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A New Proof of a Theorem on

the Absolute Summahility Factors of Fourier Series. (**)

1.1. - Let Ja, be a given infinite series. Let sy and ¢ denote the n-th Om-
SARO means of order k (k> — 1) of the sequences {s.}and {na,} respecti-
vely, where s, = Ya . The series 2a, is said to be absolutely summable (C, k),

ye=0 :
or summable | C, k|, if the sequence {sﬁ} is of bounded variation, that is
to say, '

28— sna|<eo (1.
We shall require the following identities for >—1:
(1.1.1) b= (sk—sk_)) (),
(1.1.2) th=(1/45) 3 4*2 v q, ,
. =1
where Ay is given by the identity

{1.1.3) ' % Ak an = (1 — g)-1* (|z]<1);

n=0

(*) Address: Dept. of Mathematics, University of Jabalpur, Jabalpur, India.
(**) Ricevuto il 27-VI.1963.

() Cf. [8], [5]. Now onwards, we use > to denote i
fival
(%) Ct. [5], [6].

13. — Rivista di matematica.
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and by definition (5)

—1—k n 4+ k
(——1)“< >:("' ) for n >0
& W . n

(1.1.4) A =
0 for n<C 0,

. 1 for n =0
(1.1.5) A=

0 for m#0,
(1.1.6) AE =TI +k +1)/{T(n +1) Ik +1)} ~n*I'(k +1)

| (oot —1, —2, ..).
~ We write

Aty =AUy =y Wy
and
—_— 1
A%u, = Z A7,

y=n

provided the series on the right converges. In particolar, when o is a positive
integer,

A%, = z (— 1) ( ) Uy -

§u=0
If o and p are positive integers, we also have the formulae

A°A%, = A %u,;

and

(1.1.7) A%(dpu,) = Z (:) A%, A7,

e=0

By repeated Vpa)rtial summation, we see that, for & =0, 1, 2,

v

AT u,a, = EA"“ Az“y ) C" + EAf A5~ ) C
B0 p-t jm0

() CL. [4].
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whence, by putting v = n,

(1.1.8) ZOA‘L,L U, @, = EOA"“(A,,__“ w,) O,
= =

where C* denotes the n-th CmsAro-sum of ) @, of order k.

p=0

A sequence { A, }is said to be comvew (%), if A°2,>0. It is said to be
hyper-convex of order h (%), if A", > (h =0, 1, 2, ...). By definition,
hyper-convexity of order zero is the same as convexity.

1.2. — Let f(¢) be a periodic function with period 2z, and integrable (L),
that is, integrable in the sense of LEBESGUE, over (— z, n). Without any loss

“of generality, we may assume that the constant term in the FOURIER Series

of f(¢) is zero, that is,

(1.2.1) f}(t) dt =0,
and
(1.2.2) () ~ S (@n cO8 0t + by sinut) = 3 eald).

We use the following notations:
(1) —-%(t ——{f(m + 1) + fle — 1) — 2f(a) },

O (t) ={1/I'(x) } f (t —w)* ) du (¢ >0)
(1.2.3) D(t) = olt) °

g, (@) =le +1) 7D 1) (a@>0),

(1.2.4) RX(t) — (1/4%) S AS=1 2, » cos s,
(1.2.3) {F@)}, = (320 F(2)

(4) Cf. [10], n. 3.7, p. 58.
¢) Cf. [9].
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1.3. ~ Iniroduction. In a recent paper (°) on the absolute CESARO
summability factors of FOURIER series, PATI and SinNma obtained a general
result which covers a previous result of Pa11 (7). They proved:

Theorem.  Let h be an integer > 0, and let {)n} be a monotonic non-
inereasing sequence when b =0, and a hyper-convex sequence of order h — 1
when h > 1, such that

(i) z /)Z’—l )‘-n < o0

(1.3.1)
) > wrdri], < oo,

Then, if

(1.3.2) f | gu(u) | dw = O(1),

Cas t—0, > An Ca) 18 summable |C, b +1 + ¢ | for every 6 >0. _
’ The ob ject of the present paper is to give an ‘thematne proof of thls themem
- which is superior to the original proof.

2.1. - We require the following lemmas.

Lemma 1. Let OF denote the nth Cesaro-sum of order k (k> 0) cor-
responding to the series > (sin nt)sy (b >0). Then

(1) OF = O(nrirte) for 0 <<t <nt,
(i) O = O+ 4+ O(nkt—2)  for nt< 1<,
(i)  CF = Q(mrt 1) for k<<h +1, and n*<<t<ax
(i) and (ii) of the lemma are known (¥). The proof of (iii) is easy.

Lemma 2(°). If0<k<1 and 1<v<m, then

iEAkAL l &Yl zAm un ul‘

pn=1 1=Sm<y p=1

() Cf. [9].
() Cf. [8].
@) Cf. [7].
(® Ctf. [1], [2].
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Lemma 3 (®). (I) If & is an integer > 1 and the sequence { Zn} is hyper-
convex of order h — 1, such that

i) S>nl, < oo, i) ¥ mrdr), < oo,

then {2, } s hyper-convew of order r — 1 (r=1, 2, ..., h—1), and therefore
{/1,,} is a monotonic non-inereasing positive sequence tending to zevo.

(II) If { 2.} is @ monotonic non-increasing sequence such that S w1 1, << oo,
then {2, }is a positive sequence tending to zero.

Lemma 4 (7). If {2,} is hyper-comvew of order h —1 when h> 1, or
monotonic non-increasing when h — 0, such that Jn~t 1,< oo, then
>k A1) < oo
implies that
2t (logn + 1) 4*1), < oo,
Lemma 5 (), CIf >k 41, and (1.3.2) holds, then
[P @) | @ = O@n=—-1y
-1

n

as n — oc .
Lemma 6 (®). For « >r>=0,

2n A1 =y ymine gy
n>yp

2.2. - Proof of the Theorem. By virtue of the identity (1.1.1) and
the consistency theorem for absolute CESARO summability, we need only to
prove that, for » +1<a<<h -+ 2,

2] i< oo,

() Cf. [9], Lemma 3.

(1) Cf. [9], Lemma 5.

(*#) Cf. [9], Lemma 4.

(*8) This is essentially the same as Lemma 8 of [91.
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where

In = @2fm) [ () K1) dt

0
Integrating by parts h times, and proceeding as in [9], we have

& = @) § + @) { (= DI + 1)} [0 Kit)

0

where

F=[ 3 (— 1 B 0) (K0, ]: Toft) — 0 (E2(0)

o=1

Hence, it suffices to show that

@y - EZwfE< oo,
and
(2.2.2) Sn1| f @a(t) K2(t) dt | << oo

Proof of (2.2.1).
The proof is the same as the proof of (3.1) in [9].

Proof of (2.2.2).
‘We have
K“ th/A“ ZA“"IZ (sin ¥8) 15

yu=l

or, by putting Z AS7E 2 (sinvt)yyy = M,

By ¥
pe=1

E(t) = (A2 M

Now, applying the process of repeated partial summation, by (1.1.8) and
(1.1.7), we obtain, in the notation of Lemma 1,

u =3 aeaz) =Y (h . 1)2 A5 A, O =
—v*—-l n—y 'y “~ r ,, —_

__i(h + 1)"2Aa_r_1 Awt1-r), or J_”ZAcx—-h—! ) o
_- Ny p4r Vyp | n—% y+h41 p 2

r=0 T Jy=1 1
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or, by putting

iy ¥

T Jy=1 vt

Pom

we obtain
M=M +M,.

Hence, we have to prove that
St | [oult) (@A) (M M) dt] < o0
]

and it suffices to show that -

(2.2.3) zn“l—“fl @alt) | ] My | At < oo,
and '
224 Z 1= “fl(p,, || M, | A&t < oo.

Proof of (2.2 )
It suffices to show that, for r =0, 1, 2, ..., &,

p-1

M1,1 — zn—l——a z Ao Ah+1_r}'v+rfth I ‘Ph(t) | [ C:’tl di < oo,
0

n—y
y==1

and
1 2= z,n—l « 2 Aa—-r—l Ah+1-rxv+rj'th ] 901;(15) I I C;‘{ dt< oo,

p-i -1
Now, for » =0, 1, 2, ..., b, we have
. -

<ESwre zAzx re1 grrry v2h+2ft7l | @alt) | A2 (*4)
0

by Lemma 1 (i); then
< K 2 ,n—:l-zx z Aa—r—1Ah+1 r }. 1’2""'21"”"1
y=1

n—y

< K z ,n—l——rx zvh.;.l (’IL + l _— ,y)a—r-—l Ak+1—r 2’v+r

y=1
@

=K E,,h+1 Arti-r }'v+r z (41— ,p)cx-—r-—l,n—l-a

y=1 Ny

<szh-rdh—r+12v+r <K< OO,

p=al

r [ I\ = ‘
z(b + )zAa r— 1A”+1_'2 (j: =M, and zAa—h——.. ;v+h+1 o = M,

() Throughout the paper K denotes an absolute positive constant, not necessarily

the same at each occurrence.
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by hypothesis and Lemmas 6 and 3;

My, <E S n-ime S Azt A [ gy(t) | dt

y=1 p-1

by Lemma 1 (iii); then

<K Ynte E AZZr=rgrii=rg L vt log y

ye=1

Ko7 3 i(logy + 1) (1 — )7t ARITT) L
pe= 1

=K > vi(logy F L)AL S (n 41 —p)FT T g

ye=1 Nezy

Kz'u"" 1ogv—1—])A" '“/'{Hr K< oo,

,,v=1 -

by hypothesis and Lemmas 6, 3 and 4. This completes the 'proof of (2.2.3).

Proof of (2.2.4).
By ABEL's transformation, we have

n n v ) n
r o x—h—2 ho_ a—h—2 P - &=—h—2 YR
“BIZ - z An-—v Z‘v+h+1 Ov - E Aﬂ'v+h+1 Z An—,u O,u + A’n+h+2 z Aﬂ-—,u O,u .
ve=1 pm=1 pe=1 pu=1
Now, using Lemma 2, we obtain
n

M, ~ O(EA/EHH max | C;7) + OAninta | CF71]) -

p=1 1Sm<y

Hence, it is sufficient to show that
p=1

My, = >0 "‘ZAAHHJ?& | pa(t) | max |C271| dt << oo,

penl 1SmSy

My, =207 7 3 A%y [ ] @alt) | max | 0577 At < oo,

yenl w1 1=<m=<y

a1
I‘I‘.’,a = 2 BT Angnte J-th l(Pn(t) I ] oyt I dt < oo,
)

312,4 == z B dptnre fth [ @alt) ‘ ] Oﬁ_l I dt < o0 .
1

n
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We proceed to prove these. We have

p—1

My KEIa 73 AL,y v f | @u(t) | & [by Lemma 1 (i)]
L= S

= 0

n
—l x+h4+1 . _p—1
<KEYn DIV yh
p=1

=K 30" Ah gy 20 <K< oo,

p=1 n=sy

by hypothesis;
My SE 073 Adyynpy o [07% ] put) | @ [by Temma 1 (iii)]

I

5 WU

n
KK S 7Y AN V" [by Lemma 5]

y=1

=K 3> A% 4, 20 T < K< oo,
n=y

p=1

by hypothesis;

711

Moy <K 3077 dygge 0¥ J | gu(t) | ¢ [by Lemma 1 (i)]

]

<K Z polme An+n+z Rt b1 — z n1 /'{nﬂﬂ <K< oo ,

by hypothesis;

M, <K z T SR s J:t"“" | @at) | At [by Lemma 1 (iii)]

n-1

<K 3077 dpgnge 02T 0271 [by Lemma 5]
=K 30 Apppre < K < 00,

by hypothesis.
This completes the proof of (2.2.4). The proof of the Theorem is thus com-

pleted.



(1]
(2]
{3]

[4]
(5]

(6]
[7]
[8]
(9]

(10]

M.

«

T, PATI and Z. U. AHMAD [10]

References.

. S. BosaxqQuEer, 4 mean-value theorem, J. London Math. Soc. 16 (1941),

146-148.

. 5. BosaNQUET, Note on convergence and summability factors, IIT, Proc. London

Math. Soe. (2) 50 (1949), 482-496.

FeERETE, Zur Theorie der divergenten Reihen, Mat. és Term. Ert. (Budapest)
29 (1911), 719-726.

H. Harpy, Divergent Series, Clarendon Press, Oxford 1949.

. KoGBETLIANTZ, Sur les séries absolument sommable par la méthode des

moyennes arithmétiques, Bull. Sci. Math. (2) 49 (1925), 234-256.

. KoGBETLIANTZ, Sommation des séries et intég Jmles divergentes par les moyeoz-
“nes —arithmétiques et lypiques; Mémor.  Sci: Math. 51 (1931).

. Parr, On the absolute Riesz summability of Fowurier series and its

conjugate series, Trans. Amer. Math. Soc. 76 (1954), 351-374.

Pari, The summability factors of infinite series, Duke Math. J. 21 (1954),
271-284.

. PATI ana 8. R. SiNma, On the absolute summability factors of Fowrier

series, Indian J. Math. 1 (1958), 41-54.

. ZyGuUND, Trigonomelrical Series, Warsaw 1935.



