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Stresses Due to a Nucleus of Thermo-elastic Strain
in an Infinite Slab of Isotropic Material

with Two Fixed Plane Faces.

Introduction.

The problem of an isotropic semi-infinite solid with a free plane surface
and having a nucleus of thermo-elastic strain inside it was solved by different
methods by MINDLIN and CHENG (1950) and Sen (1951). The object of this
paper is to find the distribution of stresses in an infinite slab of isotropic mat-
erial when a nucleus of thermo-elastic strain is situated inside it while its plane
faces are rigidly fixed. A simple direct method of solving the equations of
equilibrium has been used to find the necessary displacements and stresses.

Method of solution.

We assume that the boundaries of the slab are given by the planes 2 = 0
and # = b + ¢ while the nucleus of thermo-elastic strain is supposed to be
operative on an element dQ at the point (0, 0, ¢). Then the components of
displacement due to this nucleus are given by
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Lz v =— PR,

P standing for the constant (Goopirgr, 1937)
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and R being given by the relation
(1.3) R? = g* 4 ¢y? + (z—¢)%

In the above expression T is the temperature of the element d(2, o is POISsoN’s
ratio and o the coefficient of linear expansion for heat.

From relations (1.1) we get the displacement components at the surface
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At the surface z = b -+ ¢, the displacement components are

w

P i 0
U — —r . (Jer
U = P j o =T y(kr) ak
0
Py [ 2
{1. —— —bE o dk
(1.5) : D,y g T PJ e ayJO(Im) d
0
Pb : T
T e T e o e—b¥ T k.
| Wy R P /7 € Jo(kr) d
4 o ‘



[3] STRESSES DUE TO A NUCLEUS OF THERMO-ELASTIC STRAIN IN AN ... 47

As the two-plane boundaries are kept fixed we shall make the displacement
components as obtained in relations (1.4) and (1.5) vanish by the superpos-
jtion of a complementary displacement system obtained on the hypothesis
that there is no temperature distribution.

The equations of equilibrium in terms of displacements are
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where A is the dilatation.
et
or
@€.7) 4 =—2(1 —20) —
where F is a harmonic function.
Then the relations (1.6) reduce to
o*F or orF
« 2 = e 2y == 2 — 2 == .
(1.8) Ve =255 VU=l Ve o
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solutions of equation (1.8) will be
oF or or
(1.9) u:z%+®l, ‘ ’U:Z'E;j—]l‘cpm w:Z'—a—z—+@3,

where @,, @, and @, are harmonic functions.
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@, = | [A(k) coshke + B(k) sinhkz]a: Jo(kr) dk,
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D, =flc [O(%) coshkz + D(k) sinhkz] J,(kr) dk,
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we have
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So from the relations (1.9) and (1.12) we get the displacement components as

C(k) — B(k)) coshkz+(D(k) — A(k)) sinh kz } —

— (3 — 40) { A(E) coshkz -+ B(k) sinhkz }] %J0(7c7‘) dak ,

v= ;—4af[7”” O(k) — B(k)) 005117fz+( (k) — A(k)) sinh ke } —
(1.13)
_ (3-~4a){ A(%) coshke -+ B(k) sinhke}] %Jo(k,.) a
W= f[k"z{ (k)y=—B(k))sinh ke -+ (D(k) = A (%)) coshkz'};.‘

— (83— 40) { C(k) coshkz + D(k) sinhkz}] Jo(kr) dk .

As the two plane boundaries are fixed, the displacement components vanish
at 2 =0 and 2 =0b +¢. Sowe obtain from relations .(1.4), (1.5) and (1.13):

(1.14) " A(k) =—Pe~o%,  C(k) = — Pk,

[ [k + ¢){ O(k) — B(k) }— (3 — 40)A(E)] cosh k(b + ¢) +
+ [k + ¢) { D(k) — A(k) } — (3 — 40)B(k)] sinh k(b -+ ¢) =

= (3 — 40)Pe7%

(kG + c){D(k)——A(la)} (3 — 46)0(k)] cosh k(b -+ &) -+

+ [B(® + ¢){ C(k) — B(k) } — (3— 40) D(k)] sinh k(b + ¢) =

= — (3 — 4g)Pe-v%,
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The relations (1.15) are satisfied if we write
B(k) = [P{kb + ¢)? + 2(3 — 40)k(b + ¢) sinh ¢k —

— (3 — 40)2(e~**— e~ cosh k(b + ¢)) sinh k(b + ¢) }]/

/{(3 —40)? sinh2 k(b + ¢) — kb +¢)*},
(1.16) '

D) = [P{kb + 0)*e=* + 2(3 — 40)k(b + ¢) cosh ek +

+ (3 —40)2(e** + ¢~ cosh k(b + ¢)) sinh k(b + ¢) }]/

{3 —40)* sinh® k(b + ¢) — k(b + ¢)? }.

~ 8o the normal stress due to the superimposed system is given by

/ — b

e . _
= (! + o}{1 — 20) [(1 20)e:. + Ao‘]

-]

B [{#2(1 — 20)/(8 — 40) }{ (C(k) — B(k)) sinh kz +

—l—l—o‘

0

(1.17)

+ (D(k) — A(k)) cosh k2 } +

+{1%2/(3 — 40) }{ (C(k) — B(R)) cosh ke + (D(k) — A(k)) sinh k2 }—

\ —k2{ O(k) sinh kz + D(k) cosh ke }| Jo(kr) dk .

From relations (1.4) we can deduce the normal stress due to the nucleus of
strain:

B PE 12 —2(z —¢)?

—“'——“““——““"(l -}‘ o’)(l —20_) [(1'——20)6z2 + AU] - 1 + o [')‘2 + (3_0)2]5/2 .

(1.18) 2% =

The total normal stress is therefore given by the relations (1.17) and (1.18):

- —

(1.19) %% = 22, + 22, .
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To have an idea how the stress (zz) at the surface z=0 and 2 =10 +¢
varies with different values of » we calculate the integral (1.19) numerically
and suppose

b=¢=1; B = 0,001; g =0,3.

The results of calculation for the stress (/z;) at the surface 2z =10 are
given in Table I.

Table I
r = 0 0,25 0,5 0,75 1
(22/P),_, = — 0,00024 —0,0002 0,00013 0,00034 0,00026 .

From symmetry we shall get similar results on the other plane face.

In conclusion I offer my grateful thanks to Dr. B. SN for his kind help
in the preparation of this paper.
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Summary: In this paper stresses in an isotropic solid with two fixed plane
boundaries due to a thermo-elastic strain have been obtained by a simple method.






