Riv. Mat. Univ. Parma & (1958), 113-123

Rav Kumar (%)

Some Integral Representations

Involving Generalised Hanke I-Transform. (**)

1. - Introduction.

AGARWAL [1] gave a generalisation of the well-known HANKEL-transform
viz.,

1) f(@) = [ /@y -d (xy)-g(y) Ay

]

by means of the integral equation
(2) f@) = (1)2)" [ (@)= T (a2y2)4) -g(y) dy,
0

where J¥(z) is BESSEL-MAITLAND function defined by the series

e o
(3) Ji (@) = 2:0 T (n=>0).

For p =1, 1(2) reduces to 1(1).
He gave the inversion formula and some theorems for this generalised

HANKEL-transform.

(*) Address: Department of Mathematics, University of Roorkee, Roorkee (UP),

India. :
(**) Received November 10, 1957.
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An equivalent and more convenient form of 1(2) is

(4) Vi = | @) T3 (@y) - g(y) dy .

0

Recently, I have given a number of properties for this generalised HANKEL-
transform. In this paper, I have obtained some integral representations for
the same and have used them (i) to evaluate some integrals involving BESSEL-
MarTrAxD function J4(xr) defined by 1(3) and (ii) to find out the operational
forms of some functions. ’

We shall call @(p) the Laprace-transform or simply the operational form
of f(x), if the relation

D(p) = [e f(0) dw

0

_holds and shall write this as

2. — First Representiation.

Let us consider the integral (Acarwar [2])

[ T3 (ay) d = T4(ay)/y,

Lt at

valid for 0 < u <1 with an additional condition &%(2) >-3/2 in case 4 =1.
Multiplying both sides by ¢ ¢g(y) and integrating from 0 to oo, we have

(1) J’ 1/)’:”?’!',;1,1'("0) v "dy = a

aQ

B ,l/)/i, s 1’—1(“)7

provided (i) the above integral exists; (ii) the integral

@

[ @y)"J4, (owy) - g(y) dy

[

is absolutely convergent and (iii) 0 << p <1 with an additional condition
M(A) >—3/2 in case pu=1.
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Applications: We shall now use this result to evaluate some integral s

Example 1. Let g(y) be a function defined by
S y().+1)/_u—1(1 ___yl/;t)c——l when 0 < y < 1,

when y > 1.
Therefore (KUMAR [2], 3(7)):
1 -
1/)7.+n14“m;/1,n(m) = j (5031)" 'Ji‘.‘*}-n;t—m(g"y) ’?/U" +1)/y——1(1 - :I/l/”)c—l d’]/ -
0

— Ium+1 'F(C) ,m—().—-m)/,u . (:Dl—l/,u d/d()’))’” [wi.ly +"J$.‘+c+n.u(a})]

and

12

— = - m '.'/ 4
%MH_“m_‘_”’ymﬂ(m) — Ium-}-l.F(c).w [#3 m)/ﬂ(wl 1 d/dw) z[a}.‘ #+"+1J,.+c+n_u+,,(m)],

provided %(4 -+ nu) >—1, Dc) >0, p >0, and m, n are any positive integers
(including zero). Therefore, 2 (1),

(2) J‘$—-(}.-—-m)/,u—n——1(m1—1/y ~d/dm)m [x/‘./u+n+1 Jﬁ.‘+c+n;¢+y(w)] do =

a

= g~ mle=n (g Ve gfda)m{ @ Yy @) }1

provided (A -+ nu) >—1, e) >0, 0 <u <1, and m, n are any positive
integers (including zero) .

Example 2. Let us take

A+Dfu-1 6_,J1/u,

9y) =y
then (KuMAR [5], 3(10))

(@) = [ (@) T s m(y) -y e Ay =
(i}

1/)2+n;¢— m, fyn

= pmtleg” G= "’)/I‘(wl—l/ll -d/da)m [w’-/u . g=7]
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and, hence,
— 1. e A—muyg 1—1p, Alptnt1,
7/)i.+nu—m+,u./z,n+1 (.’D) - :u’m+ v (m d/dm)'" [m e ’

provided (A + nu) >—1, and m, n are any positive integers (including zero).
Therefore, 2(1),

(3) J’ pGmmip—n-1, (wl—ll,u . d/dx)m [mi/;t-kn-i-l 6% dw =
a

— a—(i.—m)/y -n (al—l/ﬂ _d/da)m{ a/l//t-}—”e..a } ,

provided (4 + nu) >—1, 0 < u < 1, and m, » are positive integers (including
Zero) .

3. — Second Representation.

Let us consider the integral

1
f (L — )t J% ((at)) dt = (e)-JT%, (2),
0
provided (1) >—1 and R(c) > 0, obtained by writing the BESSEL-MAITLAND
function in the form 1(3) and integrating term by term, a process easily justi-
fiable.
This can be written in the form

1 |
[t (1 — gye Jeayt) At = peT(0) - T4, (o),

4]

valid for (1) >—1 and () >0.
Multiplying both sides by (zy)”-¢(y) and integrating from 0 to oo, we get

1
1) f gAFDie—v=1, a— tl/")c_l'?/)z,‘u,,.(wt) dt = ‘u'l’(c) .%H'#’y(w)’
[} .

provided (i) the above integral exists, (ii) the integral

(wyt)” - J{(wyt) -g(y) dy

o"'a

is absolutely. convergent, and (i) S%(1) >—1, D(c) >0.



[5] SOME INTEGRAL REPRESENTATIONS INVOLVING GENEKALISED ... 117

This can also be written in the form

stf2
(2) J‘ (Sill 0)22—2“1'-}-1 . (COS 0)2c~1 Y (,1; . Sillz'u 0) a6 = (1/2) .I’(C) “Yiie l':‘»'(w)’

0

valid under the conditions stated above.
Applications: We shall now use this result to evaluate some integrals .

Example 1. Let

yAHvinn—=L1 _giltye-1 ywhen 0 <y <1,

9(y) =
0 when ¥ >1;

then (KUMAR [5], 3(7)):

’l);.+n;4—c,;z.r($) — J' (:70;?/)"'J§+ﬂ,,_c(wy) _y</‘.+nm+n—y—1,(1 _yl,’;t)c—l dy =

0

= ¥ I(o) ™ 3= (0 da)e [0 TS )]

provided S%(A + nu) >—1, p >0, and n, ¢ are any positive integers (n can
be equal to zero but ¢ 5= 0), and

1
/(/),1.*.”/‘./‘,,, (a}) — f (my)»v"]g+"y($y).y(ﬂ.+1)/u+n—1'-1.(1 _yl/l-‘)c—d dy -
0
= /’LI‘(C) 'mv'Ji‘.*-H-ny(m)’

provided SH(4 + nu) >—1, R{e) >0 and » is any positive integer (including
zero). Therefore, by 3(1),

1
(3) J' t(i.—c+1)lu+n--1. 1— tlllu)c_l(ml—ll,u, d/dw)e [m)./u+n .Jﬁ‘+c+w(wt) dt =

]

- e +
=I’(O)‘:ul °‘$( e ﬂ'Jf‘.‘—i-c+ﬂ,u(w)7

provided (A + nu—¢) >—1, p >0, and n, ¢ being any positive integers
(n can be equal to zero but ¢ 54 0).
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Example 2. Let us consider the integral (Kuaar [5], 3(3)):

(ay)ntmiz. J-n-}—‘m o2 (@Y) e Hey( '\/"‘7/ dy =

O%B

——\/"z Qe notmE D[z, ppe -1z, \/ac -d/dw)e [a a1 Jn+1/>(\/w

where m, n and ¢ are any positive integers (including zero), so that we take
this 88 Yoy ocpromemp(@)  We have (KUMAr [1], 4(6)):

o«
1/)2n-'rm+1,2,n+ml 2 J. ,v./ "+m/n J;n—!-m +1(9)?/) R ‘HG,,,(/\/Q?/) dy =

0
— \/7_[ (1/2)n+(m+1)/2 .$(n+m)/z~1/4.J7l+1/2(\/‘%>,
“n and m béing' é,ny”posi‘tyivekintegers (mchldmg zelo) ‘ Théi;efbre, By 3(1),
X .
(4) J’t(n-}‘m—c)/z—ll-z' (1 _ '\/t—)c_‘l . (\/zE-d/da})c [m(n+m)/2+1/4,Jn+1/2(\/ﬂ)] dt =
0
—_ 21_0_]1(0),w(n+m—-c)/2+ll4,J"+1/2(\/%)’
provided n + (m~—e¢)/2 >—1, and m, n, ¢ are any positive integers (m, n
can be equal to zero but ¢ = 0).

Example 3. Let us consider the integral (Kumar [5], 3(9))

(wy)"—llz 'Jgn—c+1/2($y) eV dy =

Cee.g

= Qg 3o—n—1.pc—-N3, LR d/dx)e [m7z,’3+1/ﬁ 'J1/e+n,—1/e+n($”3)],

where # and ¢ are any positive integers (including zero). If we take this as
Pan—ctifz,z,qm1/2(), We have (KUMAR [4']; 4(8)):

Yant1/z,3, 1/ (T f wy)rree Jan+1l2(mJ) evdy =
0

= 3—n=1.957 . pni3—1/2 'Jn+1ls n-l,’ﬁ(wlis):
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n being any positive integer (including zero). Therefore, by 3(1),

1
(5) J‘t(n—c>/3~1/2 S — gy (2o d/dm)”{ priatifs 'Jn+1/G,71—1/6(($t)1j3) } dt =
4
= 31_CF(0) ™ alsefs 'Jn+1/6‘71—1/6(m'1 [3)7

where » and ¢ are any positive integers (# can be equal to zero but ¢ # 0) and
3n—ec>—3/2.
Example 4. Let us consider the integral (Kumar [5], 3(10))

©
J' (my)(ﬂ.—i—l)l,u-}-n—l'Jg+ﬂy_c(my).G_Ul/‘u d_'lj —
0
= poti- gL (e g fdg)e (o e,

~provided n and ¢ are any positive integers(including zero) and (A -+ np) >—1..
If we take this a8 ¥ ..o a+rnjutn—1(®); We geb

A+Dfu+n—1, JH

D ptn—1, e
Adny ’

wi.+n;t.y,(l+1)/u+ﬂ—1(x) = f (2y) {@y) -gmle dy = p-2
0

n being any positive integers (including zero) and A + mp) >—1.
Therefore, 3(1),
3 Y
(6) J’ t(l—-c +fptn—1, (1 — tl/[t)c__l R (ml—-llu . d/dm)” [.’,U""‘+n . G—xl] ar —
0
— ‘ul"“F(c) 'a;(;'—c)/""*'"-e—m,

provided » and ¢ are any positive integers (n can be equal to zero but ¢ # 0)
and RA +ap—e) >—1.

4. — Third Representation.

It is easy to show by term by term integration that

©
[ o Tt yer Ao = p=iot e

0

valid for R(A) >—1.
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Multiplying both sides by "-¢(y) and integrating from 0 to o0, we get

[t ey, (2 Qv = pTIT [ eyt gly) dy,

0

provided the integrals converge and the change in the order of integration is
permissible.
Hence, we have

) [aremry, (%) do = p=i=t6,(p~),

0
where G (p) is defined as
G(p) = [ ey gly) dy,
0
_provided: (i) the above integral exists, (ii) the integral

(@ -y) - J5 (@ y) - gly) dy

og_’a

is absolutely convergent, and (iii) (1) >—1.

Applications. This result can be conveniently used to determine the
operational forms of some functions for knowing the operational form of
y*-gly), the operational form of so"”“”-%,/m,(x") can easily be written down.

Example 1. Let us take
g(y) =y e~ sin (y4/2) ,
then (Kuma [3], 5(7)): |
Vi—vhaje, () = (1/4/2) (— 1)’ g (A2 de ) [cos (@%/4) {12 — C(a)/Z) } +
+ sin (#2/4) { 1/2 — S(x/+/27) }],

provided 1=1, 2, 3, ..., C(») and S(z) being FRESNEL’S cosine and sine integrals
(MaeNUS [7], p. 96) . Therefore, by 4(1) the image of

B (1)t g I (gl ) [eos (#/4) {1/2 — O(V/a/(2m) } +

+ sin (@/4) {1/2 — 8(V/z/(2n)) }]
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is
p—(;.+1)/2 fe—w-l/?.,?/}.—x ce-¥V%.gin (?/\ﬁ) dy,
0
i.e.
T [{(p +v2 e+ a2 —{(p +4/2)—iy/2 }]
[ip** " { (0 +4/207 +2}]

(Maenus [7], p. 125), provided A =1, 2, 3,.... In particular, when 2 =1,
we get the image of

) (1V2) [eos (@/4){1/2 — O(V/a](2m) } +sin (a/4){ 1/2—S(V](2)) }]
as
(4) Ve2ilp{(p +4/2) +2}].
Example 2. Let us take

gy) = y*~"" T2 -os (y4/2),
then, by (KUMAR [6], 5(5))
Yo ppealenl® = (14/2) (— 1) (@ dah [eos (@3]4) { 1/2 — Slafy/Tm) —

— sin (23/4){ 1/2 — C(a/+/2m) } ],

provided A =1, 2, 3, ..., O(z) and S(#) being FRESNEL’s cosine and sine integrals
(MaeNuUs [7], p. 96). Therefore, by 4(1) the image of

gr=9e (— 1)L gV (/5 Q) dw) [eos (w/4){ 1/2 — S(Va/(2m)) }—

— sin (2/4){1/2 — C(W/@m)) }]
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p—-(l—i-l)/'.‘ ,J‘ G-yp—1/2.y/'.-—l .G..y}'i.cos (]/\/5) d’}/

0

ie.
(5) F(/'{).p—(i.+1\/2.[{ (p -+ \ﬁ)-l/z +i\/§}1 +
+{@ +v2 11—y /212 {» + 2 +2}7]

(Maenus [7], p. 125), provided 4 =1, 2, 3, .... In particular, when A =1,
we get the image of

~(1/V/2) [cos (w/4) {172 8(Va/(2n)) }—sin (w/4){ 1/2 — O(Vz/(2x)) 3 -
as
@ +/2 2 p{ (p +/2) +2}].
Example 3. Let us take
9(y) = y**" K (2y),
then (Gupra [3])

Vapjaapne (@) = (V2) 24 4 2y +1)62BD_ o0 (@4/2),
provided (i + 2v) >—1 and &W(1) >—1. Therefore, by 4(1), the image of
(V2)™ 0T 4 20+ 1)-a% b D (Va2)

is

p . fe—w*l’z YK (2y) dy

0
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ie.

(1) Grfsin ) -p 2T e ) {1 (e VA — 47}

{1/@Vp) — V1 p)—1 1V 1jp —4]

(Macwus [7], p. 125), provided &%(4 -+ 2») >—1, &() >—1 and 24 » 18
any positive integer including zero.

My best thanks are due to Dr. R. 8. VarmA for his helpful suggestions in
the preparation of this paper.
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