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SuresH CHANDRA ARYA (%)

Inversion Theorem

for a Generalized Stieltjes Transform. (*%)

1. — Introduction.

1f we iterate the LAPLACE trasform, i.e., if we take

7(8) = f e=st p(t) dt,

where

ey pls) = [ e g(t) dt,
0

then

2 ¥(8) = i ! t) di

@) ) = [ )

0
and the equation (2) is referred to as the STIELTJES transform.

Varma [8] has given a generalization of the LAPLACE transform in the form

(3) f(8) = [ (stym=t2 gmet W, ,(st) p(t) A,

cg.ﬂg
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where W, ,, denotes a WITTAKER funection. Further he has shown that if we take
f(s) to be the transform of y(?) in the sense of (3) and w(s) to be the ordinary
Larrace transform of g(t) in the sense of (1), then

I'@m-+1) 1 [ 2m 4+ 1, 1
I (m—Fk 4 3/2) ST Yk + 3/2°
0

(@) fls) = — | lt)

provided that Re (Zm +1)>0.

If & 4 m = 1/2, the hypergeometric function degenerates into a binomial
expression and (4) reduces to (2). Also if k—m =1/2 and 2m +1 =g,
{(4) reduces to the form

(3) fils) =

(s + 0

which is equivalent to the generalization of STrELTIES of order ¢ considered by

PorrarDp [6].
We shall call (4) as the VARMA’S generalized STIELTIES transform of (7).
The object of this paper is to give an inversion theorem for (4).

2. — Inversion theorem.

Thereom A:

If f(s) is the VARMA's generalized STIELTIES transform of ¢(t), i.e.
g @), s

fs) =

I'2m -+ 1) 1 2m 1, 1 1
;[ l s — | a,

T(m—L + 3/2) m—k 4+ 32" s

then

e+ it

f TF'im—Fk+1+4+1/2)

1
©)  glet+)+et—)]=; lm

Tem T rora—p’ 0

where

@

) = [ 5+ f(s) ds,

0
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provided that

@)  @ig@) e L (0, oo,
) @ f@) el (0, co) (l=r¢-it, —o0<T< 00),

(i) ¢(@) is of bounded variation in the neighbourhood of the point
x =1t (t>0),

(iv) () = 0(t9, Re () >0, (t—0)
=0 (e-?"), Re(v)>0, (- co),

(v) 1>Re(l)>0, Re@m +1)>0andm—Fk +3/20,—1,—2,....
i ) I b

If () is cont'nuous at © = ¢, we have

[T

L 1 . o I'im—k+1 4+ 1/2) 9
el = 35 hm] Tem sy Fo ra—p’ 20

Proof:

Multiplying both sides of (4) by s*-* and integrating with respect to s from ¢
£y infinity, we have

I'(2m 1) 2 ’ 2m + 1 t
2 l—1 J— a2 3 N N P —
/8 f(s) ds Tom—F & 3/2)] $ dé/ N Ln_k + 3/27 S} (P(t) dt
o 0 o
I (2m + 1) ) ) e 2m LT .
T Im—Lk + 3/2) / (1) d / 81700 Ln—k -+ 3/2° 8] ds,
4 o

provided that we can justify the change in the order of integration.
But we have [2, p. 79, (4)]

«©

2 2m 41, 1 2 ¢ — g1 Irém +1) ) 'm—Fk + 3/2) I'(1 —1)
Tl I+ 3/2] s o rem41) 'im—k-+1+ 1/2) ’

0

provided that 1> Re(l) >0, Re(2m +1)>0 and m—Fk + 3/2 %0, —1,
— 2y
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Hence

«w© o

r@m-+0 I'Q) -1
2 l—1 ¢ S— 1 p
[5 f5) ds = I'm—k+1+1/2) ,/t RARE

0 0

where Re (2m --1})>0, 1>Re () >0 and m—Fk +3/2 =0, —1, —2,....
If we apply the MELLIN’S inversion formula [7] to the integral

=]

A I'im-—k +14 1/2)
-1 .
j PR At = e T T =)

o

(),

we have

1 1 B 1 3 Im-—k 4+ 1--1/2) N
slet ) tot—)]=4" T‘;f Tomih o Ty’ 04

¢~ir

where
[oe]

9 (1) = [ s (s) ds

0

provided that

) otpa)e L, o),
() @-1f(@) e L0, oo) (I =rc¢+ir, —oco<T< 00),

(iii) @(#) is of bounded variation in the neighbourhood of the point
z =1 (1>0).

To justify the change in the order of integration, let

. d o2m 4+ 1, 1 t]
Ay = [ | s g

o
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and

2m -+ 1, 1 [

B(1) :(P(t)fsz[ o5 ——|ds.

m—k 4 3/2 s
We see that A(s) is uniformly convergent in s > 0, provided that
Re (o +1)>0, Re(I—1 -+ p) >0,

since

1 2m+ 1,1
Flm—k 32"

— e = 0(1) (v — 0).
_Also_B(t) is_uniformly convergent in { > 0, provided that
Re(g) >0, 1>Re () >0, Re(@m-4+0)>0, m—Ek+3/2%0, —1, —2, ..,
since
3 et = Oyl (Re (m) <0, v — o0)

= 0 (v-1) (Re (m) >0, v —> o0).

Further we consider the integral

=]

[ . 2m+1,1
/ | o(t) | dt‘[ si-2, 1, [m—~k + 3} —t/s} ds,
7 7!

where T' and 7' are large. This integral does not exceed a constant multiple of

ds

ﬂ e—t"| dtﬂ si-2
7 !
which tends to zero if Re (¥) >0 and Re (I) < 1.

10. — Risista di Matematica.
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3. — Particular cases.

1y If k +m =1/2, we have:

Theorem B: If

-
2 () :/ —— ()
6 N
the
¢ it
~ L Lot 1 i | 1
(M g Pl )+t —)] =52 ,L’itf?m
“where . .

Py (1) = J‘sH 7(s) ds-

o

provided that conditions (i) to (iv) of Theorem A hold and 1 > Re (1) >0 ..

If @(t) is continuous (7) takes the form

1 + i .
— M ]
o) = 5 lim f o Ta—y ! i d

e ir

(2) Ifk—m=1/2, 2m +1 =g we have:

Theorem C: If

0y o—1
fi(s) = I'(o) s / &+ 1)° @(t) di,
0
then
E+it'
" 1

19,1y dl,

1 L.
®) glo€ +) +ot—)] =5 lm Te—1 50 Fa=

c—iv

S0, () d,

{6}
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where
«©w

B, (1) = [ 5+ fi(s) ds,

0

provided that conditions (i) to (iv) of Theorem A hold and
(v) 1>Re()>0, Re(l +0¢ —1)>0.

If ¢(t) is continuous, result (8) becomes

ctit

1 1
L i —1 .
P = o ?-ilif Flo 150 ra—n' d:(1) dl.

=T

4= We vill now give an example each for the verification of the theorenis
given above.

Example A. Let us take
g ) =" Y, @),

Then [8, p. 118, (52)]

Ea3

I(2 1 1/ 2m + 1,1 t
(2m + 1) g} {7}1+ » . o at =

f(s) = mb—) m—F -+ 3/2’ s

0
s‘ 14 —uf2, m —Fk -+ 3/4 — /2, —1/4— /2 )
] H

212 S(,u~1[2)lz Gu ° ‘
BN4|1/4 4+ v/2, 1/4 — v/2, 2m + 1/4 — /2, 1/4 — p/2, — 1[4 — p/2

provided that Re(s)>0, Re(u +1/2)>]|Re(»)|—3/2, Re(u +1/2)<
<2-Re (2m +1), Re (1 +1/2) <2; and [2, p. 337, (14)] '

D (1) = fs‘“l f(s) ds = 221+;¢f,uz+,4/2_5/4.
0 0

e /4 —pf2, m—¥% -+ 3/4 — pf2, —1/4 —»[2 ‘ d B
35 ! 1/4 + »/2, 1/4 — 22, 2m - 1[4 — uf2, 1/4 — puf2, — 1[4 — »[2 =

— o2ltyp
=2 I(—1+ 22 —p2 +3/2) Pim—Fk +1+1/2) T'Q—92 + 12 —1/2) ’
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provided that — min Re (1/4 -+ »/2, 1/4 — /2, 2m + 1[4 —p/2, 14 — u/2) <

< Re (I + pf- f-1/4) <1—max Re (1/4 —pu/2, m +k +3/4—puf2, —1/4—
—/2).
Hence
et iw
1 [ Iim—Ek+1-41/2) . B
523] T@m+1) I'() I'(d—1 o) db =
e+ im
1 Y T+ uf2 +v2) I'(l + p/2 —v/2) R
_ o2t —1 —— 2y j2
o Tl e 730 Ti—wz ¥ ap 1 = L0
since [1, p. 219, (46)]
A ay g 20 B2 =2 1/2 : S
o T, (@) =206 ( W2 — 2, wf2 2, w2 — o2 — 12
¢t i
_ b [ oua LA p2 +v/2) T'0A+ pf2—22) 2=t dl
T 2mi . T(—14+92—u/2+3/2) I'l—»/2 + p/2 —1/2) !

by definition of G function.

Example B. Let us take ¢(t) = t“J,(t¥?). Then

w0 @

1 1
o — P 1 1/2 —
L fs_;,t(p(t)dt« fs—'rtt J, (#¥2) di
0

0

1

‘)2’[‘+28_1 G'?.l M
1 H“ -1 + /2, 1 n + 1—1p/2 !
I 1/ s L /

\4

taking a particular case of the result [3, p. 81, (6)]

[2¥ 5 T (B ys — 20) T, (@) (o) Qo =

2

28 I'(y) gt g (¥ L, oy
(14+8+v/2 0 B (1 4+ 6-—»)2

“Tw@ LB yE
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provided that Re (2u + » + 2)>0 and Re (s) > 0; and [2, p. 337, (14)]

Py (D= 81 y(s) ds =2°

0

pae Ll Fv2 40 () T'A—10
I (—pt 4 v2 —1 4 1)

provided that minRe(u +1 +9/2,1)>Re(1—10>0.
Hence

e+ {00 e+ i
2 [

_1._'[___?}_9_)____ trtdl = ) } RN I(p 422+
2ai ) T L= LN I—p+v2—~1-4+1)

¢ ™ C- {20

Ul = T (112),

[ R

since [1, p. 219, (44)]

i1 1 T +v2+1)
14 f1if2 ::22;1 o (" | i (f— — — 221 t_L dl
I (0F) Goa (4 ‘ gV T M 2”) 2m'f T(—p 2 —1 L)

by definition of ¢ function .

Example C. Let us take

@ (t) = e, Re (p)>0.
Then
. c—1 r 1 — 0 —1 L o—1 =
fu(s) = I'(0) s [ P t)ﬂ(p(t) dt = I'(o) 8 f o t)aé tdi =
0 0

= F(U) (p’g)a/?_l Bpslz -‘Va/:’,,(o'—l)/‘.’. (pS)

taking a particular case of the result [5]

o
1 12—k m, 1/2 —k —m t
Wim (2) = __g_e—zl'-"zkv/‘e—ttc—l 2F1[ / e+ . / D —3 dt
0
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provided that |args|<m; and [4]

2 (1) :fszq fils) ds = I'(o) J'Sl‘l (ps)ﬂlz_lem/2 TV«;Iz,(a—l)lz (pS) ds =
=pt 'Y I'QA—0) I'e—1 41)

provided that Re (2] 4+ 0)>0 and Re (2l +1—0)>0.
Hence

C4 7w ¢+ jor

=t 9u(1 .
1 t 19_() 1 fr([) (p[)—l dl — g—pl_

i | T(o—1+1) I'(1—0 2=

C— i € {0

I am indebted to Dr. K. M. SAKsENA for guidance and help in the preparation
of this paper. .
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