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A Class of Polynomials

Analogous to Lommel Polynomials. (*7)

1. -— Introduction.
In 1932, MiTRA [2] considered a class of polynomials associated -with the
parabolic cylinder function D, () given by

n
e—-l/(zx’) .

. d
Do) = (—1)n elu=)

dazn
They were based on the recurrence relation
Dia(@) — & Dol@) -+ 1 Dyyf) =0

in the same way as LoMMEL polynomials are related to the BESSEL function
by means of [4] '

J, .. (2) = (2v,2) J,(2) —J,_, ().

Since in 1949, MiTrA-SHARMA [3] considered a generalization of the parabolic
cylinder funection, it seems worthwhile to generate the class of polynomials ana-
logous to LoMMEL polynomials corresponding to their generalization and ‘to

(*) Oak Ridge National Laboratory. Address: Department of Mathematics and
Astronomy, Lucknow University, Lucknow, India.
(**) Received January 15, 1958. :



[
<
1)

A. M. CHAK [27
bring out some of its properties. As a matter of interest, we will thus be able
to construct a class of polynomials satisfying a k-th order recurrence relation
instead of order two [1].

2. — The genesis of the polynomials Sy, s(y).
Mitna and Smarya [8] define Din(y) and Dinn(y) by
Dim (y) == ev¥/20 DE™ gt
and

- - (2 m k-1 ,_,kiz
ka-H (/.I/) = e VIR D(k) N ey 'L’

where D) stands for the operator — —— — and D%™ means repetition of

dyy—2dy @

DE m times. Also

D(km—H) — a km)
[35) == 7. &
dy
and
D(km-Hc - __ 1 i D(l:m)
23] ¥ dy 15}

The functions Dy, (y) and Dy,.., (¥) satisfy the recurrence relations

(2'1) ﬁkm (?/) - yk—l ﬁkm—k-}—l (:I/) + (k/’n i 75 + 1) Ekm—l: (?/) = 0
émd
(22) jD'km+1 (?/) - ?/ ﬁkm (?/) 'lr k-m ﬁkm—k+1 (:I/) =0 .

From (2.1) and (2.2) we have, by the classical method ([4], [1]), the following
four relations:
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where (4), (B), (0), (D) are respectively the determinants

jkmﬂﬂ:—%l (Il./) —Y km -+ ])k
1] 1 —_ :I/k—l
0 0 1
0 0 0
(k?n‘ + 7‘.) ﬁknr{»l (y) Y 0
- yk—l -ﬁkin+1 (.1/) + (k?n + 1) —Ekm (?/) 0 0
0 0 0
km +pk—Ek +1 .. 0 0
0 e =yl ke + k41
0 1 Y
0 . 0 1
ﬁkm—i—z)k-ﬂ (?/) —Y km —+ 2)70
0 1 — gyt
0 - 0 1
(km, “}_ 1) Ekm (?]) 0 . 0
k'm"ﬁkm»%-?'l (@/) - y—ﬁkm (fl/) 0 0
0 0 0
Em +pk—Fk +1 .. 0 0
—Y 0 0
0 1 — gyt
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Dimrste (%) — gt Tem pk—k + 1
0 0 1
(km + &) Dimes (9) 0 0
(km + 1) D (¥) — 4** Dimis (¥) 0 0
0 0 0
km -+ pk—% 0 0
— g1 e 0 0
0 1 —y
0 0 1
Dimisr () — gt Emtpk — k1
0 1 —y
0 0 1
0 0 0
(km + 1) Dim (3) 0 0
km;—D—km—ki—l‘ (%) — Y Dion () 0 0
0 0 0
km + pk —F e 0 0
gyl 0 0
0 e — Y km -k
0 i — k1

(4]
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When we expand the determinant (4) in terms of the elements of the first
column, we have after a little simplification

(2.3) Dimipers ) + (m 4+ 1) Dy () St piees () —
— Dimis () Skm—kﬂ,pk (y) =0,
where
(— 1)t Spmprren (¥) = (H), (—1)* Sem-psa,m (¥) = (F)

'

and (E), (¥) are respectively the determinants

—y  km -+ pk 0 0 0
1 -yt kmApk—k+1 .. 0 0
0 1 — 0 0 -
0 0 0 vee — Y1 Em k41
o 0 0 .1 —y
—y km + pk 0 0 0 0
1 —yk=l km o4 ph—k 41 . 0 0 0
0 1 , — 0 0 0
0 0 0 o —gyr Em k10
0 0 .0 1 — km 4k
0 0 0 0 1 — k-1

Here the suffixes pk—% +1 and pk in Sunpert () A0 Spppis gr (Y) Tes-
pectively denote the degree of the respective polynomials.
Similarly, from (B), we have

(2.4) Dimorss (Y) + km Dinrss () 'Skm—kﬂ,vk (y)—

i —Eknl (y) 'Sk7n~1:’11k+1 (?/) =0.
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From (C) and (D) we respectively have

(2.5) ﬁk1n+pk () + (km -+ 1) :ﬁkm () 'Skm,vl:—k (y) —

- ~I-)_km+1 (.I/) : Skm—k%—l,nk—l (y) =0

and
(2.6) —ﬁk)ﬂ-i»ﬂ]; (]/) *{‘ (717'777/ ‘:k‘ 7\') —]»-)ml.nn—*-l (:I/) 'Skmi.—l,pk—k—{»l (?/) -

- E}cm-}—k ) ‘Skm,pk—k () =0,
where

=D S () = (), (D S, (9) = (H)

and (@), {(H) are respectively the determinants

—y=t kmo - pk—Fk 41 0 0 0
1 — m +pk—FEk .. 0 6
0 1 — 1 0 0
0 0 0 e — ¥ m + k£ 1
0o 0 : 0 1 —y
— =t Empk+1—Fk 0 0 0 0
1 —y km +pk—Fk .. 0 0 0
0 1 ~— gkl 0 0 0
0 0 0 v — Yyl Em-k1 0
0 0 0 1 — km 4+ k
0 0 0 0 1 — k-1

(6]
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3. — Recurrence relations and other properties.

From (2.3) and (2.4) we have the relation
(3.1) (Bm 1) Sppr—rtr (V) — ¥ Stm—str,on () -+ Spenmre pra () = 0,
and (2.5) and (2.6) give
(3.2)  (km + k) Swmsrsr—a (¥) — ¥ Spn ez (¥) + Sttt -1 (¥) = 0.

Also from (E), (F), (&), and (H) we have by expanding the determinants
the following relations:

T33) T Semper @) A (B pE) B e W) =Y S W)y
(3.4)  Spnpir () + (Bm + pk—k + 1) Sy pror () = Y Spm presisn (),
(3.5) Skm—k+1,m7: () + (bm -+ pk) S/mz~7:+1,a>k~k (¥) =y Sl:m—kﬂ,-pk—l (),
(3.6) Skm—kﬂ,zzkﬂ () + (km -+ pk—Fk + 1) Szmz—k+1_a:k—k—1 (y) =
= Y Spmrrrgis (Y) -
We now give some polynomials for p =0, 1:
Skm’l () =, Semetera (.’/) ==yt — (km + k),
S,,.m?,,. () = y*— (km 4k 41), Sm—rtr -1 (Y) = Y71
Stm—rt1,0 (¥) = Semo = 1. |

Relations (3.1) and (3.2) also enable us to define the polynomials for negative
~ values of p. Thus

Skm-H,-»l (y) =0, Sknl,—l:+1 () =90.

From (3.3), it then follows that S, . (¥) = 1.
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From these we can write the following ratios of these polynomials in the form
of a continued fraction:

Sl:m, phkt1 (3/) -

3.7 :
( ) S knt, ph—k (y)
km 4+ pk km o+ pk—k 4+ 1 Tm -~ 2k km 4+ k +1
o gy Y — =yt = Y ’
(3 8) Skm—lﬂ‘l,zﬂc (.’/) .
o Skm——k%—l,nk-l (1/)
ke 4 pk kw4 pk—k + 1 km o+ 2k km -+ k41
- i1 — y U, g1 - gl

T Similarly we ¢éan write down the continued fraction equivalent to

‘%I;mwk—ﬂ,nk—l (]/) and . Skm. Pk (3/)
‘sl;wrz—lc-i-l,pi:~7: (.’/ . ‘Skm, ph—k+1 (.I/)

Again, writine m —s, p - s, and then m - s, p —s for m and p respecti-
bl ti teel bl b, s

vely in succession in (3.3), we have on eliminating y:

Shm-%'ks,pl:'—sk—k (]/) Skm—{»ks,ﬂk—sk—k-{-l (.7/)
(3.9) —
Stmets prsti—te (Y) Skm—ks,pwsk»kh )
Slcm+ks,p7:-—sk—2k+1 (.7/) Skm-%—ks,pk»sk—k (?/)
= (km -+ pk)
Slcm—ks,pk-%-sl:—lec-%-l (?/) Slsm-—ksymk%—sk—k (.Z/)

Similarly, on applying the same method to (3.4) we have

o . Sk1n+ks,pk~slc—2k+l (y) ’Skm-%-ks,flk—sk——k (?/)
(3.10) —
Skm—ks)’pk-’rsk*ﬂi‘f'l (y) Slcm—‘ks,jzké-sk—k (?/)
———) Simtrs pr—si—ar+1 ()
= {(km + pk—Fk + 1)
Skm—ks,pk-ksk—Zk (?/) Sl:nt-—ks,vk+slc—2k+1 (?/)
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From these we derive at once that

‘S’I.:m+ks;pk~sk—k (?/) Sk)rt+7:s,pl:—sk—k+1 (?/)
Ay(m, s, k3 y) = | =
i Skm—ks,pki—slc—k (:I/) Skm-—ks,zﬂ:-%sk—kﬁ 1 (.7/) |

(3.11) | = (km + pk) (km + pk—Fk +1) Aoy (M, 8, k5 ) =

= (km -+ pk) (km -+ pk— ¥k +1) (bm -+ pk— k) (bm + pk— 2k-+1) ...

ver (km - k8) (Em + ks —Fk +1).

Also, (3.1) and (3.2) are similar to (2.1) and (2.2).

e By pepesting-the same-argument-we-can-obtain-a-number-of-other-relations: i

But, since our purpose is only to bring out the existence of the class of poly-
nomials, we shall not give them here.
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