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Krisuan K. Gorowara (*)

A Problem

in Rectilinear Congruences Using Tensor Calculus. (*%)

~ Let the co-ordinates of a point P on the surface of reference S of a
””1eet1hnea1 congruence be given by @' = zi(ul, u?) (i = 1,2, 3) and the direction
cosines of the ray of the congruence through 2* by A — Z (ul, u?) (1 =1, 2, 3).
Since in general the rays of the congruence are not normal to §, we have

(1.1) A =p e, «-+q¢X?
and
(1.2) =1,

where: p* are the contravariant components of a vector in the surface at P;
z, (o =1, 2) are the direction numbers and denote covariant differentiation
of #* with regard to «* based on the first fundamental tensor

(1.3) Jup = 0" L0 5
of the surface §; q is a positive scalar function such that if 0 is the angle between

the normal to the surface at a point P and the line of the congruence thlough P,
then

(1.4) . g =X =cos0
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and
(1.5) p PPy, =sin® 0.

In what follows Latin indices take the values 1, 2, 3, and Greek indices the
values 1, 2.

2. -~ Consider a curve C: #' = z(s) on a surface 8. Let of, f7, y* be the
direction cosines of the tangent, principal normal and binormal at a point P{?)
of the curve through which a ray of the congruence passes. Let ¢ be the angle
between A¢ and «f, i.e. between A¢ and dw?/ds, ¢ the angle between A and f°
and v the angle between A¢ and p¢. Then it is clear that we can write

2.1) A* = cos oo + cos@-ft + cos -yt
or

dat
(2.2) yi=sec p- |Ai—cos o* dyfs——cosw-ﬂi

By Frexur’s formulae we have (K being the curvature)

Cdet ) de?
K = /3 'a; ==pY* X a a3
) dat ) daot . d2p?
K:seczp-[l — ¢os o ds—cosm-ﬂ = }K} ,
or
v . dat A2zt
2.2 = S =
(2.2a) K =secy [2 i dsJ )
. N I , dat d%? .
on dropping out vanishing determinants since Kj* = Pyl Again
2t . )
(2.3) = o, + K, X,

d

where K, is the normal curvature of the suface in the directions of the curve C
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and p® is the curvature vector of the curve (. Therefore

da? .
K =secy |1 fa”_;_ g"w’,a—}—K,,X"}z

da? . o dat ,
= §ec y H/"ﬁ dgs o :1;”5} + K, [21 o XZH =

=secy [(pa’,+q X 2, o)’ ur+ Kpe',+q X of, X)u']=

5 ’ I
=secy [ge,; 0° w” + K, pTe, u*],

or
(2.4) , K ==secye,q 0’ — K, p°] w'#,
e, = (X' &', o)

Particular Cases:
(i) If the ray of the congruence lies in the rectifying plane, we get
K = cosec o-e,q(q 0°— K, p°) w'*,
which is the same as obtained by Mrsmra [1].

(ii) 1If the ray of the congruence becomes normal to the surface (i.e.
the vector p° = 0), then

. S, rp
K =secye, 0 w

(iii) If the ray of the congruence becomes tangent to the surface (i.e.
¢ = 0), then

K = K,secy e, p°u'
If I{, is the union curvature of the curve C [3], then

(2.5) Ky = 65, (K, P — %) w'¥,
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where I’ = p°/q. Then using (2.4) in (2.5), we hav
I = cos O-sec p- K, .

Another expression for curvature can be obtained as follows: Kf? = dai/ds .
Using (2.1) and (2.3) this eguation becomes

(2.6) Po, +E,X =K =Ky X o =

dut ; dax?
o eosg gty x o=

S

= K sec y {Z"—eosw

dz?
| =Eseplrx s Cos;w'a,‘,xﬂ“]

L

Multipliyng (2.6) with X¢ and summing with respect to % :

dat dot
K,,:KsecwHX" pE —x} m‘”[x:‘ >

ds I dx

Qd mz,é + Kn Xl]} ==
=secy [K(X? p%', + q Xi a’ g u'f) +cosp (X af ju'f o’y +

+ K, X9)] = secy [K ¢;5 p° u'f + cosp-eg, 0° w'P].
Hence
(2.7) K, = secy ¢s5(K p° — cos ¢+ %) u'.
If the ling of the congruence lies in the rectifying plane, we have .
(2.8) K, = K cosec o-e,, p° u'P,

which is the same as obtained by Misera [1].
Multiplying the equation (2.6) by A* and summing up with respect to i,
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we obtain
%0, +q I, =Ksecyp-cosp- (A o f) =
=secpreosp-(p* @', +qat  a,u? P, + K, XY =

= 8e6 Y 008 -, [ K, p*— q 0] w'’.
Hence the equation

(2.9) : 10, + ¢l =sec p-cos e, [K, p*— q o] u'?
can be taken as the equation of the curve C on the surface S.

Particular cases ‘of (2.9).
(i) If the line of the congruence lies in the osculating plane, equation

(2.9) reduces to
6zxﬁ [‘Kn pzx___ q Qa] u,ﬂ = 07

which is the same as the equation of union curves as obtained by SpPrRINGER [3].

(i)  If the line of the congruence lies in the rectifying plane, then equat-
ion (2.9) reduces to

p0, +q K, =0,

which is the same as obtained by MisERA [1].

3. — We have as before

. dat
y* = sec w-[li — €08 o dgs — ¢o8 (p'ﬂi] .

Therefore

i 7

dy? d . d
4 —_—seczp-tanw%- [}J—— cos o dtmcosw-ﬁi] + secyp - [ds

ds

d2a? 1w do d& dje in do .
—e0S Ot 1na—(i;—a—s~-eos¢-d;—+s1 9”58'/3 .
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By Frengr’s formulae we have

d da?
::ﬁf-{see p-tan 1/:-%[21'——(308 o f —comp'ﬂl} -+

s

: Crda d2p? X do da?
+ sec y | == —c08 00—

d
=yt X oci-{sec w- tan p- d—Z) “(Af— cos @) 4+

i g

6]

ag . dp ..
+sma-é; o eose g-{-snl(p a;ﬂt”:

g o R B
+ sec o cosoﬁs—g—i—smqp—&; ﬁ].

da?  dpt
o = 0, pf e 0 . Therefore

Since p*

2 dost i] Aot

r:[seezp- ——eosa-&;——cowpﬂ P
dp .. .

+ sec ’(p‘ta,n P -L_Eg—’(l"—-— COS(]?'ﬂ”) +

i 2

-+ see - [_‘“f coS G-

ds

2t s de ]
in g-— ¢ .
ds? + ¢ ds |

On dropping out vanishing determinants, we have

dot  dA%) 26
& ds | T Coso

r dot 2t
1:seezzp-hﬂ" ” x]

ds ds®

. de (.. da? . o dat dAf
+smqa-—d—;[,1’ i ﬂ’}—— cosw-[ﬁ’ ¥ ]]

)
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Now, using (2.2a),
[ da? 1 dat d%"]

P fi= = |l — —1 = cos

\l ds ﬁ} K[} ds  ds? | ¥
r dot  dir
A = E;} =5 (PP vp—qud)ur W,
(. def dif 1
p _d?] == (0° v, — K, pd) w'” w'®,

(cfr. [2]). Therefore we have

. d
T = sec” y- | es, (p° v, — q u)) u”w'?— cosy - | cos ¢ — sin - ——q—)] —
@ @ . ds;
—oa —— . e
————I—é—q—)-eay(g%(p—— E,ul) - u’”.u’w] .
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