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A Note on the Order and Type of Integral Functions. (*%)

1. — In this Note we propose to comment on the following Theorem 1
of [1] and on Theorem 2 of [2].

Theorem 1 [1]. Tf fi(2) = > a, 2%, [o(2) = 3 b, 2" be integral func-
=0 f=Q

tions of the same order g (0 < p < ©0), and types T, (0 < T, < oo) and T, (0 <
< T, << o0) respectively and f(z) = 3 ¢, 27, where |c,| ~ |1/, b.|, then f(e)

Tex ()

is an integral function of order ¢ and type T such that T <+/7, 7, .

Theorem 2 [2]. TIf fi(2) = 3 a,2® and fy(z) = > b, 2" be integral
n=g n=0
functions of regular growth and of finite orders p,, p, respectively, then the

function f(z) = > ¢, 27, where log (1/[e,]) ~\/log (L/laa}) log (1/1b,]) , is an

Nw=
integral function of regular growth and order p, such that 4/p; g, =op.
As pointed out by a reviewer [Math. Rev. 25 (1963), 2204, 2206] these theo-
rems are not correct. We prove here a corrected version of these theorems.
We state the following lemma [5] without proof.

Lemma 1. Let L(z) be a positive and continuous function such that
L{kz) ~ L(w) as @ — oo, where I is a constant (0 < k<< c0). Then for every
e>0, 7 L{x) =0 as & — co.

Theorem 1. If fi(z) = 3 an 2%, fol2) = 3 ba 2" be integral functions of
fi=( n=0
the same order o (0 << g <C 00), and types T, (0 < Ty < o) and T, (0 < T, < c0)
(*) Ricevuto il 18-XI-1963.

(**) Indirizzo: Department of Mathematics, University of Kansas, Lawrence, Kan-
sas, U.S.A..
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respectively, such that |b,

> ||/ L(1|a,]) for n>>mn, and whenever a, 70,
and f(z) =3 ¢, 2", where |ea| ~|4/a, b.|, then f(z) is an integral function of
=0

order o and type T such that T <A/T\T,.

=4

Theorem 2. If f,(2) = 2 a, 2" and fy(2) = > b, 2" be integral functions
n==0 n=0

of regular growth and finite orders gy, g, vespectively such that |ay/@u.| ,

|0a/brsa] be non-decreasing functions for n > n,, then the function f(z) = > eqany

==

where log (1/le.)) ~\/log (1/la,]) log (1/\ba]), 48 an integral functions of
regular growth and order p =1/, 0 .

2. — It is known [3, pp. 9, 11] that f(z) = > ¢, 2" is an integral function of
n=g

finite order p (0 < g << o0}, if and only if,

. . log »
(2.1) = lim sup — 8"
# oo P 10g (1/|0n()

is finite and then the order g of f(z) is equal to f.
Let f(z) be of order p (0 <Cp << co) and define

(2.2) v = lim sup (n |e.|*").

N> @

If 0 << » <C oo the function f(z) is of order g and type 7' if and only if v =eTp.

Lemma 2. If fi(2) = 2 a. 2" [.2) = 2 b,2" be integral functions of
n=0 n=4y

the same order o (0 <<p<Coo) such that |b,|>|a.l/L(/a,]) for n>n, and

whenever a, = 0, where L(») is as in Lemma 1, and f(2) == > ¢, 2%, where [c,,] ~
Nn=x0

~Wbna,], then f(z) is an integral function of order g.

Proof: TUsing (2.1) we have, for any ¢> 0,
la,| <nlete %> m(e),
Ibﬂl < pMete , n> ’)?/2(8)

Hence, for sufficiently large w,

I(ln bn[ < p et ,
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so that

i,\/a“‘—"—‘/n bnl < %—n/<g+e) ,

log A/, b.| <—mnlogn/(p + ),

» log n
2 0 -+ ¢€.

log Wbt ¢

Hence

lim sup n logn
log [V, by~ = °

[~

and, since |ca] ~|v/bn @,
n log n,

2 im sup —— e <p.
=:9) 100 SUD oo e, @
We now prove that
(2.4) lim sup " 28" >

no  10g (L/len])
By hypothesis, o > 0 and lim sup _nlogm

n-rm log (1/la,|) o
Therefore, there exists a sequence of n == #y, 7., 74, ... sSuch that

n log n

e == with a, 5= 0 .
o log (] 2

a
Moreover, [b,,[> | @l for n = n;, Mg, ... (9> %), and hence

~ L(t/la)

o (L4 0() Jaal®
leal® = (1 + 0(1)) |a, ba| > T L(/lay))

for n = nyy Mpagy oo -
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Hence, for these #,

2 log |eq| > 2 10g | @, — log L(1/|a,]) -+ o(1)

_ | log L(]/mn[)
~21ogfa {1 + FChed

} +o(1) =2{1 + o(1) }1og |a.| + o(1)
since log L{z)/log # =0 as @ — oo, by Lemma 1. Hence,

log (1/eq)) <{1 + o(1) }log (1/ja.)) ,

n log n < n logn
. 0.
log (1fiel) = {1+ o(D)} log (I/las)) ~ ©

This proves (2.4) which together with (2.3) gives

n log n

= lim su —
¢ P 1og (1/iea)

n—r o

= off) .

{4)

Proof of Theorem 1. By Lemma 2, off) = o(f;) = o(f:) = o. Given

¢ > 0, we have, for sufficiently large =,

n 2 : X
— et < Ty e, =BT, Lo,
ep ep

by (2.2). Hence, (glég)zm,,{e/n [bal2i™ < (Ty + &)(T, + &),

o ATy 4 e)( Ty + o).

2_0_ o/n ___ i of2n
(1.1) (69) [/t b0 = p” l@,|*b,
Since g <00, le,| ~]\/a, b, implies |e,[*™ ~|\/a, D[

Therefore, since off) = g, from (1.1) we get

g;lcnlﬂ”" =1-+o0 (1))2—2 [/ balf" >N(Ty + ) (T, + e){1 + o(1)}

and hence lim sup{ n [c,,}gl"} =eoT <ep\ /Ty T, ov T <A/T, T, .

N=> 0O
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Remark: The theorem holds if instead of

10,

e £OT
L(l/lbn{)

a.
|ba] > el for n>mn, whenever a, 50, we assume |a,]>
L(1/la,l) i

% > n, whenever b, = 0.

8. — Proof of Theorem 2.  Since |an/an| and [b./b..| are non de-.
creasing for #>>mn,, we have [4, Th. 2],

limint 7108 1y
ne 108 (1/]a,))
lim inf 108" _ ;.

poe  log (/1)

where 1, and A, are the lower orders of f,(z) and f.(2) respectively.
Moreover, sinece 1, = g, and A, = g, by hypothesis,

n log n

——— T (G,
e log (la,) =V

n log n

poo log (L) 02

Sinece log (1/le.]) ~V log (1/la,]) log (1/|b.)), we have

\/ . ) nlogn . n logn
Vo, 0. = 1lim =lim 2 =p
nso VIog (Hla,)) 1og (1/1ba])  nven log (1/len])
«©
Hence [4: Theorem 1, Corollary 2] f(2) = > ¢, 2" is an integral function of
n=0
regular growth and order 4/p; g, .
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