d
57‘{ log m (1, f1fs) }

r 21

— %;12 / / [f.(2e™) fo(ze™) | o* da d@} —

[

1

= ”“‘“”“_‘{ ,qu( ’ fxfz)"‘

Mg 17y fifs)

1 Im/a k(7 flfz }
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d {10“" nLs, L jlf } i {2:“5 (r, 71/2)

— (-
d{log 7'} 7'213,7:(7.3 flfl) (l‘/ ] 1)},

which increases with # for » >, , because, by Lemma 3, r*Lu(r, f,f,) is an
increasing convex function of r#+i mg (1, fifs) for >y,

Proof of Theorem 1. Tf L, < oo, then, for a positive ¢ and a
suitable constant a,

T

7 s (2, o)

logs ¥+t (1 ) b= 2 —--~———dﬂ} =
g mytn, 10} =2 [ e
0
(2.4)
ws (@, [ifs) dw 3 log o 9% 2(Ls . + e)'osT
= 0(1) 4+ 2 | ——= 1) =2 (L, +e)" — =0(1) +—"2L—
o) /171,5,( fifs) = - <o) /( 57 8) x (1) log (Ls .+ )

a a

Since by Lemma 4, log m; ,(r, f1f.) is an increasing convex function of log r,
therefore,

lm log ""'6,k<7's flf:z) _

" ?
Fesn 0 log 1

if at least one of the functions is not a polynomial. Hence, from (2.4), we have

log L; , > max (g,, ¢.). The above inequality obviously holds when L, = oco.

#a | Il—f— is an increasing function of z for
"”(S,k(’ fifs)

> x, and thervefore, for 0 << L, , < oo,

It follows from Lemma 3 that

ar
- at us (2, fifs)
10g{ (2r)¥1 (2, fifs) 3> 2 f s (0 KD g
r

B ans (3, [ o) ;

- 2 (1 ffz) [d"r 2w (7 f1f

> 100 ;> (L — E)IOgr 2log 2
S,k o )
7726 L fxf @& 7716 L flf &

for an infinite sequence of values of » tending to infinity.
Consequently log L;, < max (g;, g.), which also holds for IL,, =0. If
L, == oo, the above argument gives max (g;, g,) = co.
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This proves that log L, = max (g;, g.) .

3.~ Theorem 2. Let f,(z) and f,(2) be integral functions, both not poly-
nomials, of orders p, and p,, n(r, f;) and n(r, f,) denote the number of zeros of
f1(&) and fy(z) respectively in | 2| <r and f(0) =0, [f,(0) 5= 0. Further,

if
@) lim ing " ) 0 f) 7_: n f) v,  where ¢ = max (g1, @),
then ”
(3.1) lim iuf log 1 r._L1e) ”‘ie""’ At />“(—f
if
(i) Jim inf e, f;)ljg v;(r, B,
then
(3.2)  lim inf log 1o 0 1ife) ’?“’10(;7/ Sl s
Proof. (i) We have
o
10g 115(r; fufs) = log [;1—_; [1he) futre) | de} :
’ Q0

and using lemma [3, p. 311], we get

2n

log 1o, fuf2) > 5. [ log [fu(re®) f(re’®) | 0.

[}
From JENSEN’s formula, we have

w(, 1))+ 0o, f)
tog utr, ff > 8 | [ LI

]

dw + log |£,(0) £(0) I]

>0 | [ UMD g rog | 140) 10) |

k]

78

Since lim inf

>

=y, we have for any £>0 and r> 1,
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w(r, f,) 4+ n(r, f) > (v— &) 1%, therefore,

2

20
e 75

log py(ry fifs) > 6[@ — &) + log [£1(0) 7.(0) ]] , r>re ey 1.

4

Proceeding to limits, we get

lim inf 108 ¢ (> fif:) =0

r—r @ re 2]
T L (O -+ n(r, fy
(ii) Again, if lim mfw>1, we have for any &>0 and

oo 7 log »
r>1y, 0y, fi) + alry f) > (1— éjrlog, #, and therefore, from (3.3), we get

T

log us(ry fifs) > 5’:(1 — &) J/IOg z do -+ log I fl(o)fz(O)]] (1o =1y + 1)

T,

= o[ — &) { (rlog r— 1) — (ry log 1 — 15) } + log [£,(0) 7,(0)[] .

I " “')
Taking limits leads to lim inf —2#¢ " A s

o rlog »

4. - Theorem 3. Let fi(2) and f.(2) be integral functions, both not poly-
nomials, of orders g, and gy, n(r, f;) and n(r, f,) denote the number of zeros of
f1(2) and fo(2) respectively in |z| <r and £,(0) 5 0, £,(0) 0. Lurther,

if
(@) lim inf "("’—i;%(ﬂ By, where o = max (g, ),
r—>
then
log g o(r, 1:fs 5
(4.1) Ho fnfo8 e Ll >0
— o re ele + 1)
of
(ii) lim ing 20 L0 J) g )
o rlogr
then
_ .. Jdogms p(r, fifs) O
o ; AL LN -
(4.2) A g 8

14
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Proof. (i) We have from (3.3)

&

(4.3)  log ua, hife [ [l f) 2l J)

£ l10) 10|, >0

Y, f1) ol fy)

Hence, if lim inf "o "
T

T3> @

n(r, f) -+ n(r, f) > (v — ey?, therefore,

=y, we have for any ¢>0 and » >,

l0g i@y fufs) > v —e) +5{1O“!f10)f0)|—(v—s }0)1>7‘1+1_

Using the above inequality, we get

T

[ log { o, 1) @ }do =- [Tog{ (e, 1) @} + - flog{ ol fufe) 2 } do>

%o

olo+1) 7

>9~—'I—fl§(vr'9— ——) + a{log 11:0) 1(0) | — (0 — &) ;} (- )+

n k{(mg F1) _,.&:__} 44

r

where 7, > 2, +— 1 and A is independent of r.

1 1
Since log{; / ws(@, fuf2) o day} >- / log{ ps(®, fif,) a*}dz, therefore,
0 0
loo ) ) (v — )¢ o
0g Mg, (1y fifs >m -+ 0(1).
Hence
lir 1nf10g Mg (7, ff) vd
> re Q(Q -+ 1)

(i) Again, if lim jnf 22 /) =0 f)

> o rlogr

>1, we have for any ¢>0 and
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r>1y, w(ry, i) R alr, fi) > (1 — erlogr, and from (£.3), we get

log p15(@, fif2) > O[(1 — &) [log ¢ dt + log [f,((0) f(0)] ] =

1

= 01 — e)(wlog 3— @) + 0 {log | £1(0) £s(0) | — (1 — &)(x, log &, — ) },

(@ > +1),
or
log{ ps(w, fifs) @} > 01 — e)(@ log w-— ) +

+ 6{10g [£1(0) f2(0) | — (1= &) (@, log &, — ;) } + log a*.

Therefore,

r T

[ tog{ po(ws 1) @t} /log{uax,flnw}dw >

To
1/ 2Zlog ,).0> l(‘ 2\ 1/ ]
m“”%@m’“LTi“ﬂ“ﬁ“ﬂ“7)*

-memmm%ﬂ—MM@Wﬂm@—9+ﬁmy;n-l@ﬂlﬂ+§,

1
T

r
(re=a +1).
1 1 .
Since log {7— / w5y fufe) ¥ dw} > [ log{ ps(x, fifo) #*} dw, therefore,
L] 0
3
log mg (7, fifs) >3 (1 — &) (7' logr — 3 1‘) + 0Q1).

Proceeding to limits, we get

log mg {7, fifs)

].1]11 nf
rlogr

)
F—> o0 2

5. Theorem 4. For inegral functions fi(z) and fu(z) of finite orders
o, and g, respectively and for every positive value of &,

(6-1) polry FRY) <Al fofs) ofertesren,
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for large v, where A is independent of 7.

Proof. We have
1 o
alrs, 1) = = [0 ) P @ =
o

27

1 /2 (re) 1'5 et P iy 15 ) {0,+05—2+e)d
= 5‘;/ fo(re®) t fare®) [falre) fa(re®®) ; a0 < A ps(ry fife) 2 ’
[
. , foreit) |
on using the result [2, p. 363], —f(n—w)’ < O@? ™) for large r and >0 .
i

Corollary 1.

. of Mo (7‘, j&l)};’?)))l/é
s oyl Tt log ri<< -+ 0, .
Ir1_l cm&.up {[lob ¥ ( TN / Vs 01 = 02

Corollary 2 For integral functions fy(2) and f,(2) of finite orders g,
and g, respectively and for every positive value of &

ol F) < A% puy ffs) et

Writing (5.1) for k-th derivatives of f,(2) and f,(2), we get

ps oy fFE)

SR RAR LN Ss S A, glorte,—2+e)d
o (r fE01) T

Giving % the values k =1, 2, ..., », multiplying and replacing 4,, 4,,..., 4"
by 4, where A = (greater of 4,, 4,, ..., 4,), the result follows.

Corollary 3. From Corollary 2 follows

. - {(n)f(n)y\1/on
lim sup {[ log 7%%) ]/108‘ 7'} <ot
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6. Theorem 5. If fi(2) and {(2), are integral functions of finite orders g,
and p, respectively, then

: mg [, fRjEN\L0
F—= 1 { o 7"’(5,}:(7.’ fl/;z) / g = 02

We shall first prove the following Lemma:

Lemma.  For integral functions fi(z) and f,(2) of finite orders o, and p,
respectively and for every positive value of e

7 E+1 . o
61) gty 1O — () oy o, FO) < g, 1) et

for larger v, where g, -+ g, > 2 and A is independent of ».

Proof. ‘We have

y r,, L)
. g Era Ma,l(Tos fH1EY)
”Lom(?’ﬁl)le))_"?o ' 7.;;4—11 =

r 27
ror

1
i ] /
7o O

[3

) :

fi(ze*?)

| Ihtee) e P v az a0 <

s ’ (e 0)

r 27
[ | afostor=tad it (wei®) f(2e™) ° o+ dw A0 <

7 7Jc+1<
T 0

* 27
A . ° o .
<~ plete,—2+e) f/ | fu(@e®®) fu(we®) P a* dw dO <

76 0
T 2n
A . .
“ . 2+ £)6 i E S ok Aa ; . L e
;;<m7(91+9 2 E)‘/'/l.fl((vei )]‘g(mc‘o) l o de d = 4 7"’(5,k(77 f1fz) Heteg 2+s)6,
00

(1)(pei0 :
on using the result [2, p. 363], ff((w )< Are7te for large » and £> 0 .

mw)
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-

Proof of Theorem 5. (6.1) can be put in the form

’ 0 F 18 E+1, . g
2 {)'Ld’k(" fll)/zl))}l {1 7o et f(f)/(zl))}ll < AYS patete

Mg 11 fifs) P g (7, f(ll)/'frzl))

Taking logarithm and then proceeding to limits as # — co, the result follows .

References.
{17 Q. I. Rauyax, On means of enlire functions, Quart. J. Math. Oxford Ser. (2)
7 (1956), 192-195.
[2] R. P. Srivastav, On the dean Valuc of Integral Functions and their Derivatives,
Riv. Mat. Univ. Parma 8 (1957), 361-369.
[3] E. C. Trreuvarsu, The Theory of Funclions, Oxford University Press, Oxford

1939.



