Riv. Mat, Univ. Pa;ma (2) 2 (1961), 265-280

Sarys NARAIN SRIVASTAVA (%)

On the order and type of integral functions. (*%)

In this paper we have investigated certain relationship between two or
more infegral functions. The results obtained involve the coefficients in the
Taylor expansion of integral functions, their orders and types. The results
are given in three sections.

Section I.
o
1. Let f (2) = Y ¢, 2" be an integral function of order 0 (0 <9< o) and
N=xf

lower order 4 (0 << 1 <C oo) . Itis known [1, p. 9] that f (2) is an integral function
of finite order p (0 < ¢ << o0), if and only if,

(1.1) lim sup 108" _ 0
‘ s log{1/|¢,}|}

It is also known [2, p.-1646] that if f (z) is an integral function of lower
order A (0 <2< 00), then '

o : . “nlogn
1.2 liminf — — = __ 2
-2 e oy (1] 6, TT
Further,iff (z)is an mtcoml funection of order 0 a,nd lower order 4 (0 << A < o0}

and | ¢,/e.4 | 18 a non-decreasing function of a, for n>> n,, then (2, p. 1047]

(1.3) liminf — 6" _Yiminf " logn_

oo log f Cafuir] oo log {1/ ¢, | }

(*) Indirizzo: Dept. of Math. and Astro., Lucknow University, Lucknow (Indla)
(**) Ricevuto il 26 gennaio 1961. : . <
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and

(1.4) lim sup log n

> 30 1Og z cn/cn+1 i

0.

1.1 THEOREM 1. ~ If f,(2) = 3 a, 2" and f, (2) = 3 b, &" be integral functions
n=0 n=0

of finite orders p,, 0., respectively, then the function f(2) = ¢,2", where

n=g

log {1/] ¢, |} ~ ]\/log{ 1/| an |} log {1/| b, |} |, 5 an integral function, such that

'\/9192>97

where p 1s the order of f (2) .

Proof. — Using (1.1) for f,(2) and f2(2), we have, ’fc’n’.‘ an arbitrary &> 0,

E‘_’%_{M>(~I— —6),

n log n 01

for n > n,, and

w><}— —8)’

n log n 02

for n>n,. Hence, for sufficiently large =,

1og{1/}a,.|}1og{1/lb,.l}><L - 8><1 - e).

(n log n)? 0 0y

Thus, if log{1/| ¢.|} ~| \/log{ 1/ an | Yog {1/| b.| }|, we have

liming 08t e} o 1
i nlogn - 4/ 01 02

Therefore, lim su _ nlogn is positive and finite. Hence from (1.1) f ()
’ P s [ e] "

is an integral funetion and ~

\/9192>97

where g is the order of f (2) .
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(=]
COROLLARY. = If f, (2) = > a¥ 2%, (k =1, 2, ..., m), be m integral functions
n=0

@

of finite orders o, 0, ..., 0. respectively, then the function f(2) = ¥ ¢, 2", where

n=g
log{1/| ea|} ~ | [log{1/| & | }log { 1/ a’ |} ... Tog { 1/| a;™ | } J¥m], is an inte-
gral function, such that

{ Ql 92 ore @m}l/m > Q y
where f (2) is of order p.

1.2 THEOREM 2. — If f,(2) = > a, 2" and f, (2) = > b, 2 be integral functions
n=0 n=0 !
of regular growth and of finite orders oy, g, respectively, then the function f (2) =

= i ¢ 2" where log{ 1/ ¢, |} ~| \/log{ 1/] an | }1og{1/| b, |}]|, s an integral

n=0

function of regular growth and order o, such that

\/9192:9'

Proof. — Using (1.1), we have

limw :L

’

. n log n 01
and
lim w — 1 .
>0 nlogn - gy
Hence,
U g log (e} _ o [Viog{1 [ [Ylog (10 3] _ L
e f—rco n log n n—+o n IOg n Vo0
since

log{1/| ea| } ~| Viog {1/ a.| }log{1/[ba|}|.
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[=2]
COROLLARY. — If f, (2) = X a” 2, (k==1, 2 ..., m), be m integral functions
=0

of regular growth and of finite orders oy, 0., ..., 0., respectively, then the funec-

w
tion f (2) = 3 ¢, 2", where
n=0

}... log{ ]/I (1,7(1”') l }]l/ml ,

log{ 1/ ¢, |} ~|[log{1/| | }log{ 1/} a®

is an integral function of regular growth and order g, such that
{ 0102 Om } = 0.

. < o .
1.3 THEOREM 3. — I f, (2) = > a, 2" and f, (2) = 3 b, 2" be integral functions
’ n==0 n=0 .
of lower orders 2, (0 < A < o0), A (0 <A < oo) respectively and | ay/dn, |,

©

| bafbuis| b2 non-decreasing functions for #.>> ne, then the function f (2) = 3 ¢, 2",

n=g

where log { 1/
such that

e} ~]| \/k)g{ 1)j @} } log{ 1/ b, |}|, is an integral function,

Vi<,
where 1 is the lower order of f(2) .

Proof. — Since f, (2) and fy(z) are integral functions, therefore,

liminf | a, ["¥» = liminf | b, [*¥* = oo.

n—>0 n- o

Also, we have, for any ¢ >0 and n> n,

Yla,| > (R — &)

and

1/] b, | > (R —¢e)n, for n>mn,.
Therefore, for sufficiently large =,

log{1/] a. | }IOQ{J/] ba|}>{nlog (R — 8)}2
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Thus, if log{1/|e.|}~] Vg {1/ @} log{1/{b.]}], we have

1og{ ]/l ¢y i }> nlog (R — &) .

n—r o0

Therefore lim inf | ¢, l*l-’ﬁ > oo and hence f(z) is an integral function. Using
(1.3) for f, () and f, (¢), we have, for any &> 0,

s (ilenl} (1)

n log n

for »> n;, and

log {1/} b, |} <<1 , )

—+ e
n log by

for m>> n,. Therefore, for sufficiently large n,

log{ 1/, | }log{ 1//0] el J

(n log n)?

Hence, using (1.2), we get

1 < lim sup log{ /] enl} < L
A nlog n '\/,11 YR !

since 10g{ 1) en|} ~]| \/log{ 1/] @y | }log{ 1/] b, | }| -

N ==}
CorOLLARY. — If f,. (2) = > ai? 27, (k =1, 2,...., m), be m integral functions

n=0 .
of lower orders 4, (0 <1, <<oo), (B =1, 2, ..., m) respectively and each of
the functions |a’jall |, (k =1, 2, ..., m), be non-decreasing for n > n,,

[e~]

then the function f(2) =Y ¢,2" where

Nne=0

log{ 1/| a|} ~[[log{1/] o | }log{1/| P | } ... log{ 1/] ;™ | } ]|,
is an integral function, such that
(A dao A YA < 4,

where 2 is the lower order of f (z).
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1.4 TueoreM 4. — If f, (z) = Z a, 2" and f, (2) = Z by 2" be inlegral func-
=0

e}
tions of orders oy, 0, and lower orders A, (0 < 1; < 00), A (0 < 4, << 00) respec-
tively, and | @nf@nis |, | Dafbasr| be non-decreasing functions for n > ny, then the

o
function f(2) =3 en 2", where 10g] ¢ufenpy | ~| \/log[ Anf@nyy | 10| bufbuiy ||,

n=Q

is an integral function of order g and lower order A, such that

(1.5) : Vo> o,
and
(1.6) Vi< 1.

Proof. — Since | a,/a,4, ]| is a non-decreasing functiqn, using the relations
(1.3) and (1.4) for the function f, (¢), we have, for any & >0,

cla |
(1.7) Log] @a/tuss | <(1— + s),

Clogmn Ay

for n > n, and

log! an/a‘n+1 I 1
(1.8) ——‘m—.> o el,
for n> n,.
Similarly, for the function f. (), we have, for any ¢> 0,
IOg [ bn/bn+1 I 1
(1.9) _‘k)—g_’r_b_— < Z_z + €],

for n>mn; and

(1.10) logm 02

b,./b 1
10g| ﬂ/ n+1[><~_ . £>;
for n>mn, .

From (1.7) and (1.9), we have

IOg I cﬂ/cn+1 I - 1

lim su <
P logn = Vi i
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since

1og | eafCnsr| ~| \/log[ Anfr | 10g ] 00/Bsi | ]

Hence,

Vi A< A

Similarly, from (1.8) and (1.10), we get

\/91 0220

COROLLARY 1. — The results of Theorem 4 can be extended to m integral
functions.

COROLLARY 2. — If f, (2) and f ,(2) are of regular growth, then so is f (2) and

'\/Ql G =0

This follows from (1.5) and (1.6) since, for functions of regular growth,
Ay = 01, A = 0., and so

o<Voio:=Vhh<h
But A< g, therefore, 1 =g.

COROLLARY 3. — If £, (2) = z a® 2 (k =1, 2, ..., m), be m integral functions

n=0

of regular growth and of orders gy, gs ..., 0, Tespectively, then so is the
function f (2) and

002 Om = Q™

Section II.

2. Let f (2) be an integral function of order p. Let T and ¢ be the type and
lower type respectively of f (), defined as

@.1) lim sup 28 2 ")

r—o re

=T, (0<T<oo),
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and
.. s log M (e
(2.2) liming 2210 60 i< 1< ooy

-0
Feroo re

2.1 THEOREM 1. — If f, (2) = 3 a, 2" and f, (z) == > by, 27 be integral functions
n =0 n=0
of the same order o (0 < 0 << co), types Ty (0 < Ty << oo) and T, (0 << T, < o)
Cand mazimum modwli Iy (r), M,(r) respectively for |z | =», then the integral
function f(2) = > ¢, 2, where log M ) ~log{ M, (r) M, (r) }, I (1) being
n=0

the snazimum modulus of f (2), is of order g and type T, such that
(2.3) r<m +17,.

Proof. - Since f, (2) and f, (2) are integral functions of the same order 0,
we have [1, p. 8]

log A, (r)== 0 (r0*¢)
and
log M, (r)=0 (r¢*%),

for ¢ > 0 and large r .

Thus, if log M (r) ~log{ M, (r) M, (r) }, Wwe get log M (r) = 0 (re*#), for
large 7.

Hence, the integral function f (z) is of order 0.

Using (2.1) for f, (2) and f, (), we have, for any ¢ > 0,

log 31, (v)
I34

<(T1 + &/2),

for » > r,, and

log M, (r)
70

< (T, + 8/2)a

for r > r,. Hence for sufficiently large r,

log{ M, (r) M, r)}
re

< (T, + T, + e).
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Thus, it log M (r) ~log{ M, () M, (r) }, we have

T -=lim sup

r—>co 7

log M ()

COROLLARY. — If f, (2) = 3 a® 2%, (k =1, 2, ..., m), be m integral functions
N=9
of the same order o (0 << o < co), types Ty, Toy ..., T, (0 << T < 0), (k=1
2, ., m), and maximum moduli M, (»), M, (r), ..., I, () respectively for
|#| =7, then the integral function f(z) = >e,zt  where log M () ~
=9

~log{ M, () My (#) ... BL,, ()}, M (r) being the maximum modulus of f(z),
is of order g and type 7, such that

T<T1+172+--- +Tm~

o« =]
2.2 THROREM 2. = If f, (3) =3 a, " and f, (2) =3 b, 2 be integral functions

n=:0 n=0 .
of the same order p (0 << p < oo), lower types t, (0 <<, << 00) and t, (0 < &, << 00)
and maximum moduli M,y (r), M, (r) respectively for |z| =, then the integral

function f(2) = 3 ¢a2", where log M (r) ~log{ M, (r) M, (r)}, B (r) being
n=90

the mawimum modulus of f(2), is of order o and lower type t, such that
(2.4) 1>t +1,.
If we follow the method of proof of Theoren 1 anl use (2.2) instead of

(2.1), the result follows.

CoroLLARY 1. — The result of Theorem 2 can be extended to m integral
funetions.

CoROLLARY 2. — If f; (2) and f, (2) are of perfectly regular growth, then so is

the integral function f (2) and

T =T, +T,.

This follows from (2.3) and (2.4), since, for functions of perfectly regular -
growth, ¢, =14, t, = T,, and so

<1, +17T

I
_*..
A

- But ¢ < T, therefore, ¢ = T.
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COROLLARY 3. = If f, (2) = > a 27, (k =1, 2, ..., m), be m integral func-
n=9
tions of perfectly regular growth, same order g (0 << ¢ << o), types Ty, Ty, ..., T,
(0 < Ty << o0),fork =1, 2,... ,mand maximum moduwli 3, (v), M, (),..., M, ()
respectively for |z| = r, so is the integral function f (2) and

Section III.

3. It is known [1, p. 11] that the necessary and sufficient condition for an
integral function f(2) of order p (0 < g << o0), be of type 7 (0 < T < o) is

n—rw

. (1
(8.1) lim sup. { ~ w| e, o } 7.
‘ 4
Further, if [eq/¢,, | is a non-decreasing function for all large n, then 3, p. 45]

l.m.fji QI”]*:
(3.2) minf) = nfet =t

n—r<o 1 es.
where { denotes lower type.of f (2). V

3.1 THEOREM 1. — If f; (2) = X a, 2" and f, (2) = Y b, 2" be integral functions
n=0 n=0

of the same order p (0 << p << o0), lower types t, (0 <t < 00), 1, (0 <1, << co0)
respectively and | tnf/@ury |y | Dafbusy | be non-decreasing functions for n> n,, then
the function f (2) =3 e, 2", where | e, | ~ | v/ Lan|]ball, is an integral function

n=0

of order p and lower type t, such that

t>vV 14 t,.

Proof. — Using (3.2) for funections f, (¢) and f, (2), we have, for any >0
and n> n,,

v
;7;) ] [42% Ie/n > (t —¢)
and

“; | b, 07> (1 — )
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for n > n,. Hence, for sufficiently large =,

(B 1wl o> = 2y 6= o),

7
[
or

E Va0 13> Vil = o) (= o).

Thus, if |es| ~|V [ an]]ba|], We have

; ; e Y [0 —
tim inf [ | ¢, o | = lim inf 2{1\/ la'ngnH} ]>\/t1t2,
eg eg

I n—>0

n—>»c 1

on using lemma 1. [4, p. 53].
Since.f; (2) and f, (2) are integral functions, therefore,

lim inf | @, ["Y» =liminf | b, |~Y" = oco.

n—ron N—>r0

Also, we have, for any ¢ >0 and n> n,,

| aa| <1/(RB — &)
and ‘
[0, ] <1/(R — &)y

for n> n, .
Therefore, for sufficiently large =,

| @, || ba] <1/(R — g)*".
Thus, if |e,| ~| 4V [aa||ba]|, We have
lea| <1/(R — &)

Therefore lim inf | ¢, |~¥" > co, hence f (¢) is an integral function and

n—rwo

t>'\/?:;;:

where f (2) is of lower type ¢.
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Srivastava [4, p. 54} has proved the following result for type 7' of f (=)
T<N T, T,

where f; (z) and f, () are of types T, and 7, respectively.
COROLLARY. — The result of the above Theorem can be extended to m in-
tegral functions.
3.2 THEOREM 2. — If f, (2) = 2 a, 2" and f, (2) = 2 b, 2" be integral functions
n=g0 n=0
of finite orders o, p, and types Ty (0 < T, << c0), Ty (0 << T, < co) respectively,
then the function f (2) == 3 ¢, 2", where | ¢, | ~|a,||b,|, is an integral ]‘uhmﬁion

nN=g
T\ [T\
Gy Ty

of order p and type T, such that
1

T\°
(3.3) (;)
=0 0, =97 0,=09," and ¢ =0y, +0,.

A

provided
-

Proof. — Since f, (3) and f, (2) are integral functions, therefore,

lim inf | @, |74/ = lim inf | b, |7V = oo .

n—>co n—rw

Also |e,| ~ |a,]||b,], therefore,

liminf | ¢, |-Y» > lim inf | @, |[~*/* X liminf | b, |Y/* = co

n—rwo n—>o >0

and hence f (z) is an integral function.
Further, we have

/)?,1/0 ] Cx ll/n ~ nl/Q I @, |1/n i bn ll/n<
<@ F ), U] bV, >0, n>m,.

Taking limits of both the sides, we get

T\O [T\ [T\
_)<M 2\
o oy Oy
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]
«3
-1

since

. e\°
lim sup »'2 | ¢, [V'r = (__) ,
o)

n-—>w

fn—r0 S n—>o Oy .

. eT\% .. eT,\%
lim sup n* | a, |1* = (.J) , lim sup n™ | b, |V7 = < AN
[

NoTE. - WILSOX [5, p. 422] has proved this result by taking f (2) = 3 a, b, 2™

n=0

COROLLARY. — The result of the above Theorem can be extended to m in-
tergal functions.

3.3 THEOREM 3. — If f, (2) = Y an 2" and f, (2) = 3 b, 2" beintegral functions
n= n=0

o
of finite orders o, 0., lower types &, (0 < 1, << 00), £, (0 < 1, < 00) respectively and
| @aftnin] s | Dalbuii] e non-decreasing functions for n > ne, then the function

0l ~|an||ba], is an integral funct'ionvof order o and

f(2) = 3 ca 2", where
n=g

lower type t, such that

SO

provided o = g%, 0y = g7 ' and oy= ;" .

Proof. — It can be proved as in Theorem 2 that f () is an infegral func-
tion. From the asymptotic behaviour of the coefficients, we have
nl/g i e, Illn ~ ’/I,LIQ ] an il/ﬁ l bn ll'ﬂ
> (1 — &) n¥e | a, |V ] b, |Yn, e>0, 7> N,

> (1 — 8){ portos i an, !1,’11 l bn ll:’n}’

since ¢ > o, + oy [6, p. 25].
Taking limits of both the sides, we get

\° ) tl [ t2 29
— > - -1y
ag \ Gy, Oy

9. — Rivista di matematica.
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278
since
o s 1\
lim inf 2" | ¢, [/ = (ﬁ) ,
fni—>o g
s s AL e s 1, \ %2
lim inf 27 | @, [2/" = (i}) ' , lim inf 27| b, [t/» = <f..> )
n>o 0 n—rw , O
COROLLARY 1. ~ The result of Theorem 3 can be extended to m integral
functions.

CoroLLARY 2. - If f, (2) and f, (2) are of perfectly regular growth, then so
is f (2) and

G =CaT G

This follows from (3.3) and (3.4), since, for functions of perfectly regular
growth, ¢, =T, ¢, = T,, and so

T\° T\% [T,\0 [ANCFA AL t\°
(o) <(2) =G ey <6
o oy Oy ay) \0y o

But t < 7, therefore, t = T .

el N
COROLLARY 3. ~ If f; (#) = > a2z, (k =1, 2, ..., m), be m integral func-
n=0

tions of perfectly regular growth, of finite orders g, and types T, (0 < T, < oo)
, M respectively, then so is the function f (2) and

T o (’1’1 01(1’2 ot ZYm Im
Ao} " Na) Vo) "Now)

3.4 THEOREM 4. — If f, (2) = 3 a 2" and f, (2) = Y b, 2" be integral functions
n=0 n=g

of finite orders oy, p., types Tl'(O < Ty <<oo), Ty(0<<T, <o), lower
types 4, (0 <ty < 00), 1, (0 <ty << o0) respectively and | ultnsy |, | Dnlbrss | be

for kb =1, 2, ...

w
non-decreasing functions for n>>n,, then the function f(2) = > ¢, 2, where

n=0
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[ea| ~1an]|bal, is an integral function of order o, type T and lower type ¢, such
that

5
-] >
[

provided o = g™, 0, = g, 6, = ]

=) G
01 Gy > (f)a ,
t\or [ T,\ o

0y G,

Yand ¢ =0, + 0, .

Proof. — Itiswell known that for two non-negative functions f («) and ¢ ()

(3.5) lim sup{f (a) g(w)}>hm sup f (o) X liminfg (@) _ . inf{ f (2) g (2) } -

~ lim inf f (z) x lim sup g (»)
Here we have,

’)?/1/9 l Cn Il/n ~ n]/e ] @, ll/n I b'n ll/n.

Using (3.5), we get

ERe)
g

since
(81,)0
. su 4
lim L e | e, fum ="
po i0E et\°
ag

(6T2>“2
‘1/11 —_ G2 .
ely\0
<)
I take this opportunity to express my thanks to Dr. S. K. Bosk for his sug-
gestions and guidance in the preparation of this paper.

=)
G . su
= ! lim P o

<ell>°x’ wow inf

0y,

. su
lim . P
oo inf

| 0,

no I a, I i/n
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