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The Second Extension

of a Covariant Differentiation Process. (**)

Considering tensors 73 whose components are functions of = variables

given by = and their m derivatives «', 2", 2", ..., ™, CrRAIG [1] obtained the

covariant derivative

r ,
(1) Ty gm—ry—m L5 mii { } (m > 2),
Ly .
where
2 1, '
(2) { ) } =T + 5 07 fo 17

in which partial derivatives are indicated by subseripts and primes have been
employed to denote differentiation with respect to the parameter. The curves
involved in the discussions are supposed to be given in parametric form. Thro-
ughout, a repeated letter in one term denotes a sum of n terms.

The above process was extended by MarIe M. JomxsoN [2] and H. D.
SixeH [ 3] to derive another tensor of one higher covariant order. The purpose
of this paper is to extend the results of the above writers to obtain a tensor
of one higher covariant order. The general process will be shown clearly by
taking the tensor T(z, &', 2", #", ") into consideration .

The extended point transformation

' du™ " ox= . oo

Yo ™ (L, 2. B n L YL & oyt _ Tigyld
T =& (y7y777"‘7?/)7 & ~'ayill’ z - y +ay'ialjyy7
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gives the following transformation in 77,

aJ ox¥

(3) T;(?h ?//’ :l/”, y///7 yuu) — T:(w, (L’ 56 ml//’ -’U”” 611 aJ, ,

in which y indicates n variables !, %, %3, ..., ¥ and a similar notation is used
for the derivatives y', ¥", ", y"".
Differentiating (3) with respect to y'%, we get

_ arﬁ ax”ﬁ a I[I{’)’ aw/’"ﬁ ayf ax‘i/
4 ’ I x * x % [P
4) T“k—(T :cﬁak +Tyzﬂal//k + I8 EC +T‘/x'5ay'k>axa E
which, by the virtue of the following general formulas
;/“‘8:::("”'"1’/3‘ k ax}ﬁ - 6%‘"‘)5 ‘ 7‘71,(Vm—‘ 1‘) ox"8 k
Dy o = (m—1) E Gyl = B 3y !
(5)
Datm+18 (m -+ Dm(m — 1) oz"f
dym— ok = 31 oy ?
reduces to
_ . Oaf oz’ " ox"p . ox"B\ Byt oy da
6) Tyum = <T,,x Py T,ﬂ A o T ATy ——) o 3y

in which 2x'f/3y* are eliminated by

V Jr ] =f
@ Lo =5

which is due to J. H. Tavror [4].
To eliminate dz"?/8y*, we first write "% in the form

S ™

ox’
oy

1 oxf — . I
(8) a’lﬂ:“a;j Yy 4+ T ?/”?/’k by w @,
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with the help of (2), (7) and [4, p. 248] fasy 2P 0, and so by means of formula
(7) and the tensor

(9) T$'H(.’D, wr, ml/) :mllﬂ+ Tﬁo {L’I“ wrd,

the partial derivative of (8) have the form

10) S =T

ax"8 L. Oyl 0% ab
Bk % oyl oyt

ASHUHBESIME]

To obtain the value of 9%2"/(dy’ 9y*), we multiply the TAYLOR’s formula

[4, p. 254, formula (19)] by

oxe oy*

f BJ =F oz*

and substituting for 22'7/8y’ from (7) we have:
- . ox
f“[”; k] 5ﬁ =

02 xx  Qxf Fyk e or* omf dxv oy
T30 5 g T Iy vl 5 Pieveriiewdie &
oy* dy’ oy* ox ay By y By* y o°
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3 1t fﬂﬁy EEET ™ ? ! v 1 +
2 oyt oy* ox ifoyr 7| By

e ox* 9xf oyr [( 1 9=7 y | 02°
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which reduces to

=y 020 0% ae Q™ 9uh

Lo o = ooy~ To0 o oy
B O P RN P E .
2 ““/1 j )} oy oyt “87’1 if oy" oyl "‘ﬁ“f'l kJ oyt oyt oy’ ox®
P I E AL L N AN
2t \lr g ey eyt TP L a [ oyt g P e [ oyt ayl)
Therefore,
02ab ~, Oxf p 0z oxs
(1) oy ey 0 oy oy
where-

1 T T
Afé == Tfé—é'fﬁy (fé;'r { o } _%- f;'ar{ S }——fa'ét { ; })’
and thus (10) becomes

2 a.l’”ﬁ
(12) ay* -

B
¥

oy* k

dx¥ { >

oxf [ B 7 ox® T } {i) oxf
_ L9 .
yr 21a}{70}3y‘+ {% Lk o’
where we have the non-tensor form
B o %8 ) * #x A8
(13) | =TS = Thay T A8,

The derivatives 0z"”/oy* are simplified by first writing

— - . — Ouh
, ] wry wi) 7 1 | Br o0 Ero 0
(14) " = <y + T { ; J + Ty Ty ) ———ayr —

— <T*“ { i } + T '+ T8 a;”y>

by differentiating (8) with respect to the parameter and using the tensor (9).
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By means of formulas (7), (11) and (12) and using the tensor -

Qﬁ(x, mr’ m/t? m///) — "B + T*\{ i } + T:;SB 20 + T:,S wms’

the partial derivatives of (14) have the form

2 II);" B

oy*

+ <—0_;L'— (),;rz { ;C }—“ Q;ul

which can be put in the form

: oz . “ gl oxv

a T M
AU IARE:
I T

in which we have the non-tensor form
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Substituting the values given by (7), (12) and (15) in the equation (6) we
have ,

mi X 61:5 X 'B 1
Tyne = (T;/z’ﬂ 5}},7,_" 2 ) f’x”ﬁ{ P
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which reduces to
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Hence the new tensor is

x Y x
(17) T 7 B 2T),zud { ﬂ }—— ST?E://&
|

(5 X
ﬁ' - 4T;4x1m¢5

|

where { z} are defined by (2), (13) and (16).
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Congsidering the m times extended point transformation we extend the process
to tensors whose components contain derivatives of any order. We can easily
verify by virtue of the general relations in (5) that the covariant rank of the
tensor '

. 5
T.“ 2 -3 3 (777/*—-2) T Cam 28 { ;3 } —

14

(m — L)}(m —2)
— e T (=133

2 Y

m{m — 1)(m — ‘))

ﬁl”‘ 31

ﬁ (m)é

ll (m > 4)

is onme greater than that of the original tensor 77,:" whose components are
functions of (@, &', 2", ..., &™)
Some of the obvious properties of the above process are:

(a)  If the tensor equations for Ti(y, ¥', ", ", ¥"") are differentiated
with respect to »"*, then (17) reduces to the result obtained by H. D. SingH
[3} by putting m =5 e ;

1

(b) If the components of the tensor do not contain z”", then (17)
reduces to the result obtained by MArIe M. Jouxson [2].

(c) If the components of the tensor do not contain 2” and &"" deriva-
tives, then the result is CRAIG's covariant derivative [1].

(d) If there are no 2", #” and #"”, then the result is a partial differen-
tiation with respect to a'. *

(e) The usual rules for the derivative of a sum of tensors of the same
rank and kind and for the product of any tensors are conserved .

£ If m = 3, a scalar T(=, ', 2", ") will give a covariant tensor which

is similar to that of (17), when the tensor equations for Ty, v', ¥'s y") are dif-
ferentiated with respect to y* instead of y'*. The tensor so obtained is

Txﬂ;Ta;’é{ Z}"'— Lo ZH.

(g) If m = 3, a tensor Tz, o', o", ") will give

md

1

v

X

é
Tgﬁ'—‘ :ld { ‘B }“—‘ 2!

when the tensor equations for Ty, ¥, ¥", ¥") are differentiated with respect
to y*.
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(h) However, if m =3, and a tensor T)(z, ', @", @) is used under
the process (g), the new tensor of one higher covariant rank is

)
B

WY T;xlé { 8 }——' T;xllts T;xma I -+ .Tf, /13/3'—' .T(; A;fﬁ
Bl
and so, a tensor T (x, @', a", »") will give the new tensor

2i
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